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CHAPTER  I. 

Section  I. — Si^heres  cutting  ortliogonally . 
Art.  1.  li x^+y''-+z'-\-1g x-\-2f  y  +  1hz-\-c  =0, 

be  the  equations  of  two  spheres,  these  spheres  will  intersect  orthogonally  if  the  square 
of  the  distance  between  their  centres  be  equal  to  the  sum  of  the  squares  of  theu-  radii. 
Hence  we  infer  that  the  two  spheres  whose  equations  are  given  above  will  intersect 
orthogonally  if  the  condition  holds, 

2ff'  +  2gg'-\-2]ih!=G-^c' (1) 

2.  From  art.  1  we  can  easily  find  the  equation  of  a  sphere  cutting  orthogonally  four 
given  spheres,  S',  S",  S'",  S"",     Thus,  if  the  given  spheres  be 

a;2+^2-l-22_j_2y^4.2/>+2A'3+C  =  0&C., 

the  equation  of  the  orthogonal  sphere  is 

x-'+f+z'  ,      X  ,      y    ,      z   ,1, 
-f  ,  -h'  ,  1, 

-/"•,  -h",l, (2) 

-/'",  -h'",  1, 
_/'"',  _7i"",  1. 

Cor.  If  a  sphere  S  cuts  four  spheres,  S',  S",  S'",  S"",  orthogonally,  it  also  cuts  ortho- 
gonally XS'+jO!,S"  +  fS"'+g'S""  when  X,  (/,,  v,  g  are  any  multiples. 

3.  The  following  method  finds  the  equation  of  the  orthogonal  sphere  in  tetrahedral 
coordinates.  Let  S',  S",  S'",  S""  be  the  given  spheres,  then  XS'+|riS"  +  )'S"'+fS""  is  coor- 
thogonal  with  S',  S'',  &c.;  and  if  the  radius  of  AS'+//-S"  +  ^S"'+gS""  be  evanescent,  its 
centre  must  be  a  point  on  the  requii-ed  orthogonal  sphere ;  but  if  its  radius  be  zero,  it 
represents  an  imaginary  cone  and  the  discriminant  vanishes.  It  is  easy  to  see  that 
X,  fi,  V,  q  are  the  tetrahedral  coordinates  of  the  centre  of  XS'  +  cy,S"+i'S"'+gS"",  the  tetra- 
hedron of  reference  having  its  angular  points  at  the  centres  of  S',  S",  &c. 

Now  let  the  spheres  S',  S",  &c.  be  given  in  the  form 

(x-a'y-+{y-l'y+{z-(fy--r  =  0  &c., 
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and  then  the  required  discrimmant  will  be,  after  dividing  by  the  factor  {a+[j.-{-v +§)-*, 

=  (a'X + a"iy.  +  a'% + a""gy- + (^'a + i'>  + 1'% + i'" '§)-^ 
+  (f'X+c>  +  c-"V  +  c""f)=; 
and  this  is  readily  found  to  be  equivalent  to  the  following  equation,  in  which  (S'  S")  «&c. 
denotes  the  angle  of  intersection  of  the  spheres  S',  S",  &c. : — 

-2Xp-'r"cos(S'S")-2x«V"cos(S'S"')-2Xgry"'cos(S'S"")  L     .     (3) 

-2j!/,v)-"?-"'  cos  (S"S"')-2.fr"'?-""  cos  (S"'S"")-2?f^'?-""''"  cos  (S""S")  =  0.  J 
See  my  paper  "  On  the  Equations  of  Circles  &c.,"  in  the  Proceedings  of  the  Royal  Irish 
Academy,  vol.  ix.  pt.  iv.  p.  410. 

This  equation  is  simplified  by  incorporating  the  radii  r',  r'',  Sec.  with  the  variables 
X,  Uj,y,p;  thus  put  Xr'=A',  |Oor"=?/,  &c.,  and  we  get  the  equation  of  the  sphere  orthogonal 
to  four  given  spheres  in  the  form 

x---\-y'  +  z'  +  w''-2xy  cos  (S'S")-^^'^  cos  (S'S"')-2a'W  cos  (S'S"")  1  ,^. 

-2^ccos(S"S"')-2~wcos(S"'S"")-2wycos(S""S")==0.  J 
Cor.  1.  Hence,  if  the  four  given  spheres  be  mutually  orthogonal,  the  equation  of  their 
orthogonal  sphere  in  tetrahedral  coordinates  is 

(?.>0'+(/^^''")'+(^^'"T+(r"'T=0  or  A.^+/  +  r=+?r=0 (5) 

Cor.  2.  The  sphere  orthogonal  to  four  given  spheres  is  inscribed  in  each  of  the  eight 

quadrics, 

U==(Ar'+f,or"+.?-"'+§/"7,        (6) 

where  U  denotes  the  orthogonal  sphere f. 

*  [The  vanishing  of  the  factor  (X + ;u  +  v  +  f )"  is  the  condition  that  the  spliore  AS  +  /nS'  +  vS"  +  f  S'"  may  become 
a  plane.  Hence  X+u  +  v  +  o=0  may  be  regarded  as  the  tangential  equation  of  the  centre  of  the  sphere  wbich 
cuts  orthogonally  the  four  spheres  S,  S',  S",  S'". — January  1872.] 

+  [Professor  Catlet  remarks  as  foUoivs  on  this  article : — "  You  give  in  passing  what  appears  to  me  an  iuter- 
estin"  theorem,  when  you  say  '  it  is  easy  to  see  that  X,  fi,  v,  f  are  the  tetrahedral  coordinates  of  the  centre  of  the 
sphere  XS+pS'  +  yS"  +  fS"'=0.'  Take  any  four  quadric  surfaces  S=0,  S'=0,  S"=0,  S"'=0 ;  and  establish  the 
relation  XS  +  uS'4-xS"  +  cS'"=  a  cone.  This  establishes  between  X, /x,  y,  j  aud.i-,  y,  z,  w  four  lineo-lincar  equa- 
tions so  that,  eliminating  cither  set  of  variables,  we  have  between  the  other  set  a  quartic  equation ;  moreover, 
the  variables  of  each  set  are  proportional  to  cubic  functions  of  the  other  set  (see  my  "  Memoir  on  Quartic  Sur- 
faces," vol.  iii.  pp.  19-69  of  the  Proceedings  of  the  London  Mathematical  Society).  Then  your  theorem  is,  that 
when  the  four  quadrics  have  a  common  conic,  the  a-,  y,  r,  w  and  X,  (i,  v,  f  are  linear  functions  each  of  the  other, 
so  that  the  two  quartic  siufaces  are  homographically  related,  or,  by  a  proper  interpretation  of  the  coordinates, 
may  bo  regarded  as  being  one  and  the  same  surface."  My  theorem,  that  X,  jn,  v,  f  are  the  tetrahedi-al  coordi- 
nates of  the  centre  of  the  sphere  xS  +  /xS'  +  >'S"+fS"'=0,  is  easily  proved  as  follows  :  the  centre  of  the  si^bere 
XS+|u.S'  +  vS"  +  fS"'  is  evidently  the  mean  centre  of  the  centres  of  S,  S',  S",  S'"  for  the  system  of  multiples 
X,  p.,  v,  P ;  in  other  words,  it  is  the  centre  of  gravity  of  four  masses  proportional  to  X,  jU,,  v,  f  placed  at  those 
points.     Hence  the  proposition  follows  at  once  by  a  Avell-known  tlieorem  in  Statics. — January  1872.] 
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4.  If  AV=(ff,  h,  c,  d,  I,  m,  n,  p,  q,  ryu,  (3,  y,  S)'=0,  where  a  =  0,  /3  =  0,  y=0,  S=0  are 
the  equations  of  four  given  spheres,  which  I  shall  by  analogy  to  known  systems  call  the 
spheres  of  reference,  then  W=0  is  evidently  the  most  general  equation  of  a  surface  of 
the  fourth  degree,  having  the  imaginary  circle  at  infinity  as  a  double  line.  Such  a  surface 
has  been  called  by  Moutard  an  "  anallagmatic  surface,"  and  by  Darboux  a  "  cyclide" 
(see  '  Comptes  Rendus,'  June  7,  1SG9).     1  shall  adopt  the  latter  name. 

5.  The  cyclide  W=:0  is  by  the  usual  theory  the  envelope  of  the  sphere 

where  x,  y,  z,  w  are  variable  multiples,  provided  the  condition  liolds: 

«,     m,    p,     a\ 

=0 (7) 


n. 
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now  the  sphere  xu -\-yi5 -{- zy -\- u'l =0  cuts  orthogonally  the  Jacobian  of  a,  /3,  y,  S,  and 
the  equation  (7)  is  the  equation  of  a  quadric.     Hence  we  have  the  following  theorem  : — 
A  quartic  cyclide  is  the  envelope  of  a  variable  sphere  lohose  centre  moves  on  a  given 
quadric,  and  which  cuts  a  given  fixed  sphere  orthogonally. 

6.  If  the  equation  of  the  cyclide  be  of  the  form 

{a,h,c,fg,hXcc,iB,yf=^0,        (8) 

it  is  shown,  as  in  the  last  article,  that  it  is  the  envelope  of  a  variable  sphere  whose  centre 
moves  along  a  plane  conic  and  which  cuts  a  given  fixed  sphere  orthogonally.  Now  from 
the  form  of  equation  (8)  it  is  evident  that  this  species  of  cyclide  has  two  nodes,  namely, 
the  two  points  common  to  the  three  spheres  of  reference  a,  /3,  y,  and  that  these  nodes 
are  conic  nodes,  that  is,  nodes  which  have  these  points  as  vertices  of  tangent  cones  to 
the  cyclide.     I  shall  call  this  species  of  cyclide  a  hinodal  cyclide  *. 

Sectiox  II. — Generalization  of  methods  of  Section  I. 

7.  The  results  of  Section  I.  admit  of  important  generalization,  to  the  exposition  of 
which  I  shall  devote  a  few  articles. 

Let  S'  — A  =  0,  S^— B=0  be  two  quadrics  inscribed  in  the  same  quadric, 
^=x--\-y--\-z^-\-'uf,  A  and  B  being  the  planes  «J,- +  ft'j/ -j- a"^  +  a"'w  =  0  and 
hx-'rVy-\-h''z-\-V"'W  =  ^  respectively;  we  see  that  S^— A+^(S=  — B)  is  the  equation  of 
a  quadric  inscribed  in  S,  and  passing  through  one  of  the  conies  of  intersection  of  S— A" 
and  S — B",  namely,  through  the  common  intersection  of  these  two  quadrics  witli  the 
plane  A— B  =  0.     But  if  we  clear  (S^ — A)+/i'(S*  — B)  =  0  from  radicals,  the  discriminant 

*  [The  cyclide  (8)  must,  from  the  form  of  the  equatioD,  have  two  nodes ;  but  in  certain  special  cases  which 
will  be  discussed  in  the  sequel,  it  ■R-ill  have  one  or  two  additional  nodes. — January  1872.] 
MDCCCLXXI.  4  M 
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of  the  result  equated  to  zero  gives,  as  is  easily  seen, 

(l-S")/!:=  +  2(l-R)^-+(l-S')  =  0, (9) 

where  S',  S''  are  the  results  of  substituting  the  coordinates  of  the  poles  of  the  planes 
A  and  B  in  S,  and  R  the  result  of  substituting  the  coordinates  of  the  pole  of  A  in  B. 

"We  should  arrive  at  the  same  result  if  we  had  taken  the  equations  of  the  two  quadrics 
under  the  form  S'+A  and  S^  +  B.     But  if  we  had  worked  with  S=+A  and  S=  +  B,  we 

should  get 

(l-S")/l-^  +  2(l+E)/5;  +  (l-S') (10) 

8.  As  the  equations  (9)  and  (10)  are  of  the  second  degree  in  Ic,  we  see  that,  through 
each  conic  of  intersection  of  S— A-and  S  — B^,  there  pass  two  cones  circumscribed  to  S. 
The  equations  of  these  cones  are  obtained  by  eliminating  Tc  between  S^— A+^(S^— B), 
and  the  two  equations  (9)  and  (10).     They  are : 

■     (l-S")(S^-A)=-2(l-R)(S^-A)(S^-B)  +  (^-S')(S^-B)^      .     .     (11) 
(l_S")(S^-A)'^-2(l  +  E)(S*-A)(S^+B)+(l-S')(S^-t-B)l      .     .     (12) 
These  cones  correspond  to  the  limiting  points  of  two  spheres,  as  these  latter  are  evidently 
imaginary  cones  passing  through  the  circle  of  intersection  of  the  two  spheres  and  cir- 
cumscribed to  the  imaginary  circle  at  infinity. 

9.  If  we  put 

l_Rz=y(l-S')(l-S")  cos  5, 

1+R=y(l-S')(l-S")  cos  <?, 
the  ratio  of  the  roots  of  equation  (9)  is  e-'''^~\  and  of  equation  (10)  e-'^~'.     Now  if 
6=^  the  ratio  of  the  roots  is  negative  unity,  and  we  have  an  harmonic  pencil  of  four 

planes,  namely  the  planes  A,  B,  and  the  planes  passing  through  the  intersection  of  the 
planes  A,  B,  and  which  are  also  planes  of  contact  of  the  cones  of  article  (8)  with  the 
quadric  (S) ;  in  other  words,  the  poles  of  A  and  B  and  the  vertices  of  the  cones  form  an 
harmonic  range  of  points.     When  two  quadrics,  then,  are  connected  by  the  relation 

1±R=0,       (13) 

I  shall,  by  an  extension  of  a  kno^vn  term,  say  that  they  cut  orthogonally  or  harmonically. 

10.  It  is  easy  to  see  that,  being  given  by  its  general  equation,  a  quadric  S,  and  two 
planes  KX-YiJjy-\-v~-{-^w,  7^!x-\-[jJy-\-i/'z+^'iv,  the  result  of  substituting  the  coordinates  of 
the  pole  with  respect  to  the  quadric  of  one  of  the  planes  in  the  equation  of  the  other, 
multiplied  by  the  discriminant  of  the  quadric,  is  equal  to  the  determinant : 
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and  denoting  this  by  H,  we  infer  from  equation  (13)  that  the  condition  that  should  cut 
orthogonally  two  quadrics,S—(X;i-+/it_y  +  i'-+fw)^  S  —  (x'a.'+|!A'y  +  f'2+f'w)^both  inscribed 
in  the  same  quadric  S  given  by  its  general  equation,  is  the  invariant  relation 

A  +  n  =  0 (14) 

11.  To  find  the  equation  of  a  quadric  cutting  four  given  quadrics  orthogonally.     Let 

S^+A,     S^+B,     S=  +  C,     S^±D 
be  the  four  given  quadrics.     It  follows  from  equation  (13)  that  we  must  have 

ix+J>+J%+5"'f±l=0, 

d7.-\-d'[j.  +  d%+d"'s±l  =  0, 

X,  jtA,  V,  q  being  the  coordinates  of  the  pole  of  the  plane  of  contact  of  the  sought  quadric 
with  respect  to  S,  and  that  this  quadric  will  be  then  ^^—{'hx-Y(jjy-{-vz-\-^)={i. 
Hence,  eliminating  x,  ^j,  v,  §  from  these  five  equations,  we  get 


S^    ,  a;  y 

ipl,  «,  «' 

+1,  c,  <?', 

+1,  d,  d'. 


z  ,  to  , 

a",  a"\ 

h',     b",  V\ 

d",  d'". 


=0, 


(IG) 


where  the  double  signs  of  the  first  column  answer  to  those  of  the  binomial,  S^+A. 
Hence  if  we  denote  for  shortness  by  the  notation  (S^  a  V  c"  <Z"')  the  determinant  (16),  in 
the  case  where  all  the  units  in  the  first  column  are  positive,  we  shall  have  eight  ortho- 
gonal quadrics,  whose  equations  are  as  follows : — 

(r)=o,     (17) 

fr)=o,     (18) 

0  =  0,       (19) 

fr)=o,     (20) 

-cZ"0  =  O,       (21) 

rr)  =  0,       (22) 

0  =  0,       (23) 

-f/"')=0,       (24) 
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Thus,  for  example,  equation  (20)  developed  is 


=  0. 


12.  Denoting  by  J,  . . .  Jg  the  eight  orthogonal  quadrics  (17)  ...  (24),  and  remembering 
that  X,  (Jti,  V,  g  are  the  coordinates  of  the  pole  of  the  plane  of  contact  of  one  of  these 
surfaces  with  S,  since  these  coordinates  satisfy  the  first  four  equations  of  art.  11,  we 
see  easily  that  they  belong  to  the  point  common  to  the  system  of  six  planes  represented 
by  the  system  of  six  equations, 

±A=  +  B=  +  C=1:D, 

in  which  the  arrangement  of  the  signs  correspond  to  the  quadvic  which  we  consider. 
AVe  have  then  the  following  theorem : — 

The  jwles  of  contact  of  the  eight  orthogonal  quadrics  Jj  . . .  J„  are  the  eight  radical 
centres  of  the  four  quadrics,  S— A^  S— B^  S— C^,  S— D^ 

13.  The  polar  of  the  point  A,  (Ji^,  v,  g,  with  respect  to  S — A",  is 

■K(.v-Aa)  -\-i^{y  -  Aa')  +  v{zAa!')  +  g{w  -  A«"'), 
and  this  reduces,  in  virtue  of  the  first  equation  of  art.  11,  to 

7a'+ ju,^  +  c-  +  gw  =  ip  A  ; 
and  eliminating  x,  /a,  v,  g  from  this  and  the  four  equations  of  the  same  article,  we  get 

+  A,    .r,    y,    z  ,    w  , 
±1,    a,    a',    a",    a'", 

±1,    b,    I',    h\    b'",     =0, (25) 

±1,    c,    d,    c\    d" 
±1,    d,    d',    d',    d!" 

where  the  choice  of  signs  depends  on  the  quadric  J.  This  is  evidently  the  plane  of  con- 
tact of  one  of  the  conies  of  hitersection  of  J  and  S— A^  We  have  then  the  following 
construction  for  the  eight  orthogonal  quadrics : — 

Let  us  imagine  tangent  cones  whose  vertices  are  the  eight  radical  centres,  and  the  re- 
quired quadrics  pass  through  the  conies  of  contact. 

14.  The  equations  of  Ji,  J^,  &c.  take  a  very  simple  form  when  referred  to  the  tetra- 
hedron which  has  for  vertices  the  poles  of  the  planes  A,  B,  C,  D  with  respect  to  S  in 
tetrahedral  coordinates. 

Let  x',  y,  d,  w'  be  the  new  coordinates  of  the  point  (a",y,  s,  w),  the  poles  being  a,  a',  a", 
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a!'' ,  b,  y,  h",  h"\  &c.,  and  we  have  then  the  fi)llowing  substitutions  to  make" 

a;=ax'    +h//'  +f:'  +dw'  , 
y=a!a^  Jrh'i/'  -\-dz'  +d'u>'  , 

w = a"'x' + by  +  c'"z'  +  d"'w' ; 
and  hence,  by  the  equation  of  art.  11, 

M'  -\-[j!.ij+p:  +  gw=+  a-' +^'  ±  ~' + ^o'. 

Consequently  the  transformed  equation  of  J  (corresponding  to  the  choice  of  the  double 
signs)  is  simply 

±{x'±y'±z'±io')=SK 
Hence 

(±^t'±f/'±::'±w'T=iax'+b//'+cz'  +  dw'y+{a'a'  +  b'//'+c'z'+d'w'y 
-\-{a"a:'  +  Wij  +  c"2'  +  d^'ivj + («"'.!■' + V"iJ  +  c"'c' + d!"wj. 

This  can  be  Avritten  in  a  more  convenient  manner  by  the  following  substitution,  and  by 
suppressing  accents  as  being  no  longer  necessary. 

Let  us  denote  the  result  of  substituting  the  coordinates  of  the  pole  of 

B  in  C  by  L  and  of  A  in  D  by  P, 
C  „  A  „  M  „  B  „  D  „  Q, 
A  „  B   „  N       „       C  „  D  „  R, 

and  we  shall  have  the  equation  of  J,  in  the  following  form : 

j=(l_S>=+(l_S")/+(i-S"'>H(l-S"")wS 

+2(1-L)yc+2(1-M>:i'  +  2(1-N>3/  I (26) 

+  2(1-P)i-M;  +  2(1-Q)yw+2(1-R)zw=0.      J 
15.  The  equation  J,  is  the  locus  of  all  the  double  points  of  the  quadric 
x(S^-A)+i:i(S^-B)+j/(S^-C)+^(S^-D). 
In  fact  this  is  equivalent  to  the  equation 

(x-f^+.+^)^S-(xA+^B  +  vC  +  §D)^ 
the  discriminant  of  which  is  easily  found  to  be 

(-A+/y,  +  j'+^c)=  =  (X«'+,!/,^^+i'C  +  §(?)H(^«'  +  |«'5'  +  i'C'  +  f(Z') 

+  (W+^*"  +  .c"+f(^")^  +  (W'+^.5"'+.'c"'+frZ"')= ; 

and  >k,  fjj,  V,  D  being  replaced  by  .r,  y,  z,  w,  we  have  the  equation  of  Jj. — Q.E.D. 

It  is  instructive  to  compare  the  modes  of  investigation  employed  in  this  article  and 
article  3  of  the  last  section. 
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16.  The  equation  (26)  of  J;  can  be  written  in  a  more  suitable  form  by  means  of  the 
anharmonic  angles  of  art.  9 ;  for  this  purpose  let  us  denote 

,  by  cos  L ;       .,,     ^,,^,      ,„„  by  —  cos L',  &c. 

v'(l-S')(l-lS")     •'  \^{l-ii'){l-&")    ^ 

Let  us  denote  also  S'  by  cos"  §',  S"  by  cos-f",  &c.     It  is  evident  that  the  angles  L,  L',  §\ 
f,  &c.  may  be  cither  real  or  imaginary;  when  the  substitutes  are  made,  we  get 

Ji=af  sin'  §'  +f  shr  ^ "  +  z-  sin'  f  +  lu^  sin=  §"'  >. 

+  2ycsing'"  sine'" cos L+2^a: sin f'"  sin^'  cos M  +  2.r_y  sin ^ ' sin ^" cos N  I.     (27) 

-\-2a:iii  sin  g'  sin  ^""  cos  P+2y«(;  sin  f"  sin  §'"  cos  Q  +  2ziv  sin  §'"  sin  ^""  cos  E=0.  J 

Compare  equation  (3),  art.  3. 

Cor.  If  the  four  quadrics  S-— A,  S^— B,  &c.  be  mutually  orthogonal,  the  equation  of 
their  orthogonal  quadric  will  be  Ji^w'^sin^  §'-\-y'^sh-i' §"-\-s^  sin'f"'4-w^sin'g'"",  or  of  the 
form  a;--^y^  +  z--{-io-=0,  and  there  will  be  only  one  orthogonal  quadric  instead  of  eight. 

Observation.  This  section  is  abridged  from  a  Memoir  by  me  in  Toetolixi's  '  Annali  di 
Matematica,'  serie  ii.  tomo  ii.  fasc.  4. 

CHAPTER  II. 
Section  I. — Generation  of  Ci/cNdes. 

17.  We  have  seen  that  a  cyclide  is  the  envelope  of  a  variable  sphere  whose  centre 
moves  along  a  given  quadric,  and  which  cuts  a  given  sphere  orthogonally  (see  art.  5). 
I  shall  call  the  variable  sphere  the  generating  sj^here  (a  name  which  I  find  more  con- 
venient than  enveloped  sjihere  or  enveloppce),  and  the  quadric  which  is  the  locus  of  the 
centres  of  the  generating  sphere  I  shall  call  the  focal  qnadric,  a  term  expressive  of  an 
important  property  which  it  possesses.  In  De  la  Gournerie's  Memoir  "  Sur  les  lignes 
Spheriques,"  he  uses  the  name  defSrente  in  an  analogous  case  (see  Liouville's  Journal, 
1869).  The  sphere  which  is  cut  orthogonally  we  shall  call  the  sphere  of  inversion,  and 
it  will  be  always  denoted  by  the  letter  U,  unless  the  contrary  be  stated,  and  the  focal 
quadric  by  the  letter  F. 

18.  If  we  draw  any  tangent  plane  to  F  this  will  intersect  F  in  two  lines,  the  gene- 
rating lines  of  F  at  the  point  of  contact.  Now  let  us  conceive  three  spheres  whose 
centres  are  at  the  intersections  of  these  lines  and  at  a  consecutive  point  on  each  line 
respectively ;  then  if  they  cut  U  orthogonally,  the  two  points  common  to  the  three  will 
evidently  be  their  points  of  contact  with  their  envelope.  Now  it  is  evident  that  these 
points  are  the  limiting  points  of  the  system  composed  of  U,  and  the  tangent  plane  to  F. 
Hence  we  have  the  following  method  of  generating  cyclides : — 

Being  given  a  quadric  F  and  a  sjohere  U,  draw  any  tangent  i^lane  P  to  F,  the  locus  of 
the  limiting  points  of  U  and  P  tvill  be  a  cyclide. 
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19.  Let  the  two  lines  in  which  the  tangent  plane  P  of  the  last  article  cuts  F  be  denoted 
by  L,  L' ;  now  all  the  generating  spheres  whose  centres  are  on  L  have  a  common  circle 
of  intersection ;  if  this  circle  be  called  C,  and  the  corresponding  circle  for  L'  be  called  C, 
then  these  circles  are  evidently  homospheric,  and  the  two  points  common  to  them  are 
plainly  points  on  the  cyclide.  I  say  moreover  that  the  circles  C,  C  lie  altogether  on 
the  cyclide.  For  through  L  draw  another  tangent  plane  to  F  intersecting  F  in  another 
line  L" ;  then  corresponding  to  this  line  we  have  another  circle,  C",  which  is  also  homo- 
spheric  with  C,  and  their  points  of  intersection  are  points  on  the  cyclide ;  hence  the  circle 
C  lies  altogether  in  the  cyclide,  and  so  do  the  chcles  C,  C",  &c.  Hence  we  infer  the 
following  method  of  generating  cyclides  analogous  to  the  rectilinear  generation  of 
quadrics : — 

Being  given  three  circles,  C,  C,  C",  cutting  U  ortliogonaUij,  the  intersection  of  their 
plcmes  being  the  centre  of  U,  then  the  envelope  of  a  variable  circle  whose  motion  is  directed 
by  cutting  each  of  these  circles  twice  is  a  cyclide. 

Cor.  1.  Every  generatmg  sphere  of  a  cyclide  intersects  it  in  the  two  generating  circles 
passing  through  its  points  of  contact  with  the  cyclide. 

Cor.  2.  The  generating  spheres  touch  but  do  not  intersect  the  cyclide  if  their  focal 
quadric  be  not  a  ruled  surface. 

20.  If  the  sphere  U  reduce  to  a  point,  which  will  happen  when  the  four  spheres  of 
reference  a,  /3,  y,  I  (see  art.  4)  pass  through  a  common  point,  the  method  of  generating 
cyclides  given  in  art.  18  becomes  simplified  as  follows : — 

Being  given  a  quadric  F  and  a  point  U,  then  the  locus  of  the  reflection  of  U  made  by 
any  tangent p>lane  to  F  will  be  a  cyclide.  This  is  plainly  equivalent  to  the  following: — 
The  pedal  of  a  quadric  is  a  cyclide ;  or  again,  the  inverse  of  a  quadric  toith  respect  ta 
any  arbitrary  point  is  a  cyclide. 

Or  we  may  state  the  whole  matter  thus : — Being  given  a  quadric  F  and  a  point  U, 
from  U  draw  a  perpendicular  UT  on  any  tangent  plane  to  F,  and  on  UT  take  P,  P'  in 
opposite  directions  such  that  UT" — TP-  =  UT- — TP'-=:/l-^,  where  Jc  is  a  constant,  then 
the  locus  of  P,  P'  is  a  cyclide. 

There  are  three  cases  to  be  considered. 

1°.  If  ¥■  be  positive  the  sphere  U  is  real. 

2°.  If  Ic^  be  negative  the  sphere  U  is  imaginary ;  this  will  happen  when  the  radical 
centre  of  the  spheres  of  reference,  a,  ft,  y,  S,  is  internal  to  these  spheres. 

3°.  If  k''  vanish,  U  reduces  to  a  point.  The  cyclide  is  in  this  case  the  inverse  of  a 
quadric. 

The  point  U  is  a  nodal  point  on  the  cyclide.  The  tangent  planes  to  the  cyclide  at 
the  node  U  form  a  cone,  which  is  reciprocal  to  the  cone  whose  vertex  is  at  U  and  which 
circumscribes  F.  Hence  the  point  U  will  be  a  conic  node  when  F  is  either  an  ellipsoid 
or  hyperboloid.  We  shall  examine  more  minutely  the  species  of  the  node  in  this  case 
when  we  come  to  the  Chapter  on  the  Inversion  of  Cyclides. 

21.  If  the  focal  quadric  F  be  a  cone  the  cyclide  becomes  modified  in  a  rcmaikable  way, 
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which  it  is  necessary  to  examine,  as  this  species  of  cyclide  will  occupy  much  of  our  space 
in  the  present  memoir. 

Since  all  the  tangent  planes  of  a  cone  pass  through  the  same  point,  and  since  every 
tano-ent  plane  determines  two  points  on  the  cyclide,  it  is  plain  that  all  the  points  lie  on 
the  surface  of  a  sphere  whose  centre  is  at  the  vertex  of  the  cone. 

Ao-ain,  since  the  cone  is  a  ruled  surface,  each  edge  of  it  will  determine,  as  in  art.  19, 
a  circle  which  will  be  a  generating  circle  of  the  cyclide ;  but  the  circle  will  not  in  this 
case  lie  altogether  in  the  envelope  as  in  art.  19,  because  in  art.  19  the  points  of  contact 
of  any  liue  on  the  quadric  are  distinct  for  all  the  planes  passing  through  it,  whereas  in 
the  cone  only  one  tangent  plane,  properly  so  called,  can  be  drawn  through  any  edge  of  it. 
But  although  the  circles  which  answer  to  each  edge  of  the  cone  do  not  lie  altogether  in 
the  cyclide,  yet  the  envelope  of  these  circles  is  the  cyclide,  which  in  this  case  is  evidently 
a  twisted  curve,  which,  as  will  be  shown,  is  of  the  fourth  degree.  On  this  account  I  have 
called  this  species  of  cyclide,  for  the  sake  of  distinction,  a  sphero-quartic, 

22.  Since  the  planes  of  the  generating  circles  in  the  last  article  are  perpendicular  to 
the  edges  of  the  focal  cone,  the  envelope  of  these  planes  is  another  cone ;  and  as  each 
plane  passes  through  the  centre  of  the  sphere  U,  the  vertex  of  the  second  cone  is  at  the 
centre  of  U.  Hence  the  sphero-quartic  is  the  intersection  of  a  sphere  and  a  cone. 
Hence  we  have  the  following  theorem: — Whe7i  a  cyclide  reduces  to  a  sjiliero-quartic,  it 
is  the  intersection  of  a  sphere  and  a  ([iiadrlc. 

23.  If  we  denote  the  sphere  on  which  we  have  proved  the  sphero-quartic  lies  by  Q, 
then  the  generating  circles  are  circles  on  12 ;  and  as  12  evidently  cuts  U  orthogonally,  the 
circle  of  intersection  of  U  and  12,  which  we  denote  by  J,  will  be  orthogonal  to  all  the 
generating  circles,  and  the  focal  cone  pierces  Q  in  a  sphero-conic.  Hence  we  have  the 
following  method  of  generating  sphero-quartics  : — 

Beimj  given  a  circle  J  on  a  sphere,  and  a  sphero-conic  on  the  same  sphere.  A  sphero- 
quartic  is  the  envelope  of  a  variable  circle  tvhose  centre  moves  along  the  sphero-conic,  and 
which  cuts  the  circle  J  orthogonally. 

24.  From  the  last  article  we  infer  this  other  method  of  generating  sphero-quartics. 
Let  F  be  a  sphero-conic  on  a  sphere  12,  U  a  point  on  the  surface  of  12  ;  from  U  draw 

an  arc  UT  perpendicular  to  any  great  circle  tangential  to  F,  and  take  two  points,  P,  P', 
such  that 

cosUT:cosTP=rcosUT:cosTP=^-, 
where  ^  is  a  constant. 

The  locus  of  the  points  P,  P'  is  a  sphero-quartic. 

Cor.  If  k=l  the  point  P  coincides  with  U,  and  the  point  will  in  this  case  be  a  double 
point  in  the  sphero-quartic,  and  the  sphero-quartic  itself  will  be  the  inverse  of  a  plane 
conic  from  a  point  outside  the  plane  of  the  conic.  In  fact  if  the  sphere  Q  be  inverted 
into  a  plane  from  the  point  U,  it  is  easy  to  see  that  the  point  P'  will  be  inverted  into  a 
point  whose  locus  is  a  conic. 


DE.  J.  CASEY  OX  CTCLIDES  AND   SPHEEO-QUAETICS.  505 

Section  II. —  Generation  of  Q.nartic  Surfaces  having  a  Conic  Nodal  Line. 
Lemma.  If  S-^.r-+y"+~"+"''=05  A~ax-\-hij-\-cz-\-dw  =  ^.,  then  the  result  of  the 
operation  XTr  +  «--j-  +  !'Tx+§  j-  performed  on  the  quadric  S^ — A  is 

(«X  -\-hiJij-\-cv-\-  dg)S^ — (Ka-  -\-iJij//-\-vz  +  ^iv), 

which  is  evidently  connected  with  S- — A  by  the  invariant  relation  (13)  of  art  9.  Hence 
we  have  the  following  theorem : — 

The  result  of  the  ojieration  'k-j:^-\-^Y-\-v-^^-\-^-7^  ])erf armed  on  a  quadric  of  the  form 

8-'+ A  is  a  quadric  orthogonal  to  S*4;A. 

25.  Being  given  quadric  J  inscribed  in  another  S  and  a  point  (a,  ft,  y,  S),  we  can  find, 
by  the  method  of  the  preceding  lemma,  a  quadric  Q  orthogonal  to  J,  whose  pole  of  contact 
with  S  is  the  point  (a,  /3,  y,  I).  When  (a,  (3,  y,  I)  varies,  Q  varies  also ;  and  I  say  if  the 
locus  of  (a,  ft,  y,  I)  is  a  quadric  F,  that  the  envelope  of  Q  is  a  quartic  surface  having  a 
conic  nodal  line. 

Demonstration.  LetQ,=S^— A,  Q^^S^— B,  Qa^S^— C,  Q^^^S--— D  be  four  particular 
quadrics  of  the  system  cutting  J  orthogonally.  Let  us  consider  the  quadric  Q  as  having 
its  pole  of  contact  with  S  at  the  centre  of  mean  distances  of  the  poles  of  contact  of 
Qn  Q21  Qi->  Q-i  for  any  suitable  system  of  multiples  x,  y,  z,  w,  and  as  we  are  only  con- 
cerned with  their  mutual  ratios,  we  can  put  x-\-y-\-z-\-xo=l.  Hence  we  get  the  follow- 
ing system  of  equations : — 

a-=aiX  -\-hy  -\-cz  -\-dw, 

ft=a'x  +h'i/  +c'z  +d'tv, 
ry=a"a'+lj"y+c"z+d"w, 
l=a".v+b"'y+c"'z  +  d"'w; 

and  from  these  we  have  Q=Q,x  +  Q,y  +  Q,z  +  Q,ivi  and  since  the  locus  of  («,  ft,  y,  I)  is 
the  quadric  F,  we  see  by  substitution  of  the  preceding  values  of  u,  ft,  y,  0  in  its  equation, 
that  a;  y,  z,  w  are  connected  by  an  equation  of  the  second  degree.     If  we  denote  this 

equation  by 

{a,  h,  c,  d,  I,  m,  n,2),  q,  ?X'S  !/>  -.  w)==0, 

we  have  to  find  the  envelope  of  Q,x+Q,y  +  Q^::  +  Q,w  subject  to  this  condition.  The 
theory  of  envelopes  gives 
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Hence  the  required  envelope  is 


a 

,    n 

n 

,     b 

m 

,     I 

P 

,     2 

m 

,      P 

I 

.       i 

c 

,     r 

T 

,     d 

S^-A, 
S^-B, 
S^-C, 
S^-D, 


SJ_A,    si-B,    s=-a    S^-D,    0, 


=  0. 


.     .     (28) 


The  expansion  of  this  determinant  gives  evidently  a  result  of  the  form  U2  +  UiS^=0, 
where  Ug  represents  a  function  of  the  second  degree,  and  \]^  a  function  of  the  first  degree 
in  the  variables ;  and  clearing  off  radicals  we  get  Ua— UiS=0 ;  and  this  is  the  equation  of 
a  surface  of  the  fourth  degree,  having  the  conic  of  intersection  of  U2  and  Ui  as  a  double 
line.     Hence  the  proposition  is  proved. 

26.  The  quantities  x,  y,  z,  w  of  the  last  article  are  evidently  proportional  to  the  tetra- 
hedral  coordinates  of  the  point  a,  /3,  y,  S,  referred  to  the  tetrahedron  whose  vertices  are 
the  poles  of  the  planes  A,  B,  C,  D  of  the  quadrics  S— A^  S— B^,  S— C^  S— D^  so  that 
the  equation  of  condition  in  .r,  y,  z,  10  is  only  the  equation  of  the  surface  F  referred  to 
this  tetrahedron.  Hence  the  method  of  generation  of  surfaces  of  the  fourth  degree 
having  a  conic  for  a  nodal  line  is  exactly  the  same  as  the  method  of  generating  cyclides 
given  in  art.  5 ;  and  in  fact  the  two  surfaces  are  identical,  since  the  cyclide  has  the 
imaginary  circle  at  infinity  for  a  nodal  line,  so  that  by  linear  transformation  we  could 
get  one  surface  from  the  other ;  and  to  every  property  of  a  cyclide  there  is  a  corresponding 
property  of  the  more  general  surface  here  considered :  but  I  thought  that  it  would  be 
useful  to  show  that  their  equations,  the  equations  of  the  surface  cutting  them  ortho- 
gonally &c.,  are  identical  in  form ;  so  that  for  every  theorem  which  I  shall  prove  to  hold 
for  a  cyclide  the  reader  may  if  he  chooses  put  in  the  more  general  surface  here  con- 
sidered*. 


*  [Professor  Caylet  has  remarked  to  me  tliat,  instead  of  tlie  method  of  Chapter  11.,  the  immediate  general- 
ization would  be  to  consider,  instead  of  spheres,  quadric  sui'faces  of  the  form  S  +  LM,  S  +  LN,  &c.,  and  that  it  is 
&  further  generalization,  or  rather  an  extension,  of  S— A-,  S— B-,  &c.  Professor  Catlet  remarks  that  itis  a  pity 
to  omit  the  intermediate  step.  Before  Professor  Caylet  had  drawn  my  attention  to  it,  the  intermediate  step  had 
not  occurred  to  me ;  however,  any  person  who  reads  Chapter  II.  will  iind  it  easy  to  supply,  by  the  assistance  of 
the  two  following  propositions,  the  omissions  referred  to: — 

I.  S  +  L1I=0,  S  +  LN=Oare  two  quadrics;  it  is  required  to  find  the  condition  that  the  pole  of  L  with  respect 
to  S  +  LII  will  be  the  polo  of  M  — N  with  respect  to  S  +  LN.     Let 

S+LM  =  a;-+2/-+2-+M'-+2(%  -\-cz  -\-dw  )x, 

S  +  LX  i=oc"-\-tf-\-z'-  +  w'-+2(Jj'y-\-c'z-\-d'w)x; 

and  let  >i,  yu,  v,  f  be  the  coordinates  of  the  pole  of  the  plane  (c  with  respect  to  the  quadric  S+  LM=0 ;  then  we 
get  the  four  equations: 

X  +  hfx  +  cv  +  d^  =  l,  Xh  +  ii  =  i), 

\c-\-v   =0,  Xd  +  ^=Q. 
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CHAPTER  III. 


Section  I. — Different  forms  of  the  Eq^uations  of  Cy  elides. 
27.  Let  T  be  a  tangent  plane  to  the  focal  quadric  F ;  P,  F  the  corresponding  points 
of  the  cyclide  ;  then  (art.  18)  P,  P'  are  the  limiting  points  of  the  sphere  U  and  the  plane  T. 


Hence 


— c 


-h 
-d 


Hence  forming  the  condition  that  the  polar  plane  of  the  point  (X,  fx.,  y,  j)  with  respect  to  the  quadric  S  +  LN  is 

{h-h')y->r{c-d)z  +  {d-d')w-0, 
we  get 

This  condition  I  propose  to  call  the  orthotomic  invariant  of  the  two  quadrics. 
If  we  take  the  more  general  forms, 

ar + 2/" + 2' + w' + 2(a.f + Jy + cz + dw)x, 
aP+y-+ z' +IV-+ 2{a'x  -\-h'y+c'z  +  dhv)x, 
for  S  +  LIT,  S  +  LN,  these  may,  without  loss  of  generality,  he  written  in  the  more  compact  forms 
aur  Jf-f-\-z'-iriv''-\-2{hy  +cz  -\-dw  )x, 
a'.v'  +  if  +  z-  +  w''  +  2{Vy  +  c'z  +  d'w)x ; 
and  we  find,  as  before,  the  orthotomic  invariant  to  he 

2hV  +  2cd  +2dd'  =a+a' . 
Compare  equation  (1),  article  1. 

The  two  quadrics  related,  as  here  considered,  have  many  important  properties.  Thus  tite  poles  of  the  plmie  L 
with  respect  to  the  qxixidrks,  and  the  four  poinis  in  ichich  the  line  of  connexion  of  these  poles  meets  the  quadrics, 
form  a  system  of  six  points  in  involution. 

Def.  Two  quadrics  related  as  in  this  proposition  may  he  said  to  cut  orthogonally. 
II.  Given  five  quadrics,  S  +  LM,  S+LN,  &c.,  where 

M;=a'A'  -\-h'y  +c'z  +d'w  =0, 
N  ;^  a"x  +  h"y  +  c'z  +  d"iv  =  0, 
then  the  condition  that  the  five  quadrics  should  be  coorthogonal  is  the  determinant 


=  0. 


Hence  we  infer  the  following  theorem: — If  a,  /3,  y,  S  be  any  four  quadrics  of  the  form  S  +  LM=0, 
S+LN=0,  &c.,  then  the  quadric  Xa  +  ft/3  +  yy  +  f^  is  coorthogonal  with  a,  j3,  y,  3,  and  the  pole  of  the  plane 
L=0  with  respect  to  Aa  +  ;A/3  +  yy  +  j5J  will  be  a  point  whose  tetrahcdral  coordinates  are  proportional  to 
X,  [/,,  y,  f ,  the  angular  points  of  the  tetrahedron  of  reference  being  the  poles  of  L  with  respect  to  a,  ft,  y,  S 
respectively. — January  1872.] 

4n2 


h' 

,     c' 

,  d' 

b" 

c" 

d" 

V" 

c'" 

d"' 

h"" 

c"" 

d"" 

V"" 

c'"" 

d'"". 

598  DE.  J.  CASEY   OIN-  CTCLIDES   AJv'D   SPHEEO-QTJAETICS. 

Let  a,  I,  c,  (1  be  the  centres  of  the  spheres  of  reference,  a,  j3,  y,  S ;  r',  r",  ?•'",  r""  their 
radii ;  then,  since  U  is  the  Jacobian  of  a,  /3,  y,  I,  the  tangents  from  a,  h,  c,  d  to  V  are 
equal  to  r,  r",  >■'",  /•'"'  respectively.  Again,  let  perpendiculars  from  a,  b,  c,  d  on  the 
tangent  plane  T  be  denoted  by  X,  /a,  v,  g.  Now  the  result  of  substituting  the  coordinates 
of  P  in  a=P«- — r-=  difference  of  squares  of  tangents  from  a  to  the  limiting  point  P, 
and  the  orthogonal  sphere  U=2?t.0P  (O  being  the  centre  of  U).  Hence  the  results  of 
substituting  the  coordinates  of  any  point  P  of  the  cyclide  in  the  equations  of  the  spheres 
of  reference  are  proportional  to  the  perpendiculars  a,  /^t/,  v,  §.  Hence  we  have  the  fol- 
lowing theorem : — 

If  (a,  b,  c,  d,  I,  m,  11,  p,  q,  i%K,  (3,  7,  S)^=0  be  the  equation  of  any  cyclide, 
(a,  b,  c,  d,  I,  m,  n,  j),  q,  r'X}.,  [Jj,  v,  §)^=0 

is  the  tangential  equation  of  the  corresiionding  focal  quadric  of  the  cyclide. 

Cor.  1.  Hence  if  we  are  given  the  equation  of  the  focal  quadric,  we  are  gi-\en  the 
equation  of  the  cyclide,  and  vice  versa. 

Cor.  2.  Hence,  when  the  sphere  of  inversion  U  and  the  focal  quadric  F  of  a  cyclide 
are  given,  the  cyclide  is  determined  ;  but  U  is  determined  by  four  constants  and  F  by  nine. 
Hence  a  cyclide  is  determined  by  4+9=13  constants. 

28.  By  means  of  the  last  article  we  are  enabled  to  get  a  very  important  expression  for 
the  sphere  U  in  terms  of  the  four  spheres  of  references.  Thus,  since  a  cyclide  is  the 
envelope  of  a  variable  sphere  cutting  U  orthogonally,  and  Avhose  centre  moves  along  the 
surface  of  a  given  quadric  F,  now  if  the  given  quadric  F  be  the  sphere  U  itself,  it  is 
plain  that  the  cyclide  will  in  this  case  be  the  sphere  U  counted  twice,  that  is  U".  But 
the  equation  of  U  in  tetrahedral  coordinates,  x.  y,  z,  w  being  the  coordinates,  is  (see  art.  3) 

0-'a:y-+(r"yy  +  ()^":y-+{r"'koy 
-2r't"xy  cos  {a^)-2}'r"'xz  cos  (ay)-2?V"'.i7(;  cos  {al) 
-2r"r"'yz  cos  (^y)-2r"i""yw  cos  {l3l)-2)V'zio  cos  (ySj^O. 

Hence,  forming  the  corresponding  tangential  equation,  and  substituting  a,  /3,  7,  S  for 
the  variables,  we  get  the  following  determinant  for  the  square  of  U : — 

-r'\  r'r"  cos  (uQ),          rV"  cosiay),  /r""cos(«S),  a, 

?-Vcos(/3«),  -r"%                         rV"  cos  (/37),  r"r""  cos  (/3S),  /3, 

r"ycos(7«),  r"'r"  cos  (7/3),  -r"",  /";■""  cos  (>§},  7, 

r""r'cos{hu),  r"'V"  cos (g/3),         r""r"' cos (ly),  -r""\  S, 

«,  p,                             7,  5,  0. 

This  determinant  may  be  simplified  as  follows : — divide  the  first  row  by  ;',  the  second 
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by  ?•",  &c.    Again  divide  the  first  column  by  r',  the  second  by  r"  &c.,  and  we  get  tlie  fol- 
lowing result : — 


(29) 


Cor.  Hence,  if  the  four  spheres  of  reference  «,  ft,  y,  h  be  mutually  orthogonal,  the 
equation  becomes 


-1, 

cos  (aft), 

cos  (ay), 

cos  (a5), 

«-^/, 

COS  (ftci), 

-1, 

cos(fty), 

cos  (/3S), 

/3^/', 

cos  (y«). 

cos  (7/3), 

-1, 

cos  (yS), 

y-/'. 

cos  (hu). 

cos  (oft), 

cos  (Sy), 

-1 

h  ~r"" 

u-^i-' 

ft~r" 

7^r"' 

h^r"" 

0. 

-B-.(-,)%(.e)V(^,)+(^)=o. 


and  by  incorporating  constants  with  the  variables  it  becomes  u-+ft--\-y^-\-l^=0. 

We  shall  find  the  value  of  IJ-  in  this  latter  form  very  important. 

29.  If  the  tetrahedron  to  which  F  is  referred  be  inscribed  in  F,  the  coefficients  a,  h,  c,  d 
vanish ;  then  forming  the  tangential  equation  and  replacing  X,  f/,,  y,  g  by  a,  ft,  y,  h,  we 
have  the  following  theorem.     If  the  equation  of  a  cyclide  be  in  the  form 


0, 

n. 

m. 

P^ 

a, 

n, 

0, 

I  , 

S^ 

/3, 

m. 

I, 

0, 

r. 

7^ 

i^' 

(h 

r  , 

0, 

K 

a. 

f^> 

7» 

s, 

0 

=  0, 


(30) 


that  is,  of  a  symmetrical  determinant  bordered  with  the  variables  whose  diagonal  terms 
are  each  zero,  the  spheres  of  reference  have  each  double  contact  with  the  cyclide ;  in 
other  words,  they  are  generating  spheres. 

Cor.  From  this  theorem,  combined  with  article  3,  we  can  easily  get  the  equation  of  a 
sphere  circumscribing  a  tetrahedron. 

30.  If  the  equation  of  a  cyclide  be  given  in  the  form 

a'+ft'  +  f  +  h'  +  2I(fty  +  al)  ] 

+  2)»(«y+/3S)-f  ■J«(«/3  +  yS)  =  0j ' 

where  1+2  Imn=r-\-m--\-n^,  it  can  be  proved,  precisely  as  in  Salmon's  'Geometry  of 
Three  Dimensions,'  p.  153,  that  each  of  the  spheres  of  reference  cuts  the  cyclide  in  two 
circles.  Hence  (see  art.  19,  Cor.  1)  each  of  the  spheres  of  references  is  a  generating 
sphere. 

31.  If  the  coefficients  of  «-,  ft-,  y-,  S-  in  the  general  equation  of  a  cyclide  vanish,  then 
the  coefficients  of  x^,  f/j-,  i/'\  f  vanish  in  the  tangential  equation  of  the  focal  quadric ; 
and  hence  if  the  coefficients  of  the  squccrcs  of  the  variables  vanish  in  the  equation  of  a 


(31) 
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ajclide,  the  focal  qttadric  is  inscrihed  in  the  tetrahedron  formed  hj  the  centres  of  the  sjjheres 
of  reference. 

32.  Let  W=(«,  b,  c,  d,  I,  m,  n,]),  q,  rja,  /S,  7,  S)'-=0  be  the  equation  of  a  cyclide, 
and  we  know  that  the  square  of  the  Jacobian  of  a,  j3,  y,  I  is  given  by  the  equation  (29). 
Now,  substituting  A,  jU-,  c,  f  for  a,  |3,  y,  B  in  these  equations,  we  have  the  tangential 
equations  of  the  focal  quadric  F  of  the  cyclide  and  the  sphere  U ;  but  if  F  and  U  be 
referred  to  their  common  self-conjugate  tetrahedron,  their  equations  will  take  the  form 

Hence  we  have  W  and  U'  given  by  the  equations 
W=ffa=  +  ^i3-+ry-+(?S'=0, 
U'=-(a-H-/3"-+y'+S')  =  0  (see  art.  28.  Cor.). 

Now  if,  for  the  sake  of  uniformity,  we  represent  U  by  s,  we  have  the  following  equation 
identically  true, 

a'  +  ZB^'+r  +  o^  +  a^^O; (32) 

and  since  the  addition  of  any  multiple  of  an  expression  which  vanishes  identically  does 
not  alter  a  function,  we  see  that  the  equation  of  a  cyclide  may  be  written  in  the  fol- 
lowing form  by  adding  e(a'+/3'+y'+S-+s'')  to  aa,^+h^'-\-cf-{-dl'={i,  and  afterwards 
putting  a  for  {a-\-e),  h  for  (i  +  tf)  &c., 

W=«a^  +  i'i3+fy^+(ZS'-fe2'=0, (33) 

in  which  each  of  the  spheres  of  reference  is  cut  orthogonally  by  all  the  others. 
We  could  show  a,  priori  that  W  can  be  expressed  in  either  of  the  forms 

«a-  +  5(3-  +  cy-  +  rfS-=0, 

or 

««-  +  J/3-  +  cy-  +  dl"  -\-ei-  =  Q; 

for  the  iirst  form  contains  explicitly  three  constants,  and  each  sphere  contains  four 
constants,  so  that  there  are  3  +  4x4=19  constants  at  our  disposal;  but  each  pair 
of  spheres  being  mutually  orthogonal  is  equivalent  to  six  conditions.  Hence  we 
have  thirteen  constants,  which  is  the  number  required.  Similarly,  in  the  second  form 
we  have  twenty-four  constants ;  but  these  are  subject  to  the  equation  of  condition 
Q,2_|_|32_|-y^-(-S-i-Ls2^  which  docs  not  vanish  identically  except  by  the  incorporation  of 
certain  constants,  and  the  condition  of  orthogonality  of  each  pair  of  spheres  is  equivalent 
to  ten  conditions.     Hence,  as  before,  we  have  thirteen  conditions  remaining. 

33.  By  means  of  the  identical  relation  a^+j3'^  +  y^+S^  +  s-=0,  we  can  eliminate  in 
succession  each  of  the  five  spheres  a,  j3,  y,  S,  e  from  the  equation  (33)  of  the  cyclide; 
and  we  see  that  the  same  cyclide  can  be  written  in  five  difi'erent  wajs,  the  letter  elimi- 
nated representing  the  sphere  used  in  the  corresponding  equation  of  the  surface. 
Hence  we  have 
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(     1)1 
(11) 
(III) 
(IV) 
(  V)J 


(34) 


W={a-b)(5'  +  {n-c)y'+{a-d)l-  +{a-ey  =0, 
W^(b-c)y-  +  {L-d)h'  +{b-e)r  +{b-a)u'  =  0, 
W^(c-d)h'  +(c-ey  -\-(c  -ay+(c-b)(i'=0, 
W^(d-ey+(d-ay+{d-b)^'-{-(d-c)y'=0, 

^Y=(e-ay'  +  (e-b)(i'  +  {c-c)y'  +  {e-dy  =  0. 

If  we  denote  the  focal  quadrics  corresponding  to  these  different  forms  of  the  equation  of 
W  by  F  F  F"  F"  F*"',  we  get  the  following  as  the  tangential  equations  of  the  five  focal 
quadrics:  — 

F  ={a—by+{a  —  cy-  -j-(a—d)f-i-(a  —  ey-=0,- 
F    B^{b-cy  +{b-d)f  +{b-ey+{b  -ay=0, 

T"  ^(G-dy+(c~ey+{c-a)7.'+{c-by=0,- (35) 

F"  ^{d-ey+{d-a)-K'  +  {d-by  +  (d-cy=(), 
F->=(e-a)x-+(c-%=  +  (f-cOr  +{e  -dy=0._ 

So  that  the  cyclide  W  can  be  generated  in  live  different  ways  as  the  envelope  of  a  vari- 
able sphere  Avhose  centre  moves  on  a  quadric  and  cuts  a  given  sphere  orthogonally  ; 
the  corresponding  spheres  and^quadrics  for  generating  W  being  a,  F ;  j3, 1'' ;  7,  F" ;  I,  F'"  ; 
2,  F'"''  respectively. 

34.  Since  the  tangential  equation  of  a  is  plainly  iir-\-r-{-f-\-oi"=^0, 

of  p,  r+f  +  ff-  +  X-,  &c., 

we  get  the  equations  of  the  developables  circumscribed  to  the  pairs  of  quadrics  a,  F ; 
/3,  F',  &c.  by  a  known  process ;  thus  the  developable  circumscribed  about  a  and  F  will 
be  the  envelope  of  the  quadric,  whose  tangential  equation 

(a — by- -{-(a— cy  +  (a — d)f + («  —  ey  +  k{y;j- + f"  +  f "  +  ff")  =  0  ; 

and  by  taking  k=(b  —  a),  (c—a),  (d—a),  (e—a)  in  succession,  we  see  that  the  double 
lines  of  the  developable  are  the  plane  conies,  whose  tangential  equations  are : 

(i^cy  +(b-dy+ib~ey-o,] 

(^c—by+{c-d)f  +  {c—ey-=0, 

{d-by-{-{d—cy  +  (d-ey=0, 

'  (e-by+(e-cy  +  (e  -dy=0. 


(36) 


By  comparing  these  with  the  system  of  equations  (35),  we  see  that  the  first  conic  is  a 
plane  section  of  the  quadric  F',  the  second  of  F",  the  third  of  F'",  and  the  fourth  of  F"". 
Hence,  if  Ave  call  the  spheres  a,  /3,  7,  h,  s  the  spheres  of  inversion  of  the  cyclide  (we 
shall  prove  this  in  a  future  Chapter),  and  call  %,  %',  X",  S'",  S""  the  five  developables 
circumscribed  to  the  spheres  of  inversion  and  their  corresponding  focal  quadrics,  we 
have  the  followinof  theorem : — 


F"", 

F  , 

F 

F    , 

F'  , 

F" 

F'  , 

F' ., 

,  F" 

(37) 
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The  double  Hues  of  S  are  flane  sections  of  F  ,  F"  ,  F",  F"" 
%'  „  F"  ,  F" ,  F"",  F 

„  •*  11  ^ 

11  ^  11  ^ 

Klin  -p 

„  A  11  ^ 

35.  If  we  take  the  first  of  the  equations  (34)  to  represent  W,  the  corresponding  sphere 
of  inversion  is  a.-;  but  this,  in  virtue  of  the  identical  relation  a-+/3-+7'  +  S-  +  2-=0,  is 
also  given  by  the  equation  /3'+y'+S-  +  s"=0  ;  and  eliminating /3-,  y",  §-,  r  in  succession 
between  AV  and  a",  we  see  that  each  of  the  four  binodal  cyclides  are  inscribed  in  W, 

(^c-h)ii'+(c-d)l'  +  (c-ey-=0, 

(^cl-b)(3'  +  {d-c)f+{(^-ey=^i 
ie-b)li'  +  {e  -c)f+{e-d)l"-  =  Q,  ] 

and  these  cyclides  have  the  double  lines  of  S  as  focal  quadrics. 

It  is  plain  that  we  get  corresponding  results  for  each  of  the  five  forms  (34)  in  which 
the  equation  of  W  may  be  written,  so  that  the  cyclide  W  is  circumscribed  about  ten 
linodal  cyclides.  The  focal  quadrics  of  these  binodals  are  plane  conies,  and  through  each 
conic  tivo  developables  ])ass. 

Section  II. — Sphero-quartics. 
3G.  Let  P,  a  point  on  the  surface  of  the  sphere  U,  be  the  centre  of  the  small  circle  S  on 
the  surface  of  the  same  sphere,  O  a  fixed  point,  also  on  the  surface  of  U,  which  we  shall 
take  as  origin,  OX  a  great  circle  of  U  corresponding  to  the  initial  line  in  plane  geometry, 
and  let  OP=?i  and  the  angle  POX=?» ;  then  m  and  n  are  what  I  shall  call  the  spherical 
coordinates  of  the  point  P  ;  and  whenever  I  shall  use  the  term  splierical  coordinates  it  is 
in  the  sense  here  explained.  Now  let  6  and  §  be  the  spherical  coordinates  of  any  point 
Q  of  the  circle  S,  then  (the  reader  can  easily  construct  the  figure)  we  have  from  the 
spherical  triangle  OPQ,  r  being  the  radius  of  S, 

cosr=cos«  cos§  +  sinn  sin  g  cos  (5  — ?h) (38) 

This  equation  may  be  taken  as  the  equation  of  the  small  circle  S.  Now  if  in  the  equation 
(38)  we  substitute  the  spherical  coordinates  of  any  point  Q'  whose  distance  from  P  is  the 
arc}-',  we  plainly  get  cos r— cos/-';  but  cos r— cos r'  is  equal  to  the  perpendicular  let  fall 
from  the  point  Q'  on  the  plane  of  the  small  circle  S,  hence  we  have  the  following 
theorem : — The  result  of  substituting  the  spherical  coordinates  of  any  point  on  the  surface 
of  a  sphere  radius  unity  in  the  equation  of  any  small  circle  on  the  sphere  is  equal  to  the 
lierpendicular  distance  of  the  point  from  the  plane  of  the  small  circle. 

37.  If  any  sphere  Q  intersect  a  cycHde  "W,  the  curve  of  intersection  is  a  sphero-quartic. 

Demonstration.  Let  '^^  =  aa,--\-b^--\-cy"-\-dl'^,  and  let  perpendiculars  from  any  point  P 
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of  the  curve  WQ  on  the  planes  tlirough  tlie  intersection  of  O  and  a,  Q  and  /3,  &c.  be 
denoted  by  x,  y,  z,  w ;  then  if  the  distances  from  the  centre  of  O  to  tlie  centres  of  a,  /3, 7,  S 
be  denoted  by  o),,  a.,,  u^,  u^  respecti^■ely,  it  is  easy  to  see  that  the  results  of  substituting 
the  coordinates  of  P  in  u,  /3,  y,  S  are  2a),.r,  lu.^ij,  lu-^z^  2s/jW,  and  therefore  the  quadric 

aiii\x'^-\-bulif--\-cctilz--\-(lcolw''^=^ (-"9) 

passes  through  the  curve  WO.  Hence  the  curve  WO  is  also  the  intersection  of  the 
sphere  O  and  the  quadric  (39),  and  therefore  it  is  .a  sphero-quartic. 

38.  If  in  the  last  article  we  suppose  the  sphere  Q  to  coincide  Avith  U,  the  sphere 
orthogonal  to  a,  /3,  y,  S,  and  if  we  denote  the  circles  in  which  the  spheres  a,  /3,  y,  5 
intersect  U,  by  the  same  notation,  that  is,  by  a,  /3,  y,  I,  then  if  the  radii  of  the  circles 
a,  (3,  y,  S  be  /,  r",  /•'",  ?•"",  it  is  plain  that  &;„  a.^,  ai^,  u^  of  the  last  article  become  seer', 
seer",  seer'",  sec/'"",  the  radius  of  U  being  denoted  by  unity.  Hence,  by  articles  36 
and  37,  we  have  the  following  theorem : — If  W=^-(«,  b,  c,  d,  I,  m,  n,  p,  q,  rjjx,  /3,  y,  ^)-=0 
he  the  equation  of  a  ci/clide,  the  equation  of  the  sphero-quartic  WU  ■will  be 

8 


[a,  b,  c,  d,  I,  m,  n,p,  q,  rj(^,  ^-A_,  _JL. 


=0, 


(40) 


where  a,  j3,  y,  S  are  the  small  circles  of  intersection  of  the  spheres  a,  /3,  y,  S  imth  U. 

39.  From  the  three  last  articles,  combined  with  art.  28,  we  have  at  once  the  following 
theorem,  which  is  a  very  important  one  in  the  theory  of  sphero-quartics : — If  a,  /3,  y,  5 
be  any  four  small  circles  on  the  sphere  U,  the  following  relation  will  be  true  for  any  point 
on  the  surface  of  U,  and  will  therefore  be  an  identical  relation : 


cos  (ajS), 

-1, 
cos  (y/3), 
cos  (S/3) , 


=  0. 


(41) 


cos (ay), 
cos  (/3y), 

-1, 

cos  (Sy)  , 
/3-=-sinr",     y-^sinr'" 

Cor.  If  the  circles  a,  /3,  y,  S  on  the  surface  of  U  be  mutually  orthogonal,  the  relation 
is  identically  true  for  any  point  on  U, 

yi  r- 


-1, 

cos  (/3a), 
cos(ya), 
cos  (hoc) , 
a-^siu  r'. 


cos(«S), 

a- 

-siny', 

COS  ((3S), 

P- 

-sinr" 

cos  (yS), 

7- 

'ft 

-smr 

-1, 

l- 

-sinr"' 

l^sinr"", 

0, 

sin-  r'  '  siu^  r"  "^  sui-'  ?" 


'+: 


,=0. 


(42) 


If  we  incorporate  the  constants  with  the  variables  this  becomes  a-+/3'--f  y^H-S^=0. 

40.  If  a,  /3,  y  be  three  small  circles  on  the  sphere  U,  and  if  a  sphero-quartic  be  given 
by  an  equation  of  the  second  degree  (a,  b,  c,f,  g,  hja,  /3,  y)'  =  0,  I  say  the  tangential 
equation  of  the  corresponding  focal  sphero-conic  is 

{a,b,c,fgjijy^,l^,yr=^ (-i'^) 


MDCCCLXXI. 
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Ks.  1. 


Demonstration.  Let  F  be  the  focal  sphero-conic,  a  the  centre  of  a,  one  of  the  circles 
of  reference ;  then  if  P,  P'  be  limiting  points  of  the  system,  composed  of  J  and  any 
tangent  TT'  to  F ;  P,  P'  are  points  on  the  sphero-quartic.  Let  K  be  the  pole  of  the  gre^rt 
circle  TT'.  Now  if  at  be  the  tangent  from  a  to  J,  by  art.  36,  the  result  of  substituting 
the  coordinates  of  P  in  the  small  circle  a=cosa^  — cos«P,  this  may  be  written 


but 


and 


cos  at=^ 


a  =  cosat—co&dP; 
cos  aO      sin  A  sin  OT  +  cos  X  cos  OT  cos  OKa 


cosOi 


cosOt 


cos  aP=  sin  x  sin  PT+ cos  X  cos  PT  cos  OKa 


=sinXsinPT+ 
Hence,  by  substitution,  we  get 


cos  K  cos  OT  cos  OKfl 

cos  Ot 


.    JsinOT       .    -p„ 

a=smX< Tvr— smPi 

I  cos  Ot 


]■■ 


and  putting  for  cos  Oi^  its  value  cosOT-^cosPT  (see  art.  24),  we  get 

sin  X  sin  OP 

"^     cos  OT 

Hence  the  results  of  substituting  the  coordinates  of  any  pouat  P  of  the  sphero-quartic 
in  the  equation  of  the  small  circles  a,  /3,  y  are  proportional  to  the  sines  of  the  arcs  from 
the  centres  of  a,  ^,  7  to  a  great  circle  tangential  to  the  sphero-conic  F,  and  hence  the 
proposition  is  proved. 

41.  If  the  cyclide  W  be  expressed  in  terms  of  four  spheres  a,  /3,  y,  I  which  are  mutually 
orthogonal,  then  the  sphero-quartic  WU  will  be  expressed  in  terms  of  four  circles  which 


y (44) 


DE.  J.  CASEY  ON  CTCLIDES  AND  SPHEEO-QTJARTICS.  605 

are  mutually  orthogonal,  and  its  equation  will  be  of  the  form  aci'-\-bjy-\-CY'+dl^=Q; 
but  a^+/3^+y-  +  S-=0  is  an  identical  relation.  Hence,  eliminating  each  of  the  variables 
a^,  /3^,  y',  S^  in  succession,  we  see  that  the  same  sphero-quartic  may  be  expressed  by  either 
of  the  four  equations : 

(a-b)li'+{a-c)f  +  {a-(J)}>'=0,  ] 

(b-a)cr  +  {b-c)f  +  (b-(l)h'=0,  ' 

(c  -aX-{-{c-b)(5'-\-{c—d)h'  =  Q, 

(d-ay+{d-b)^'+{d-c)f=0,  J 

and  by  the  last  article  we  see  that  the  sphero-quartic  has  four  focal  sphero-conics,  whose 
tangential  equations  are : 

(«-%^+(«-oy  +(a-d)o'=:0,  ■ 
(^b-a)}^+{b-cy-  +ib-d)f=Q, 
(c-a)k'  +  {c-by-^(c-d)f=0,  ' 
(d-ay+{d—by+{d-c)r  =  0. 


(45) 


.  Cor.  S])hero-qiiartics  may  he  generated  in  four  different  locujs  as  the  envelojte  of  a  vari- 
able circle  which  cuts  a  given  circle  orthogonally,  and  whose  centre  moves  along  a  given 
s])liero-conic. 

42.  If  W=(«,  b,  c,  d,  I,  m,  n,  2>,  (J,  r'Xa.,  /3,  y,  S)-=zO  be  the  general  equation  of  a 
cyclide,  and  U  the  sphere  orthogonal  to  a,  /3,  y,  S,  then  it  is  easy  to  see  that  the  results 
of  substituting  the  coordinates  of  any  point  P  of  the  sphero-quartic  (WU)  in  the  equations 
of  a,  /3,  y,  S  are  proportional  to  the  perpendiculars  from  the  centres  of  a,  /3,  y,  S  on  the 
tangent  plane  to  U  at  the  point  P ;  but  if  these  be  perpendiculars  to  a,  /x,  v,  g,  we  see 
that  the  surface  whose  tangential  equation  is 

(a,  b,  c,  d,  I,  m,  n,  p,  q,  rj}.,  [j.,  c,  §)- 

is  inscribed  in  the  developable  formed  by  the  tangent  planes  to  U  along  the  sphero-quartic 
WU,  but  this  tangential  equation  is  that  of  the  focal  quadric  of  W.  Hence  we  have  the 
following  theorem: — The  developable  circumscribed  about  the  focal  quadric  of  a  cyclide 
and  the  corresponding  sphere  of  inversion  U  touches  the  sphere  along  the  sfhero-quartic 
(WU),  and  the  cones  whose  vertices  are  at  the  centre  of  U,  and  which  stand  on  the  nodal 
conies  of  the  developable,  intersect  TJ  in  the  focal  sphero-conics  of  the  sphero-qtcarticWU. 
The  latter  part  of  the  theorem  is  evident  by  writing  the  equation  of  the  cyclide  in  terms 
of  four  spheres  mutually  orthogonal,  and  from  the  equations  (45)  of  the  last  article*. 

*  [We  have  given  in  art.  33  the  equations  in  tangential  coordinates  of  the  five  focal  quadi-ics  of  a  cyclide ; 
the  following  investigation  gives,  being  given  the  equations  of  a  focal  quadric  and  the  corresponding  sphere  of 
inversion  in  Cartesian  coordinates,  the  equations  in  Cartesian  coordinates  of  the  four  remaining  focal  quadrics. 

I.  Let  'Z  +  -L+rl—l  =  0  be  the  focal  quadric  F  of  a  cyclide  W,  and  (.v-f)-  +  (>j-[/y-+(:-7iy-—,-=0  be 
rt"      b-      c- 

thc  corresponding  sphere  of  inversion ;  then  if  from  the  centre  0  of  the  sphere  we  let  fall  a  perpendicular  OT 

4o2 
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CHAPTER  IV. 

Sjihcro-quartics  (continued) . 

43.  In  discussing  the  properties  of  sphero-quartics,  we  liave  hitherto  considered  a 
sphero-quartic  as  the  intersection  of  a  sphere  and  a  cyclide.  There  is  another  mode  of 
considering  sphero-quartics,  wliich  offers  many  advantages  for  the  investigation  of  these 
curves,  namely,  to  consider  a  sphero-quartic  as  the  curve  of  intersection  of  a  sphere  and 
a  quartic  cone  tangential  to  the  cyclide,  the  vertex  of  the  cone  being  at  the  centre  of 
the  sphere,  which  we  shall  take  as  one  of  the  spheres  of  inversion  of  the  cyclide.  This 
method  of  studying  the  sphero-quartic  will  give  us  an  opportunity  of  showing  the  con- 
nexion which  exists  between  the  invariants  and  covariants  of  plane  conies  and  of  circles 

on  any  tangent  plane  to  F,  and  take  two  points  P,  P'  in  opposite  directions  from  T  on  OT  so  that 

0T=-  TP-=  OT=-TP'==)", 

tlie  locus  of  the  points  P,  P' is  the  cyclide  W;  but  denoting  OT  byp,  and  OP  by  j,  this  gives  us  2p^=r-  +  f,  or 

2'/d-  cos"  a +6'  cos-  /S  +  c''  cos'y— 2(/cos  a+jr  cos  /3  +  /;  cos  y)=.r--\-^'^, 
cos  a,  cos  j3,  cos  y  being  the  direction  cosines  of  OT.     Hence,  if  the  centre  of  the  sphere  be  now  taken  as  origin, 
we  have  the  equation  of  the  cyclide 

A{a\v-  +  h-if  +  r--=)  =  {XT  +  r  +  ;=  +  2/.1-  +  2r/t/  +  2;,r  +  i-f. 

II.  The  equation  of  the  cyclide  given  in  I.  is  the  envelope  of  the  quadric  S  +  /AC  +  f*."=0,  where  S  represents 
the  cone  a-x'-\-h-y"-\-c-z',  and  C  the  sphere  a" +?/"+;" +  2/.r 4- 2r/)/  +  27ir  +  )" ;  and  the  condition  that  this  should 
represent  a  cone  is  the  discriminant 

{a-  +  fi)(6=  +  ^){c-  +  ^)(fi>-  +  fi=)  -  ii.-fQy  +  ,".)(c'  +  fi)  -  l^'a\<^  +  /')(«'  +  f^)  -  ^''«'(«'  +  fi)  ('--"  +  /*)= 0, 
or,  as  it  may  be  written, 

If  the  five  values  of  fx  in  this  equation  be  denoted  by  fi^,  fi^,  /j^,  fi^,  fx^,  we  have  the  equations  of  the  five  cones 
which  have  double  contact  with  the  cyclide  (see  art.  187),  S  +  yu^C  +  pj-,  S+ju^C  +  zj/,  &c.  ;  and  the  vertices  of 
these  five  cones  are,  by  the  same  article,  the  five  centres  of  inversion  of  the  cyclide.  Since  one  value  is  obviously 
=  0  in  the  foregoing  equation,  we  see  that  the  cone  whose  vertex  is  the  centre  of  the  sphere  of  inversion 

(.^--ff  +  {>J-'jy  +  (--  -  l'f-r-= 0 
wiU  be,  when  that  centre  is  taken  as  origin, 

a"x-  +  l-u'-+  c-:- = 0. 
Hence,  if  the  other  centres  be  taken  respectively  as  origin,  the  equations  of  the  other  cones  will  be 

(«=  +  ^>H(&=+i",)r  +  (c=+^,>==0 («■) 

{n°-  +  li,).v-+(h"'  +  ,j;),f+{c-  +  ^,jz~0 (/3') 

(«=  +  ^J.r-  +  (J=+^J/  +  (o=^  +  ^,)-'-  =  0 (7') 

(«H/.,).i-  +  ('/  +  ;/,)r  +  (c-  +  A<5>--0 (^) 

Xow,  since   the   cone   (rx-  +  l-i/-  +  c-:-=0  is  the   reciprocal   of  the   asymptotic   cone   of  the  focal  quadric 
—  ^tL^%  —  l,  wc  infer  that  the  cones  (a'),  (p"),  (y),  (c)  are  the  reciprocals  of  the  apvniptotic  cones  of  the 
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on  the  sphere,  and  to  show  that  sphcvo-quartics  may  be  generated  in  the  same  way  as  I 
have  given  in  the  Fifth  Chapter  of  my  '  Bicircnlars'  for  generating  plane  quartics  having 
two  finite  donble  points. 

44.  The  eqnation  of  a  right  cone  whose  semivertical  angle  is  §  is 

L'-cos'qix-+f+z'-)  =  Q, (4G) 

where  L  is  a  plane  through  the  vertex  of  the  cone :  now  this  cone  intersects  a  sphere  of 
radius  unity  whose  centre  is  at  its  vertex  in  two  small  circles ;  and  I  say  that  the  two 
factors  of  the  equation  (46),  namely  L+  cos^{x--{-y--{-z'^)-,  may  be  taken  to  represent 
these  two  circles;  for  the  equation  (38),  which  represents  a  small  circle  on  the  sphere, 
will  become  by  transformation  to  three  rectangular  planes  L=  cos^(ci'^+y-f  s-)%  and  its 
twin  circle  will  be  the  other  factor,  L+  cosg{,v--\-i/--^z-)K 

other  four  focal  quadrics;  and  hence  we  have  the  following  system  of  Cartesian  equations  of  these  focal 
qnadrios ; — 

a" +  !«..,     ^"  +  ^^2     '■"  +  F'2 
a- +  ^3      6- +  ^3     c'  +  fX..^ 

a^      ^      ?/'      _(_      s'      -i^ 

so  that  the  five  focal  quadrics  are  coufocal,  as  we  know  otherwise. 
III.  Since  the  equation 

«'  +  /*      O'  +  JM-      C-  +  1/. 

may  be  written  in  the  form 

u'  +  jj.     Lr-\-^     r  +  /x  ^ 

and  this  is  the  discriminant  of  jiaF  +  J,  where 

P=^  +  |;+^-l  =  0,      J  =  (.r-//  +  (2/-.'/)^X--7')— r—O 
W       0-       f 

(see  Salmon's  '  Geometry  of  Three  Dimensions,'  p.  14G),  we  infer  that  the  same  values  which  wUI  make  ju.F  + J 
a  cone  will  also  make  S+/xC+ju.=  (see  II.)  a  cone.  The  two  cones  wiU  have  a  common  vertex,  their  equations 
referred  to  that  vertex  as  origin  being 

■r--(a-  +  f/.)  ^  f(^+Ji)  ^  -'(c'  +  f^) = 0, 
a-  /'"  c' 

x-{a"  +  ]u.)  +  >/(]'-  + ,«.)  +  ~\o-  +  ^)=  0. 
Hence  we  have  the  following  remarkable  theorem  :— If  F  and  J  be  a  corresponding  focal  quadric  and  sphere  of 
inversion  of  a  cyclide,  and  if  fij,  fj.„,  /Ji^,  ,'-1.4  be  the  four  roots  of  the  biquadratic  which  is  the  discriminant  of 
JU.F  + J,  then  if  F  be  given  in  its  canonical  form, 

a-     b-     c- 
the  equations  of  the  four  other  focal  quadrics  arc  got  from  this  by  changing  a',  L-,  c"  rcspectivdy  into  («"  + .aj, 
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Now  if  we  put  S  for  the  point  sphere  x^-\-t/''+z'^,  the  equations  of  the  two  circles  may- 
be written 

S^±Lsecf=0 (47) 

It  is  clear  that  these  equations  (47)  may  also  be  interpreted  as  denoting  separately  the 
two  sheets  of  the  cone  (46) — that  is  S- -j-L  sec  f  represents  one  sheet  of  it,  and  S-  — L  sec  g 
the  other.     Hence  we  infer  from  this  article  and  from  article  38  that  the  equation 

(a,  h,  c,  d,  I,  m,  n,  jh  Q,  t%pi,,  /3,  7,  lf=Q 

will  represent  a  cyclide,  a  sphero-guartic,  or  a  tangent  cone  to  the  cyclide,  whose  vertex  is 


1\.  When  S+^C+;u-  (see  II.)  represents  a  cone,  the  coordinates  of  the  vertex  are,  by  the  usual  process, 

—  h/"      —  fT/     j-ff^ 
a-  +  fi'    b'-  +  ij.'    c-  +  n' 

if  referred  to  the  centre  of  J  as  origin,  or 

a-f         b-i/         c-Ji 
«■-+//'  6-  +  /j'  c-+fx' 

if  referred  to  the  centre  of  F  as  origin.     Hence  we  have  the  following  theorem: — If  F^'- — u^o-^— 1=0, 

a-     ¥    c- 

and  J ^^ (x— f y +(■>/— gy+(z—hy—r-=0  be  a  corresponding  focal  quadric  and  sphere  of  inversion  of  a 

cyclide,  and  if  /x,,  fi^,  p.^,  fi^  be  the  four  roots  of  the  biquadratic  in  ju,  which  is  the  discriminant  of  /jF+ J,  then 

the  coordinates  of  the  centres  of  the  other  four  spheres  of  inversion  are  : 


I 

«:/■ 

In, 

c-h 

^'  +  /x/ 

«' 4-/^1' 

I 

«y 

C^Jl 

t-+fi^' 

e'+f2 

h'g 
b'  +  f2 

b'  +  l^: 

c-h 

Cor 

These  values  satisfy  the  system  of  deterraiuants 

7?' 

V 

r 

(,r 

~.a  ill 

-.-7),     ( 

or 

2.r 

^ 

a.- 

=0. 


Hence  wo  have  tlie  following  tlicorem : — If  F  and  J  bo  a  corresponding  focal  quadric  and  sphere  of  inversion 
of  a  cyclide,  then  the  five  centres  of  inversion  of  the  cyclide  lie  on  the  Jacobian  curve  of  J  and  F  (see  Caylet, 
"  Memoir  on  Quartic  Surfaces,"  Proceedings  of  the  London  Mathematical  Society). 

V.  Being  given 


F; 


'5+l+?~^=^'  ^^('''-fy+(y-'jy-+('-^'y—'-"-=^' 


the  equation  of  the  cyclide  is 


(A) 
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at  the  centre  of  the  sphere  of  inversion  U  of  the  cyclide,  according  as  we  regard  the  vari- 
ables a,  /3,  7,  I  as  spheres,  as  circles  on  the  sphere  U,  the  Jacohian  of  the  spheres  ot,,  j3,  y,  S, 
or  as  single  sheets  of  cones  having  their  common  vertex  at  the  centre  of  U. 

45.  From  the  double  interpretation  of  the  equation  S^+Lsecf=0  as  denoting  a 
small  circle  on  the  sphere,  or  as  denoting  a  single  sheet  of  the  cone  (46),  all  the  results 
which  we  shall  prove  in  the  following  articles  are  twofold  in  tlieir  application ;  for  sim- 
plicity, however,  I  shall  consider  it  as  denoting  a  cuxle  unless  the  conti'ary  is  expressed. 
If  the  equation  of  the  plane  Lbe  ax-\-ly-\-cz=zQ,  it  is  clear  that  a,  b,  c  maybe  regarded 
either  as  the  direction  cosines  of  L,  or  the  coordinates  of  its  pole  on  the  sphere  U,  for 


Again,  being  given 


Fi=  „        +rT^^+  .'      -1  =  0, 


the  equation  of  the  cyclide  is 

„  ,    .,  ,    „  ,    2a- f       ,    2h-g       ,    2c=7t      ,    ,.,    I :     •     •     (B) 

«'  +  f^i        ^ +/^i        i- +/^i  J 

The  origin  in  equation  (A)  Ls  the  centre  of  J,  and  the  origin  in  equation  (B)  is  the  centre  of  J',  that  is,  the 
point  whose  coordinates  -with  respect  to  the  centre  of  J  are 

^Hhi,  UNL,  heA. 

a'  +  fi'    i-  +  l^i     c=  +  (*," 
In  order  to  compare  the  equations  (A)  and  (B),  -which  represent  the  same  surface,  -we  must  transform  (B)  to 
the  same  origin  as  (A),  or  (A)  to  the  same  origin  as  (B) :  -we  -will  adopt  the  latter  transformation,  and  -we  get 
the  following  result : — 


^■v{»^yi'^^M'^^^y^y-i 


Since  the  equations  (B)  and  (C)  represent  the  same  cychde  and  are  referred  to  the  same  origin,  by  compariug 
the  absolute  terms,  we  shall  get  the  value  of  i-  in  terms  of  ;•'=,  jj,,  and  known  constants.  The  absolute  term  in 
equation  (C)  is 


-4  J  ^'WVJ>?gL+  ^W^'  1 


which,  being  reduced  by  means  of  the  relation 

_f 
(I 
becomes 
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these  arc  both  the  same  thing.     Hence  it  follows,  when  we  represent  a  circle  on  U  by 
the  equation  S'— L=0,  where  L^ax  +  li/+cz=0,  that  a,  b,  c  are  equal  to  the  direction 
cosines  of  L  multiplied  respectively  by  the  secant  of  the  spherical  radius  of  the  circle. 
46.  Now  let  us  take,  as  in  conies,  the  small  circles 
Si_L=0,     S==M=0, 
and  form  the  invariants  of  this  system ;  thus 

is  a  small  circle  coaxal  with  S^— L  and  S=  — M,  L  — M=0  being  the  great  circle  through 


and  tlie  absolute  term  in  equation  (B)  is  r'^     Hence  we  get 


}•-  +  r 


,  +  - 


+: 


fV^- 


That  is  the  sum  of  the  squares  of  the  radii  of  J  and  J'=  square  of  the  distance  betwcea  their  centres,  and 
hence  J  and  J'  cut  orthogonally. 

YI.  The  cyclide  got  from  J  and  F  is  the  envelope  of  the  quadric  S  +  /itC+/:i-,  where 
S = «-,!-  +  h-y-  +  C-Z-,     C = .r= + 2/H  s= + 2fa + 2gy + 2hz  +  r. 
The  same  cyclide,  got  from  J'  and  F',  is  the  envelope  of  the  quadric  S'  +aC'  + A",  where 


and 


a'  +  ix^       o-+i^i       c  +/Ji 


Now,  to  show  that  S  +  jixC+jx-'  and  S'  +  xC'  +  X"  represent  different  quadrics,we  are  to  observe  that  the  first  is 
referred  to  the  centre  of  J  as  origin,  and  the  second  to  the  centre  of  J'  as  origin.     Now  let  us  transform  the 

first  to  the  same  origin  as  the  second ;  we  must  change  x  into  .r ., '■     ,  y  into  y—  „  '■'   ,  zin  to  z—-pi — ;  and, 

a-+fii  ''"+/'i  c"  +  Fi 

in  order  that  they  may  be  identical,  we  must  have  ju  =|ij  +  X  ;  this  will  make  the  coefficients  of  or,  y-,  z-  the 
same  in  both,  but  the  coefficients  of  .r,  y,  cwlll  be  different.  Hence  S+juC+/n^  and  S'+XC'+\-  cannot  repre- 
sent the  same  quadric.  Hence  we  have  the  following  theorem : — A  cyclide  ivfiicli  has  no  node  may  he  generated 
in  Jive  different  rvays  as  the  envelope  of  a  variahle  quadric. 

YII.  If  it  be  required  to  find  how  many  double  tangents  can  be  drawn  from  a  given  point  to  a  cyclide,  let 
us  substitute  the  coordinates  of  the  given  point  in  the  quadric  S+^C  +  /:i-,  and  we  shall  have  a  quadratic  in  y. ; 
hence  two  quadrics  of  each  of  the  five  systems  of  generating  quadrics  pass  through  the  given  point,  and  two 
rectilinear  generators  of  each  quadric  pass  through  the  given  point ;  now  each  rectilinear  generator  of  the  gene- 
rating quadric  is  a  double  tangent  of  the  cyclide.  Hence  we  have  the  following  theorem  : — The  tangent  cone 
from  an  arbitrary  ^wint  to  a  cyclide  which  has  no  node  has  twenty  double  edges. 

YIII.  If  Fhe;  ((7,  I,  c,  d,  1,  m,  n,j>,  q,  rY.r,  y,  z,  l)-  =  0, 
J  ~x-  +  y-+z--r-  =  Q, 


the  cyclide  is  given  by  the  determinant 

a ,  n,  in 

n,  h,  I 

m,  I ,  c 

P.  9.  '■ 


-2'A 


d,  {■r  +  y-  +  z-  +  r"-), 

(.r^  +  /  +  .=  +  -'"),  0, 
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their  points  of  intersection.     Forming  the  discriminant,  wo  get 

(1-S")^''^  +  2(1-R)Z.-  +  (1-S')  =  0, (48) 

where  S',  S"  denote  the  results  of  substituting  the  coefficients  of  x,  y,  z  from  the  planes 
L  and  M  in  the  point  sphere  S  (,r'-+?/-+~'=0),  and  R  the  result  of  substituting  the 
coefficients  from  one  of  these  planes  in  the  equation  of  the  other.  Hence  if  g'',  ^"  be  the 
spherical  radii  of  the  circle  S-— L  and  S-  — M,  we  have 

l-S'=-tan'^§', 
l-S"=-tan=^", 
1 — R  =  —  tan  §'  tan  o"  cos  C, 

where  C  is  the  angle  of  intersection  of  the  circles.     Hence  the  quadratic  (48)  becomes 
tan=f"A"+2(tan^'tan^"cosC)Z:-h  tan=^'=0, (49) 

and  the  discriminant  is 

tan=ftan'f"sin=C; (50) 

and  this  is  what  corresponds,  in  the  geometry  of  two  small  circles  on  the  sphere,  to  the 
invariant  of  two  conies, 

(1_S')(1-S")-(1~R)=. 

See  Salmon's  'Conies,'  page  343,  or  'Bicircular  Quartics,'  art.  127. 

47.  If  D  be  the  spherical  distance  between  the  poles  of  the  planes  L,  M,  we  have 

cosD 


1-R=1- 


cos  e'  cos  j 


Hence  if  1 — R=0,  cosI)=  cos  o' cos  p",  or  the  triangle  is  right-angled  which  is  formed 
by  D,  f',  f",  that  is  the  circles  S-  — L,  S-  — M  cut  orthogonally  (compare  art.  9). 
48.  The  two  factors  1  —  R±\/(1  —  S')(1  —  S")  of  the  invariant 

(1-R)=-(1-S')(1-S") 
are  plainly 

tan  f'  tan  g"  sin  ^  C,l  /r -i  s 

tanf'tan|>"  cos  J  C, J 

where  C  is  the  angle  of  intersection  of  the  circles  S-  — L,  S"  — M;  and  these  are  respec- 
tively the  sine  squared  of  half  the  direct  common  tangent,  and  the  sine  squared  of  half 
the  transverse  common  tangent  of  the  two  circles.  We  have  therefore,  from  the  exten- 
sion of  Ptoleiit's  theorem  in  my  memoir  "On  the  Equations  of  Circles,"  this  further 
extension  to  conies  inscribed  in  the  same  conic,  namely,  the  condition  that  four  conies. 
Si  — L,  S-'  — M,  S'— N,  S^'— P,  should  be  all  touched  by  a  fifth  conic  of  the  same  form  is 

^/p)p)±y(T3)(24)±x/(T4X23)  =  0, (52) 
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AYhere  (12)  stands  for  the  invariant 

(l-E)-x/(l-S'Xl-S")  of  two  conies. 

49.  If  we  eliminate  Tc  between  the  equation 

and  the  discriminant, 

¥  tan'  f "  +  Ik  tan  ^  tan  {  cos  C  +  tan-  ^ '  =  0, 
we  get 

(S=-L)nan^§"-2(S^-LXS^-M)tanf'tanf"cosC  +  (S^-M)tan=f'  =  0.  .     .     (53) 

This  is  the  equation  of  the  limiting  points  of  the  two  circles  S*— L=0  and  S^ — M^O ; 
and  they  evidently  correspond  to  the  vertices  or  points  of  intersection  of  the  two  pairs  of 
lines  which  can  be  drawn  touching  the  conic  S  through  the  points  of  intersection  of  the 
conies  S= — L  and  S*— M,  with  their  common  chord  L— M.  Compare  art.  8,  equations 
(11)  and  (12). 

Cor.  The  equations  of  the  pair*  of  points  diametrically  opposite  is  got  by  changing  the 
signs  of  L  and  M  in  the  circles  S-  — L  and  S' — M. 

50.  We  may  get  the  equations  of  thelimiting  points  otherwise.  Thus,  if  cos  a',  cos  /3', 
cos  / ;  cos  a",  cos  j3",  cos  y"  be  the  direction  cosines  of  the  planes  L  and  M,  then,  when 
we  write  the  equations  of  the  small  circles  in  the  form  S=  — L=0,  S^ — M=0,  we  must  have 

L  =  sec  §'  {x  cos  a!  -\-y  cos  ^'  -\-z  cos  y' ), 

M=secg"('^'cosa"4-_5/  cos|3"  +  c  cosy"). 

Let,  then,  the  circle  S^  — L+A:(S^— M)=:0  be  denoted  by 

S=—  seer(.YcosX+y  cosju<  +  zcosj')  =  0; 

and  if  this  reduce  to  a  point,  we  must  have  secr=l. 
Hence,  comparing  coefficients,  we  get 

(1+1")  cos  X  =  sec  §'  cos  u'  ■\-Jc  sec  g"  cos  a", 

(1+1")  cos(!A=  sec  g'cos/3'+lsecg"cos/3", 

(1+1)  cos  V  =  sec  g'  cos  y'  +1  sec  g"  cos  y" ; 

square  and  add,  and  we  get,  after  a  slight  reduction, 

1"  tan-  g"  +  21  tan  g'  tan  g"  cos  C+  tan=  g'=0, 
the  same  as  before. 

51.  We  can  now,  from  the  results  proved  in  '  Bicircular  Quartics,'  write  out  at  once 
corresponding  ones  for  three  small  circles  on  the  sphere.  Thus,  from  the  equations  of 
the  four  conies  J,  J',  J",  J"'  orthogonal  to  three  given  conies,  S— L^  S  — M',  S— N^=0, 
we  can  write  out  the  equations  of  the  circles  cutting  three  circles  orthogonally.  Thus  if 
the  circles  be  S'— L,  S^— M,  S^— N,  their  spherical  radii  §',  §",  g'";  direction  angles  of 
the  planes  L,  M,  N  be  a',  /3',  y';  a",  j3",  y";  «'",  j3"',  y'",  the  orthogonal  circle  J  is  the 
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determinant 


S^ 


y      ^  z      , 

cos/3'  ,  cosy'  , 

cos/3",  cosy", 

cos/B'",  cos/', 


:0. 


(54) 


cos  g  ,  cos  a  , 
cos  §"  ,  cos  a" , 
cos  §"',     cos  a"', 

Compare  art  11,  equation  (16). 

52.  The  foregoing  equation  can  be  got  directly  as  follows,  my  object  in  giving  the 
above  method  being  to  show  the  identity  of  the  methods  of  spherical  geometry,  and  the 
method  of  conies  given  in  the  '  Bicirculars ;'  and  in  fact  it  was  geometrically,  that  is,  from 
consideration  of  the  sphere,  that  I  first  discovered  the  method  given  in  the  '  Bicirculars.' 
Let  T  be  the  radius  and  x,  /■/-,  c  the  direction-angles  of  the  axis  of  the  orthogonal  circle ; 
then,  from  the  condition  1  — K  =  0  (see  art.  47),  we  get  three  equations, 
cos  §'  cos  T—  cos  X  cos  a'  —  cos  [h  cos  i3'  —  cos  c  cos  y'  =0, 
cos  i"  cos  T—  cos  X  cos  a"  —  cos  [jj  cos  /3"  —  cos  f  COS  y"  =  0, 
cosg"'cos7r— cosxcosa'"—  cos^U/  cos/3'"—  cose  cos  y'"=0  ; 
and  the  required  circles  give  us  a  foui-th  equation, 

S'cosT—  cosx(;r)—  cosjO!-(^)—  cos)'(c)  =  0. 

Hence,  eliminating  linearly,  we  get  the  same  determinant  as  before. 
Cor.  The  equations  of  the  three  other  J's  are  got  from  the  equation  (54)  by  putting 
negative  signs  to  the  direction  cosines  of  the  axes  of  the  circles. 
63.  The  equation  (54)  expanded  is 

S^  cos  a'  ,  cos  /3'  ,  cos  y'  , 
cos  a" ,  cos  |3" ,  cos  y"  , 
cos  a'",    cos/3'",    cosy'", 

]   cos  y'  ,  cos  a'  ,  cos  g'  , 
+       cosy",  cosos",  cos§", 
cos  y'",  cos  k"',  cos  g"', 
Let  this  be  written  GS=  =  I,r+Hy+Kc,  and  comparing  it  with  the  equation 
S=  =  sec  t{x  cos  XAry  cos  ft +  3  cos  ;*), 

„       P  +  IP  +  K2 


cos/3'  ,  cosy' 
cos/3",  cosy" 
cos  /3"',  cos  y'",  cos  §" 


cosg 
cos  §" 


.  (55 

cos  a'  , 

cos  /3'  , 

COSf'  , 

+ 

cos  a" , 

cos/3", 

cos  ^' , 

cos  a'", 

cos/3'", 

COS  /". 

we  get 


Hence  the  coordinates  of  the  pole  of  the  plane  of  the  orthogonal  circle,  with  respect  to 

the  sphere  U,  are 

I,  H    K ^56^ 

G'   G'  G  ^      ' 

Now  if  this  point  be  within  the  surface  of  the  sphere  IT  on  which  the  circles  S=— L, 
S=— M,  S'— N  are  described,  the  orthogonal  circle  will  be  imaginary.     But  if  the  circles 

4p2 
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S'— L,  S=  — M,  S'  — N  be  great  circles,  we  have  §'=f=f=^,  and  I,  H,  K  each=zero, 

but  G  is  finite.  Hence  the  orthogonal  circle  becomes  the  imaginary  circle  at  infinity. 
Hence  avc  have  the  important  theorem : — That  the  imaginanj  circle  at  infinity  is  the 
circle  ivhich  cuts  three  great  circles  of  the  sphere  orthogonally,  and  is  therefore  a  limiting 
case  of  the  circle  cutting  any  three  circles  orthogonally. 

Cor.  In  the  geometry  of  a  plane  the  two  circular  points  at  infinity  are  represented  by 
the  circle  which  cuts  the  three  sides  of  any  triangle  orthogonally,  and  is  therefore  a 
limiting  case  of  the  circle  which  cuts  any  three  circles  on  the  plane  orthogonally. 

54.  The  following  transformation  of  equation  (55)  will  be  useful  in  a  subsequent 
article.  Let  the  sides  of  the  spherical  triangle  formed 
by  joining  the  spherical  centres  of  the  three  small  circles 
S^-L,  S^-M,  S=-N  be  denoted  by  %^',  4>",  ■^"'  respec- 
tively, and  the  direction  cosines  of  the  planes  of  these 
sides,  or,  which  is  the  same  thing,  of  the  lines  from  the 
centre  of  the  sphere  U  to  the  angle  points  of  the  supple- 
mental triangle  be  cos  «',  cos  5',  cose';  cos  a",  cosh",  cose"; 
cos«"',  cos  I'",  cose'"  respectively,  then  the  equation  (55) 
becomes  transformed  into  the  following : 


CCJJ^ 


a"y3'y" 


cos  a'  ,  cos/3'  ,  cosy 
cos  u"  ,  cos  /3"  ,  cos  y" 
cos  a."',  cos/3'",  cosy'" 


(57) 


[  +  cos  g'  sin  -i^'  (x  cos  a'  -\-y  cos  l>'  -{-z  cos  c' 
=  •  +COS  ^"  sin  -ip"  (.^'  cos  a"  -{-y  cos  b"  -\-z  cos  c" 
[  +  cos  §"'  sin  ■^^'"{x  cos  a"'-\-y  cos  b"'-\-z  cos  c'".J 
55.  Let  us  seek  the  locus  of  all  the  point  circles  of  the  system 

Z(S^-L)+m(S;-M)+«(S=-N). 
The  equation  S'^=x  cos  X-\-y  cos  [m-{-z  cos  v  denotes  a  point  circle  (see  art.  50).     Hence, 
comparing  coefficients,  we  get 

cos?.  =  Zsec|'  cos  a,'  -\-jn  sec  ^"  cos  a,"  -{■  71  sec  g"'  cos  a'" 
cos  yj=lsec  g'  cos  ft'  +  m  sec  §"  cos  (3"-{-n  sec  g'"  cos  /3"' 
cosv  =?sec§'  cos  y'  -\-m  sec  ^"  cos  y"  -\-n  sec  q'"  cosy'"  ; 
square  and  add,  and  we  get 

1  =  ^'^  scc^  §' -\-m  sec"  f-\-n-  sec^  g'"  +  2bn  sec  g'  sec  §"  sin  -4-" 
-f-  2??in  sec  g"  sec  g'"  sin  ■^'-{-2nl  sec  g'"  sec  g'  sin  ■^". 
Now,  since  all  that  we  are  concerned  with  is  the  mutual  ratios  of  the  multiples  I,  m,  n, 
let  us  suppose  l-{-m~{-n:=l ;  square  and  subtract  from  equation  (58),  and  then  rejilace 
I,  VI,  n  by  X,  y,  z,  and  we  have  the  equation  of  J  (see  art.  51)  in  the  form 
(tan-  g',    tan^  g",    tan"  g'",  —  tan  g'  tan  g"  cos  C,  1 

—  tan  g"  tan  g'"  cos  A,  —  tan  g'"  tan  g'  cos  BJ^^r,  y,  zf—O.j 
Compare  'Bicircular  Quartics,'  art.  139. 


(58) 


(59) 
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56.  The  condition  that  four  small  circles 

S=_L,  S^-M,  S'-N,  S^-P 
should  be  coorthogonal  is  easily  seen  to  be  the  determinant 


=  0. 
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cos  §'  , 

cosk'  , 

COS/3'  , 

cosy 

cos§"  , 

COS  u"  , 

COS  /3"  , 

cosy 

cos  f  , 

COS  a"' , 

COS/3'", 

cosy' 

COS  §"", 

COS  a"", 

COS/3"", 

cosy' 

(GO) 


Now,  if  we  form  the  equations  of  J',  J",  J'"  (see  art.  52,  Co)'.),  and  using  transformations 
similar  to  those  of  art.  54,  we  see  that  the  four  J's  (J,  J',  J",  J'")  fulfil  the  condition  of 
being  coorthogonal.     Hence  we  have  the  following  theorem : — The  four  circles  are 
coorthogonal  which  are  orthogonal  to  the  four  triads  of  circles,  S'lbL,  S*±M,  S-±N. 
57.  The  plane  of  the  great  circle  coaxal  with  J  and  the  small  circle  S"  — L=0  is  the 

T     H    IC 

polar  plane  of  the  point  whose  coordinates  are  --,  p,  —  (see  art.  53)  with  respect  to  the 

cone  S — L-;=0 ;  and  this  is  easily  found  to  be  the  determinant 


i^ 

X 

y 

2 

cos§'  , 

cos  a'  , 

cos/3'  , 

cosy' 

COS  g"  , 

cos  a" , 

cos/3", 

cosy' 

cos  §'", 

cos  a'". 

cos/3'", 

cosy' 

=0. 


(61) 


Compare  art.  13. 

58.  From  the  condition  (art.  56)  that  four  small  circles  on  the  sphere  should  be 
coorthogonal,  it  is  easily  inferred  that  the  poles  with  respect  to  the  sphere  of  the  planes 
of  these  circles  are  complanar.  Hence  the  planes  of  these  small  circles  pass  through  a 
common  point.  Conversely,  any  four  small  circles  on  the  sphere  are  coorthogonal  whose 
jplanes  pass  through  a  common  point. 

Cor.  The  common  point  through  which  the  planes  of  four  coorthogonal  circles  pass  is 
the  pole  with  respect  to  the  sphere  of  their  common  Jacobian. 

59.  The  orthogonal  circle  J,  as  will  appear  evident  from  the  form  of  its  equation  (see 
art.  55,  equation  59),  has  double  contact  with  each  of  the  four  sphero-conics : 

cos^l  A,  cos^l  B  I  cos^    C />  ,„^, 

^t^nY"'"^i7'"'"~t^"~^' ^^"f 

sin^  2  B  _  sin-  h  C q  ,po\ 

y  tan  g"       s  tan  g'"  ~    ' *■      '' 

B sin^  j  C  p)  .p  .> 

?/tan7'      7u^'         ' ^^"^^ 

sin^     B  ,  cos^i  C      n  //,-^ 

■ „  + ^17,  =o, (bo) 

J/ tang"       ;:tang"'         '  ^      '' 


cos"  i  A 
X  tan  g' 


X  tan  g' 


A  ,  cos^ 


-sin^|A_ 
X  tan  g' 
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the  four  chords  of  contact  being  the  four  great  circles 

xtang'±t/tans"±ztang"'  =  0 (66) 

These  great  circles  are  the  four  axes  of  similitude  of  the  three  circles  S^ — L,  S=  — M, 
S= — N,  and  the  four  sphero-conics  are  the  four  director  or  focal  conies  of  the  four  pairs 
of  circles  (regarded  as  sphero-quartics)  which  are  tangential  to  the  three  circles  S^— L, 
S^— M,  S=  — N.     (See  my  memoir  "  On  the  Equations  of  Circles.") 

60.  Each  of  the  four  sphero-conics  (62)  to  (65)  inscribed  in  J  touches  four  other 
sphero-conics  inscribed  in  J ;  their  equations  are 

Jzz:  {a;  ta,n  §'  cos  (B±C)+?/  tan^  ^"  cos  (C±A)+2  tan  f  cos  (A±B)=}.      .     (67) 

By  means  of  these  sphero-conics  can  be  proved  Dr.  Hart's  extension  of  Feuerbach's 
theorem,  and  the  equations  of  Dr.  Hart's  circles  can  be  found.  (See  my  memoir  "  On 
the  Equations  of  Circles.") 

61.  We  now  return,  after  this  long  digression,  to  the  sphero-quartic. 
Let  us  consider  the  function  of  the  second  degree, 

(ff,  3,  c-,/,  (/, /iXS''-L,  S^-M,  S;-N)- (68) 

This  will  represent  a  sphero-quartic  on  the  surface  of  the  sphere  U,  or  a  quartic  cone 
having  its  vertex  at  the  centre  of  U,  according  as  we  interpret  S^— L  See.  as  circles,  or 
as  single  sheets  of  cones  (see  art.  44),  Now  the  equation  (68)  is  the  envelope  of 
7,(S^-L)+|!a(S=-M)-1-j'(S''-N).     If  the  condition  be  fulfilled, 

(A,'B,C,F,G,llXy^l^pf=0, (69) 

where  A,  B,  &c.  denote  as  usual  bc—f'-,  ca—f,  &c. ;  but  the  cii'cle 

x(Si-L)+p,(S^-M)+^(S^-N)=0 

has  the  plane  aL+(«<M-1-i'N  =  0  perpendicular  to  its  axis,  that  is,  perpendicular  to  the 
radius  of  U  passing  through  its  centre,  and  in  virtue  of  the  condition  (64)  the  envelope 
of  the  plane  is  the  cone 

(«,J,c,/,^,/.XL,M,N)^=0, (70) 

and  therefore  the  locus  of  the  centres  of  the  generating  circles  of  the  sphero-quartic  (68) 
is  the  sphero-conic,  in  which  the  cone  reciprocal  to  (70)  intersects  the  sphere  U. 

62.  If  we  regard  the  equation  (68)  as  representing  a  quartic  cone,  we  see  that  the  locus 
of  the  axis  of  its  generating  right  cone  is  a  cone  of  the  second  degree,  namely,  the  reci- 
procal of  the  cone  (70),  and  its  generating  right  cone  cuts  orthogonally  another  right 
cone,  namely,  the  right  cone  which  is  orthogonal  to  the  three  cones  S- — L,  S-  — M,  S- —  N ; 
the  equation  of  the  orthogonal  cone  is  given,  art.  51,  equation  (54). 

Cor.  If  we  suppose  any  plane  to  cut  the  quartic  cone  of  this  article,  it  will  intersect  it 
in  a  quartic  curve  having  two  double  points ;  it  will  also  intersect  the  generating  right 
cone  in  a  conic,  which  will  be  the  generating  conic  of  the  quartic  curve ;  and  finally  it 
will  intersect  the  directing  cone  of  the  quartic  cone  in  a  conic,  which  will  be  the  directing 
conic  of  the  quartic  curve.     It  was  in  this  manner  I  was  first  led  to  the  discovery  of  the 
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method  of  generating  quavtics  having  two  finite  double  points,  and  the  transition  from 
that  was  easy  to  the  discovery  of  the  method  of  generating  surfaces  of  the  fourtli  degree 
having  a  conic  for  a  double  line  (see  Chapter  II.,  Section  II.  of  this  paper). 

63.  Since  the  plane  of  each  of  the  circles  S=  — L,  S^— M,  S^— N  passes  through  the 
pole  of  the  plane  of  the  orthogonal  circle  J  with  respect  to  U,  that  is  through  the  point 

(g'  G'  g)  ^^^^  ^^^'  ^^^'  '^^  ioWo-ws  that  the  plane  of  the  generating  circle 

x(S=-L)+^(S^  -M)+)'(S^-N) 
passes  through  the  same  point,  therefore  the  pole  of  the  plane  of  the  generating 
circle  with  respect  to  U  lies  in  the  plane  lx-{-  H^  +  Kz=G ;  in  other  words,  the  pole 
of  the  generating  circle  is  complanar  with  the  poles  of  the  planes  of  the  circles  of  refer- 
ence, and  therefore  it  describes  a  conic  in  space,  namely,  the  conic  in  which  the  plane 
Ij,'+H^+Kz=:G  intersects  the  cone  reciprocal  to 

(a,b,c,f,g,hJL,M,Kf=0. 
6-4.  Since  the  planes  of  the  circles  S-  — L,  S=  — M,  S'  — N  are  respectively  parallel  to 
the  planes  L,  M,  N,  the  envelope  of  the  plane  of  the  generating  circle  is  a  cone  similar 
and  similarly  placed  with  the  cone  (a,  b,  c,  f,  g,  /i^L,  M,  N)-,  and  its  vertex  is  at  the 

I     FT    T\ 

point  --,  ^,  p.     Hence  we  are  led  to  tlie  known  pi'oposition,  that  a  sjjhero-quartic  is  the 

intersection  of  a  sjjhere  and  a  cone  of  the  second  degree,  and  therefore  that  it  is  the  inter- 
section of  a  sjjhere  and  a  quadric. 

65.  If  the  poles  of  the  planes  of  the  generating  circles  S^— L,  &c.  with  respect  to  U 
be  the  centres  of  three  spheres  a,  (3,  y  which  cut  the  sphere  U  orthogonally,  then  a,  j3,  y 
will  intersect  U  in  the  cuxles  S"'— L,  S^— M,  S^— N  respectively,  and  the  cyclide 

(a,  b,  c,f  g,  hXcc,  /3,  yf 
will  intersect  U  in  the  sphero-quartic 

{a,  h,  c,f  g,  /i,XS^-L,  S^-M,  S^-N)^ 

Hence  we  are  led  to  the  known  theorem,  that  a  sphero-guartic  is  the  intersection  of  a 
sphere  and  a  cyclide. 

66.  The  results  we  have  arrived  at  in  this  Chapter  may  be  projectively  extended  to 
curves  described  on  quadrics,  in  other  words,  the  analytical  proof  is  the  same  for  this  more 
general  case  as  for  the  particular  one  we  have  examined.  Thus,  instead  of  a  sjihere  U 
of  radius  unity,  let  us  take  a  quadric  S — K"  inscribed  in  S  as  the  surface  on  which  the 
curve  is  described.  Now  the  quadric  S — \I  intersects  S  — K^  in  two  plane  conies,  and  we 
may  take  the  equations  of  these  two  conies  to  S^ — L=0,and  S"-|-L=0,  precisely  similar 
to  the  method  we  have  given  of  representing  small  circles  on  the  surface  of  a  sphere.  It 
is  plain  that  the  equations  S-'— L,  S=+L  have  another  interpretation,  namely,  they  repre- 
sent respectively  the  two  parts  into  which  the  surface  S  — L"  is  divided  by  the  plane 
L=0;  so  that  on  the  surface  of  the  quadric  S — K^=:0  a  plane  conic  is  represented  by 
an  equation  of  the  same  form  as  that  of  a  circle  on  the  surface  of  a  sphere.     Again,  if 
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we  have  two  circles  on  the  surface  of  a  sphere,  the  condition  that  the  pole  with  respect 
to  the  sphere  of  the  plane  of  one  may  lie  on  the  plane  of  the  other  is  expressed  by  the 
invariant  1— E.=0.  Hence  it  is  evident  that  the  same  invariant  relation  will  express 
for  two  conies  on  a  quadric  that  the  pole  of  the  plane  of  each  with  respect  to  the  qua- 
dric  lies  on  the  plane  of  the  other ;  and  as  ciixles  so  related  cut  orthogonally,  we  shall 
extend  the  term  as  in  art.  9,  and  say  that  two  conies  so  related  cut  orthogonally.  In 
fact  the  relation  1— R=0  may  be  called  (see  art.  9)  the  harmonic  invariant  of  the  qua- 
drics  or  conies  whose  equations  are  connected  by  it. 

67.  It  is  evident  from  the  last  article  that,  being  given  four  plane  conies  on  a  quadric, 
the  condition  that  the  four  conies  should  be  tangential  to  a  fifth  is  the  determinant 

0  ,     (12),     (13),     (14), 

=0; (71) 


(12), 

0  ,     (23),     (24), 

(13), 

(23),       0   ,     (34), 

(14), 

(24),     (34),        0, 

and  in  fact  Dr.  Salmon's  direct  proof  of  this  theorem  in  case  of  conies  on  a  plane  will 
apply  verhatim  to  the  more  general  case  here  considered  (see  Salmon's  '  Conies,'  5th 
edition,  page  36G). 

Cor.  From  the  equation  (71)  we  can  find,  as  Dr.  Salmon  has  done  for  conies  on  a  plane, 
the  equations  of  the  pairs  of  conies  which  touch  three  conies  on  a  quadric ;  the  equa- 
tion is 

x/(23)(S^-L)d=N/(31)(S^-N)±v/(12)(S^-N)  =  0;    ....     (72) 

or  this  equation  may  be  inferred  also  from  art.  59. 

68.  If  we  are  given  any  three  conies,  S^'  — L,  S=  — M,  S= — N,  on  the  surface  of  a  qua- 
dric, we  get,  precisely  the  same  as  in  art.  51,  the  equation  of  the  conic  J  which  cuts 
them  orthogonally.  And  so  in  general,  being  given  any  homogeneous  function  of  the 
second  degree  («,  h,  c,f,  g,  hJS'  —  L,  S=— M,  S'— N),  we  see  that  it  represents  a  twisted 
quartic  of  the  first  family,  and  that  all  the  properties  of  sphero-quartics  may  be  applied 
projectively  to  it  (see  observations,  art.  26). 

CHAPTER  v.— INYEESIOX  AND  CENTRES  OF  INVERSION. 

Section  I. — Cydides. 
G9.  If  a,  /3,   P  be  any  three  spheres,  S„  \,  \  their  diameters,  DE,  FG  common 
tangents  to  a,  P, ;  /3,  P  respectively ;   then  if  the  system  be  inverted  from  any  arbitrary 
point,  and  denoting  the  inverse  system  by  the  same  letters  accented,  we  have  (see  Sal- 
mon's '  Conies,'  fifth  edition,  page  114), 

DE2     FG2_D'E'2     FG'- 

h  •  x"-"ir-  T ^'''' 

Now  this  result  holds  whatever  be  the  magnitude  of  P ;  it  will  be  true  in  the  limit  when 
P  reduces  to  a  point,  in  which  case  DE%  FG=  become  the  result  of  substituting  the 
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coordinates  of  P  in  the  equations  of  the  spheres  a,  /3  respectively.     Hence  we  have  the 
following  theorem : — 

The  results  of  substituting  the  coordinates  of  any  j^oint  P  in  the  equations  of  two 
spheres,  divided  respectivelij  hy  the  diameters  of  those  spheres,  have  a  ratio  tvhich  is  unal- 
tered by  inversion. 

70.  The  general  equation  of  any  cyclide, 

W=(a,  b,  c,  d,  I,  m,  n,  p,  q,  r,\a,  /3,  y,  o,)-=0, 
may  be  written  in  the  form 

W=(«§i,  bll,  c^,  dll  ?SA,  mlk,  nl,l,,plX,  qU„  ro^Xj,  |,  ^,  ^)'=0; 
and  by  the  last  article   the   six  ratios  ^  '■  ^  '■  f  '•  t-    remain  unaltered  by   inversion. 

*1         *2        *3         *4     ' 

Hence,  denoting  the  inverses  by  the  same  letters  accented,  the  cyclide  W  will  be  inverted 
into  a  cyclide  W  given  by  the  equation 

71.  We  have  shown  that  the  equation  of  any  cyclide  may  be  written  in  the  form 

acc--\-bii-  +  C'y--\-dy-+ei-=0  (see  art.  32), 
where  a^4-/3-+7"+S^+2-  =  0  is  an  identical  relation.     I  shall  call  this  form  of  the  equa- 
tion of  a  cyclide  the  canonical  form ;  and  we  see  by  the  last  article  that  the  equation  of 
the  inverse  of  a  cyclide  given  by  its  canonical  form  is  also  in  its  canonical  form. 

Cor.  If  the  cyclide  be  of  the  form  aa-+5j3-  +  cy'^=0,  the  inverse  cyclide  will  be  of  the 
same  form,  that  is,  the  inverse  of  a  binodal  cyclide  is  a  binodal  cyclide. 

72.  The  five  spheres  a,  /3,  y,  S,  e  of  the  canonical  form  are  mutually  orthogonal ;  and 
if  we  take  the  centre  of  a  for  a  centre  of  inversion,  and  a  for  the  sphere  of  inversion, 
each  of  the  five  spheres  will  be  inverted  into  itself.  Hence  the  centre  of  a  is  a  centre 
of  self-inversion  of  the  cyclide.  Similarly  the  centres  of  the  spheres  /3,  y,  S,  s  are  centres 
of  self-inversion.  Hence  we  have  the  following  theorem : — A  cyclide  is  an  anallagmatic 
surface,  and  the  centres  of  the  five  spheres  of  the  canonical  form  are  its  five  centres  of 
inversion. 

73.  We  can  confirm  some  of  the  foregoing  results  by  Cartesian  methods.  Thus  let 
the  spheres  of  reference  a,  j3,  y,  I  be  expressed  in  rectangular  coordniates,  and  putting 
s  for  the  sum  of  the  coefficients  a,  b,  c,  Sec,  we  get 

W=s(^-+/+--J^-fU,(.r+/+r)  +  U.=0, (75) 

where  U,  and  U,  are  the  general  equations  of  the  first  and  the  second  degree.     Now 
transforming  into  polar  coordinates  by  puttin.;- 

,t'=^cosS,      _?/=§COS<p,      C^rgCOS^//, 
JIDCCCLXSI.  -i  Q 

/ 
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where 

cos- 5 + cos' ®  +  COS^ -v// = 1 , 

7-2 

and  then  inverting  by  putting  f =^,  and  changing  back  again  to  Cartesian  coordinates, 

we  evidently  get  an  equation  of  the  same  form,  which  proves  that  the  inverse  of  a 
cyclide  is  a  cyclide. 

74.  If  the  absohite  term  in  the  equation  (75)  vanishes,  it  is  evident  that  the  coefficient 
of  ti"-^y^^z^f  in  the  inverse  surface  vanishes;  in  otlier  words,  tlie  inverse  surface  will 
be  a  cubic  cyclide,  that  is,  a  cubic  surface  passing  through  the  imaginary  circle  at  infi- 
nity. The  section  of  this  cyclide  by  any  plane  will  be  a  circular  cubic,  and  its  focal 
quadric  will  be  a  paraboloid.  Hence  the  iiiverse  of  a  cyclide  from  any  j)oint  on  the 
cyclide  will  be  a  cubic  cyclide.  This  corresponds  to  the  theorem  that  the  inverse  of  a 
bicircular  quartic  from  any  point  on  the  quartic  itself  will  be  a  circular  cubic. 

75.  If  s=0  in  the  general  equation  (75),  that  coefficient  vanishes  in  the  inverse 
surface,  that  is,  the  inverse  surface  will  want  the  absolute  term.  Hence  if  we  invert  a 
cubic  cyclide  from  any  point  not  on  the  cubic  itself,  the  inverse  surface  will  be  a  quartic 
cyclide  passing  through  the  origin. 

76.  If  in  the  general  equation  (75)  not  only  s  vanish,  but  also  the  coefficients  of  x,y,  z 
in  U,  each  separately  vanish,  that  equation  will  represent  a  quadric,  and  the  centre  we 
invert  from  will  be  a  node  on  the  inverse  surface.  Hence  the  inverse  of  a  guadric  will 
be  a  cyclide  having  the  origin  or  centre  of  inversion  as  a  node. 

The  species  of  the  node  will  depend  on  that  of  the  quadric  which  is  inverted. 
1°.  If  the  quadric  inverted  be  central,  let  its  equation  be 

(x-a)'     {y-bf.  {z-cf 

L     +     M     "^     N     — -L-"- 

If  this  be  inverted  by  the  process  of  art.  73,  we  get 

{i+M+i-^y^'+f+^-y-'-^'^^^^  (76) 

Hence  the  node  has  the  cone  j^-\- '^i-"^  foT  a  tangent  cone,  that  is,  the  node  is  a  conic 

node ;  the  cone  will  evidently  be  real  or  imaginary  according  as  the  giiadric  inverted  is  an 
hyperboloid  or  ellipsoid. 

2°.  Let  the  quadric  inverted  be  non-central ;  let  its  equation  be  (see  Salmon's  '  Geo- 
metry of  Three  Dimensions ') 

cLi"±by--\-2px-\-2qy-{-2rz->rd=Q. 
The  process  of  art.  73  gives  for  the  inverse  surface 

k\ax'^±bf)+U%px+qy-\-rz){x-^-^f-\-z-')  +  d{x-^+y"-+zJ=Q.  .  .  (77) 
Hence  the  tangent  cone  at  the  node  reduces  to  the  pair  of  jjlanes  ax-+by-=0,  and  the 
pair  of  planes  lolll  be  imaginary  or  real  according  as  the  quadric  inverted  represents  an 
elliptic  or  a  hyperbolic  paraboloid. 
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This  species  of  node  is  called  by  Professor  Cayley  a  hinode  (see  his  "  Cubic  Surfaces  " 
in  the  Philosophical  Transactions  for  1869,  p.  231). 

3°.  If  i=:0  in  the  equation  of  a  non-central  surface  the  two  planes  become  coincident, 
that  is,  the  quadric  cone  becomes  a  coincident  plane  pair.  Professor  Cayley  calls 
this  species  of  node  a  unodc.  Hence  the  inverse  of  a  •parabolic  cylinder  is  a  unodal 
cyclide. 

77.  If  we  invert  a  binodal  cyclide,  aar-\-h^--\-C'y-,  from  one  of  the  points  common 
to  the  spheres  of  reference  a,  (3,  y,  the  spheres  a,  /3,  y  will  be  inverted  into  three  planes, 
and  therefore  the  inverse  of  a  Mnodal  cyclide  from  one  of  the  nodes  ivill  he  a  cone  of  the 
second  degree.  Conversely,  the  inverse  of  a  cone  of  the  second  degree  ivill  be  a  binodal 
cyclide. 

This  conclusion  may  also  be  inferred  otherwise;  for  as  in  1°,  art.  70,  the  inverse  of 
the  cone 

(^-«)^  ,  {y-bf  Az-c)\__  ^ 
L     "T-     j^i     -t-     N     —  y 

is  the  cyclide 

(E+fi+^)(^^+^^+^^)=-2^^(f +M+f)  (^=+2/^+^^)+^^^(l+M+n)=0;    (78) 

and  it  is  evident  from  the  form  of  this  equation  that  the  origin  is  a  conic  node.  Again, 
if  we  transfer  the  origin  to  the  point  a,  b,  c,  it  will  be  seen  that  the  new  origin  is  a  conic 
node.     Hence  the  inverse  of  a  cone  has  two  conic  nodes. 

Cor.  If  we  invert  a  qiiadric  from  a  point  on  the  quadric  tve  get  a  cubic  cyclide. 

78.  If  one  of  the  spheres  of  inversion  touch  one  of  the  focal  quadrics  of  the  cyclide  at 

one  point,  the  focal  quadric  and  the  sphere  of  inversion  can  be  expressed  by  the  two 

tangential  equations 

a}."-\-bu,-  -\-cr  -\-2me  =0,1 

'^  ^         I (79) 

a'K''+b'iJ.'-\-c'r  +  2n'^2=0.}  ^     ' 

See  Cayley  "  On  Developable  Surfaces  of  the  Second  Order,"  Cambridge  and  Dublin 
Mathematical  Journal,  vol.  v.  p.  51. 

Hence  it  follows  that  the  equation  of  the  cyclide  and  the  square  of  its  sphere  of 
inversion  U  are  given  by  the  equations 

aoC'  +^/3^  +<"7'  +2HyS=0  1 

ffV+i'/3Hfy+2«'7S=o,/ ^^^^ 

where  a,  /3  are  spheres  of  inversion  of  the  cyclide,  y  a  point  sphere,  which  is  a  centre  of 
inversion  of  the  cyclide  in  the  sense  that  it  is  the  centre  of  a  circle  which  inverts  the 
cyclide  into  a  quadric.  Hence  in  this  case  there  oxefoiir  centres  of  inversion,  namely, 
the  centre  of  U  and  the  centres  of  a,  j3,  and  the  point  sphere  y. 

The  spheres  of  inversion  are,  1°,  the  sphere  tvhich  inverts  the  quadric  into  a  cyclide; 
2°,  the  inverses  of  the  principal  planes  of  the  quadric. 

The  quadric  must  be  either  an  ellipsoid  or  a  hyperboloid ;  and  the  cyclide,  which  is  its 

4q2 
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inverse,  will  have  the  point  of  contact  of  the  two  surfiices  (79)  for  a  node.  It  is  plain 
this  cyclide  is  the  pedal  of  a  qnadric.     Fkesnel's  surface  of  elasticity  is  an  example. 

The  generating  spheres  will  be,  1°,  the  inverses  of  the  three  systems  of  spheres  whose 
centres  are  in  the  principal  planes  of  the  quadric,  and  which  have  double  contact  with 
it ;  2°,  the  inverses  of  the  tangent  planes  of  the  quadric. 

There  will  be  four  focal  quadrics,  namely,  the  loci  of  the  four  systems  of  generating 
spheres. 

70.  If  one  of  the  spheres  of  inversion  osculate  the  focal  quadric,  the  tangential 
equation  of  the  focal  quadric  and  sphere  of  inversion  can  be  expressed  by  the  system 

^         '    ^^     ^f"         =^       ' (81) 

/'(X=-2p)  +  mV-2v^)  =  0j  ' 

(see  Catlet,  supra). 

Hence  the  cyclide  and  the  square  of  the  sphere  U  may  be  expressed  by  the  system  of 
equations 

/(«^-2,5y)+m(,S^-27S)  =  0,] 

/'(«=-2/3y)+m'(|3^-27S)=.0,J ^     ^ 

where  /3  is  a  sphere  of  inversion,  y  a  point  sphere,  Avhicli  is  a  centre  of  inversion  in  the 
sense  that  it  is  the  centre  of  a  sphere  which  inverts  the  cyclide  into  a  paraboloid. 
Hence  in  this  case  there  are  only  three  centres  of  inversion,  namely,  the  centre  of  U, 
the  centre  of  |3,  and  the  point  sphere  7=0. 

The  three  spheres  of  inversion  are  U,  /3,  and  the  sphere  whose  centre  is  7,  which 
inverts  the  paraboloid  into  a  cyclide.  The  spheres  U  and  /3  are  the  inverses  of  the  two 
planes  of  reflection  of  the  paraboloid. 

The  generating  spheres  will  be,  1°,  the  inverses  of  the  two  systems  of  spheres  whose 
centres  are  in  the  two  planes  of  reflection,  and  which  have  double  contact  with  the 
paraboloid ;  2°,  the  inverses  of  the  tangent  planes  of  the  paraboloid. 

There  will  be  three  focal  qviadrics,  namely,  the  loci  of  the  centres  of  the  three  systems 
of  generating  spheres. 

80.  The  binodal  cyclide  «'a^+^/3"+f7'=0  will  have,  besides  the  centres  of  the  spheres 
a,  |3,  7,  which  are  centres  of  inversion,  an  infinite  number  of  centres  of  inversion  lying 
on  the  line  joining  the  two  nodes. 

This  is  the  species  of  cyclide  that  is  generated  when  the  sphere  of  invei'sion  U  has 
double  contact  with  the  focal  quadric  F ;  each  point  of  contact  will  plainly  be  a  node  of 
the  cyclide ;  and  since  the  surface  is  the  inverse  of  a  cone,  there  will  bo,  as  in  the  case  of 
cyclides  which  are  the  inverses  of  hyperboloids,  four  systems  of  generating  spheres*. 

*  [In  writing  tliis  memoir  I  omitted  trinodal  and  quadrinodal  cyclides.  My  attention  was  directed  to  this 
omission  by  Professor  Cayley.  This  omission  was  the  less  excusable,  inasmuch  as  quadrinodal  cyclides  were 
the  only  surfaces  to  which  the  name  cyclide  was  applied,  until  M.  Dakdoux  extended  the  term  (see  '  Comptes 
Ecndus,'  June  7,  18G9).    The  existence  of  trinodal  cyclides  was  first  proved  by  Professor  Catxey  in  the  Quar- 
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Section  II. — SjiIicro-qHarfics. 
81.  The  theory  of  the  centres  of  inversion  of  sphero-quartics  is  in  a  great  measure 
identical  with  that  of  cyclides.  Thus  the  analogue  of  the  fundamental  theorem  (art.  69) 
is  the  following.  If  «,  /3,  P  be  any  three  small  circles  on  a  sphere  U,  r„  r^,  r.^  their 
radii,  t,  f,  the  common  tangents  of  a,  P;  /3,  P  respectively;  then,  if  this  system  be 
inverted  from  any  arbitrary  origin  on  U,  by  the  formula 

tan  ^o  tan -|-c'=constant, (83) 

q,  /  being  arcs  drawn  from  the  origin  to  a  point  and  its  inverse,  we  get,  as  in  art.  G9, 

sin^^i?  _  sin^I/,_sin^l<'  _  sin^l/,  ,„    . 

taur,    ■    taunj        tanr'^    '    tanr'^ ^       ' 

terly  Journal,  vol.  x.  p.  34,  vol.  xi.  p.  15.     The  properties  of  quadrinodal  cyclides  were  first  studied  by  Durra. 
The  principal  ones  will  be  contained  in  the  following  propositions,  considered  from  my  point  of  view. 

I.  If  a  quadric  of  revolution  be  inverted  with  respect  to  any  point,  the  inverse  suifacc  will  be  a  trinodal 
cyclide. 

Demonstration.  Let  S  be  the  quadrie,  L  a  plane  of  circular  section,  P  the  centre  of  inversion,  then  the  sphere 
W,  which  passes  through  P  and  through  the  circle  of  intersection  of  S  and  L,  wUl  intersect  S  in  another  circle 
il,  and  -wUl  pass  through  a  circle  having  OP  as  radius  (0  being  the  point  in  which  a  plane  through  P  parallel 
to  L  and  M  is  intersected  by  the  axis  of  revolution  of  S).  Now  if  we  invert  from  P,  the  sphere  W  vnll  invert 
into  a  plane  V,  the  circles  of  intersection  of  L  and  M  with  S  will  invert  into  circles  Q,  R  in  the  plane  V,  and 
the  fixed  circle  having  OP  as  radius  will  invert  into  the  radical  axis  of  Q,  and  R,  and  the  points  in  which  Q, 
and  R  meet  this  radical  axis  will  be  nodes  of  the  cyclide  into  which  S  inverts  ;  the  point  P  will  ho  a  third  node. 
Hence  the  proposition  is  proved. 

Cor.  1.  If  the  quadric  of  revolution  be  a  cone,  the  inverse  of  its  vertex  will  be  a  node  of  the  cyclide.  Hence 
the  inverse  of  a  cone  of  revolution  ivill  be  a  quadrinodal  cyclide. 

Cor.  2.  Since  a  cone  of  revolution  is  the  envelope  of  a  variable  sphere  which  touches  three  planes,  we  infer 
by  inversion  tliat  a  quadrinodal  ci/clide  is  the  envelope  of  a  variable  sphere  which  touches  three  fixed  spheres. 

If  in  this  mode  of  generation  the  points  common  to  the  three  spheres  be  real,  two  of  the  four  nodes  of  the 
cyclide  will  be  real  and  two  imaginary. 

If  the  points  common  to  the  three  spheres  be  imaginary,  the  four  nodes  of  the  cyclide  will  be  imaginary.  In 
this  case  it  is  evident  the  three  spheres  may  be  inverted  into  three  spheres  whose  centres  are  collinear ;  now  the 
envelope  of  a  variable  sphere  which  touches  three  spheres  whose  centres  are  coUinear  is  evidently  a  ring  formed 
by  the  revolution  of  a  circle  round  an  axis  in  its  plane.  Hence  the  inverse  of  such  a  ring  is  a  quadrinodal  cyclide 
ivhose  four  nodes  are  imarfiiiary ;  in  fact,  a  ring  formed  by  the  revolution  of  a  circle  round  an  axis  in  its  plane 
is  a  quadrinodal  cyclide  which  has  two  imaginary  nodes  at  infinity. 

II.  The  envelope  of  the  sphere 

{.v~!ty-  +  (y~pY+{z-ay=m'{(x-c)-  +  ^")}, 
which  cuts  orthogonally  the  plane  r=«,  wUl,  if  a.,  (3  vary,  be  a  cone  of  revolution,  that  is  the  envelope  of 
.v^  +  y-  +  z-- 2(a.y  +  j3y  +  a:)  +  {l-  !H-)(a=  +  /3=)  +  2mTa  +  a- - m-c-=  0 ; 

or,  putting  for  a  moment 

(1  — m-)(a.-  +  /3-)  +  2?>i-fa  +  a"  —  ?)r(r= O, 
the  envelope  of 

x'+y-+z"-2(ax+j3y  +  az)+a.=0 

is  a  cone  of  revolution.     Now  the  sphere  inverse  to 

^■'  +  !/-+:■-  2(a.v  +  joy  +  a;)  +  a 
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Now,  reasoning  as  in  art.  69,  if  P  become  a  point,  since  sin'|^=-J^^.  (see  art.  36),  we 

have  the  following  theorem : — 

The  results  of  siilstituting  the  spherical  coordinates  of  any  point  P  on  the  surface  of  a 
sphere  U  in  the  equations  of  ttvo  small  circles  on  U,  divided  respectively  hy  the  sines  of  the 
radii  of  these  circles,  have  a  ratio  which  is  unaltered  by  inversion. 

From  this  theorem  it  follows,  as  in  art.  70,  if  W=(ff,  b,  c,  d,  I,  m,  n,  p,  q,  r'Xv,  /3,  y,  S)^=0, 
where  a,  /3,  y,  S  are  small  circles  on  U,  be  the  equation  of  any  sphero-quartic,  that  the 


will  evidently  cut  orthogonally  tlie  sphere  inverse  to  the  plane  ;=<?,  that  is,  the  sphere 

1 

"a 


2  „  1 


■will  cut  orthogonally  the  sphere  a~  +  ?/-  +  s-=-> 

and  its  envelope  will  he  the  inverse  of  the  heforc-meutioned  cone  of  revolution. 
Let  the  coordinates  of  the  centre  of 

a-=  +  r  +  -=-^(aT  +  /3ir  +  ar)  +  ^  be  X,  Y,  Z, 

hence 

a=iiX,     /3=tiY,     n  =  QZ  ; 

_aX      a_"Y 
■••    «-- 2"'     ^^~"Z"" 

Hence,  restoring  the  value  of  Q,,  we  get 

a=  {(1  -  m-){a.--\-  /3-)  +  2jnVa  +  a-  -  mV}X  ; 
and  substituting  the  values  of  a  and  /3  we  get 

(1  -  »i=)aXX=  +  Y=)  +  {a-  -  m-i?)Z-  +  2m-caXZ  -aZ-0, 
or,  say,  ■^  =  0;  and  therefore  the  quadrinodal  eyclkle,  which  is  the  inverse  of  the  hef ore-mentioned  cone  of  revolution, 
is  the  envelope  of  a  variable  sjfhere  whose  centre  moves  on  the  quadric  v  =  0,  and  which  cuts  orthogonally  the  sphere 

a 

III.  The  plane  Z  =  0  touches  v = 0  at  an  umbUio  ;  and  it  is  also  a  tangent  plane  to  the  sphere  x-  +  y-  +  z"=~; 

a 

and  the  centre  of  the  sijhere  is  on  one  of  the  principal  axes  of  y-  Hence  it  touches  v  at  another  umbilic ;  but 
if  a  sphere  touch  a  quadric  at  two  umhilics,  it  touches  at  two  others.  Hence  we  have  the  following  theorem  : — 
A  quadrinodal  cyclide  is  the  envelope  of  a  variable  sphere  whose  centre  moves  on  a  given  quadric,  and  which  cuts 
orthogonally  a  sphere  which  touches  the  quadric  at  four  umhilics. 

Cor.  We  can  get  from  the  canonical  form  of  the  equation  of  the  cyclide  in  terms  of  its  five  spheres  of  inver- 
sion the  condition  for  four  nodes.     Thus,  let  the  cyclide  be 

aix-  +  b(i'-  +  cy- -j-  dS-  +  <■£=  =  0, 
wo  have 

a'  +  jS-  +  7-  +  J- + «■  =  0  identically. 

Now  if  two  of  the  coefficieuts  a,  b,  c,  d,  e  bo  equal  to  one  another,  for  instance  d  and  e,  we  get  for  the  focal 
quadrics  three  quadrics  and  one  conic,  which  must  be  a  focal  conic  of  the  three  focal  quadiics.  The  cyclide 
■n-ill  therefore  in  this  case  have  two  nodes. 

If  two  distinct  pairs  of  the  five  quantities  a,  b,  c,  d,  e  bo  equal,  such  as  b=e,  d  =  e,  then  wo  get  for  the  focal 
quadrics  one  quadric  and  two  conies,  and  the  cyclide  will  have  four  nodes. 

rV.  If  — +^+— — l  =  Obean  clhpsoul,  then  the  sphere  Ix  —  —  \  +  «-  4- ;-  =  (  —  )   toil  dies  it  at  four  um  - 
a-     b'     c'  \       «/  \*/ 
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equation  of  the  inverse  sphero-quartic  will  be  of  the  same  form;  and  in  particular  if  the 
sphero-quartic  be  of  the  form  aa" -\-bl3-  +  cy" -\-d'S-=Q,  the  inverse  sphero-quartic  will  be 
of  the  same  form. 

82.  We  have  seen  that  the  general  equation  of  a  sphero-quartic  can  be  written  in  the 
form 

aar  +  i/3-+cy--|-ft'S-=0, 

where  a-+|3"+y^+S^=0  is  an  identical  relation,  and  the  circles  are  mutually  orthogonal. 
This  is  also  evident  otherwise ;  for  the  given  form  contains  fifteen  constants,  namely, 

bilics  if  7i^=a-~b-,  L-^a-—c- ;  two  of  tho  iimbilics  of  coataot  are  in  the  plane  of  {.vz)  and  are  real,  and  two  in 
the  plane  (xy)  and  are  imaginary.  Now  to  find  the  equation  of  the  cyclide  that  will  have  the  ellipsoid  and 
sphere  for  focal  quadric  and  sphere  of  inversion,  that  is,  for  F  and  J ;  the  perpendicular  let  fall  from  the  centre 

of  J  on  any  tangent  plane  to  F  is  evidently  equal  to  •/a=cos-a+6"Cos-/3  +  c-cos-y— — ;  but  if  0  be  the 

centre  of  J  and  T  the  foot  of  the  perpendicular  on  the  tangent  plane,  and  if  the  points  P,  P'  be  taken  so  that 

OT=-TP-=OT--TP'==r-y,  then  P,  P'  are  points  on  the  cyclide;  and  denoting  OP  by  f  and  OTby^^,  we  get 

or, 

r.   f      /— :; n ir^ ^ s—      '"''^'  COS  a  1  Ire" 

2  J.  V  a-cos-a  +  o"cos^p  +  c-cos'y  — 5 —  \  ^  =  —^-\-f. 

Hence,  since  cos  a,  cos  /3,  cos  y  are  the  direction  cosines  of  OP  or  j,  we  get  the  equation  of  the  oycUdo 

,      ^  —  „      „      „     2hhv     bV 

2Va-x-  +  b-y+c'z-=x-+y+z'+-^+-^, 

or,  denoting  the  second  side  of  the  equation  by  C,  4((i-ar  +  b"y-  -\-  c'z")=C". 
V.  If  in  the  equation  4(a-x-  +  b-y-+c'z-):=G'',  we  put  ,'/=0,  z=0,  -we  get 
27ihv  ,  b-r  ,  «     N/  o  ,  2hh.v  ,  b-c" 


I  x--\ -\-—^-\-2ax  ( .^-  + 1 — -  —  2ax  1  =  0  ; 

V  a         a-  J\  a         a-  J 


and  the  four  values  of  x  in  this  equation  being  denoted  by  a-j,  x.^.  x^,  .r^,  we  got  x-^-\-x.,-\-x.^-\- x ^^  — . 

Hence  it  follows  that  the  centre  of  the  ellipsoid  —x.-L.x-''—-=\  is  the  centre  of  the  cyclide.     The  values  of 

a-     V    c- 

a-j,  X.2,  x^,  x^  are  easily  seen  to  be  given  by  the  equations 

.  7     7     M''  7  ,  7     Mc 

x^=.     a  +  li  —  L- ;  ^'2=     a  —  fi-\-/c— — ; 


,7,7     u- 

a  -  a 

Hence  if  we  had  taken  the  centre  of  F  for  origin  of  coordinates  in  the  eqiiation  of  the  cyclide,  the  four  values 
of  a:  would  be  given  by  the  system  of  four  equations,  +a  +  h  +  Jc^=0. 

VI.  The  equation  of  the  cyclide  referred  to  the  centre  of  F  as  origin  is  given  by  the  following  symmetrical 
equation  : 

(af+f  +  :ry-2x'(cr  +  7r  +  lr)-2f(a'-¥  +  J^)~2z^(cr  +  7i'-P) 

+  8aMx + («■" + h* + ¥  -  2a-h-  -  2h-lc-  -  2h-a-)  =  0 . 
The  sections  by  the  planes  y=0,  s=0  are  evidently  the  two  pairs  of  circles 
(.,.+7,)^+;=  =(«+70^         (x-l-y-+z~(a-7iy, 
(x  +  7iy  +  y-={a  +  7.-y,         (x-7,y  +  y'  =  (a-l-y ; 
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three  explicitly  and  twelve  implicitly,  each  of  the  circles  a,  /3,  y,  I  containing  three ;  but 
six  equations  of  condition  are  implied  by  the  fact  of  the  four  circles  being  mutually 
orthogonal,  and  the  identical  relation  a'+^'+y'+S'=0  (for  constants  are  incorporated) 
is  equivalent  to  one  condition.  Hence  the  given  form  contains  eight  independent 
constants ;  and  this  is  the  number  which  determines  a  sphero-quartic. 

83.  Since  the  circle  a  is  orthogonal  to  the  circles  /3,  y,  o,  if  we  take  either  of  the  points 
in  which  a  diameter  of  U  perpendicular  to  the  plane  of  a,  called  the  polar  line  of  a  (see 
Salmon's  '  Geometry  of  Three  Dimensions,'  art.  358),  cuts  U,  and  tan^  of  half  the  cor- 

and  the  centres  of  these  two  pairs  of  circles  are  the  foci  respectively  of  the  sections  of  the  ellipsoid  in  whose 
planes  they  lie ;  also  the  radical  axis  of  each  pair  is  the  line  joining  the  pair  of  umbilics  which  lies  in  its  plane. 

VII.  In  the  equation  of  the  cyclide  given  in  the  last  article,  if  we  put  ;/—0,  :—0,  we  get 

x* — 2.ir°(fr  4-  Ji-  +  Ic") + ^aKkx  +  (a' + h" + Tc*  -  2a-h-  -  2h-h-  -  2l~a-) = 0  ; 
and  the  four  roots  being-  denoted  as  before  by  a\,  x,,,  .r.j,  .r^,  we  see,  by  the  system  of  values  given  in  article  V., 
that  a-,  h-,  k"  are  the  roots  of  Euler's  reducing  cubic  for  this  quartic  in  x ;  and  if  we  denote  by  \,  fi,  v  the 
roots  of  Simpson's  reducing  cubic  for  tlie  same  quartic,  we  get 

\—-(a--h--lr),     ^=  -  (a- +  ]c- -}>-),     v=-(a-  +  7i-—l-). 
Hence  by  those  values  wo  can  write  the  equation  of  the  quadrinodal  cyclide  in  the  following  form,  due  to  Pro- 
fessor Cayley,  who  arrived  at  it  by  a  mode  of  investigation  altogether  different  from  that  used  here : 

(>f+:J+2x%y-+z-)+ijif+vzXx-x{)(x-X2)(x-x.^)(x-x^)-0. 

VIII.  The  centre  of  similitude  of  the  first  pair  of  circles  of  article  VI.,  that  is,  of  the  pair  of  circles 

is  easily  seen  to  be  the  point  whose  coordinates  are  /  — i,  0  j,  that  is,  the  middle  point  of  the  line  joining  two 

umbilics  of  F ;  or,  in  other  words,  the  middle  point  of  the  line  joining  two  nodes  of  the  cyclide,  and  the  centre 
of  similitude  of  the  other  pair  of  circles,  is  the  middle  point  of  the  line  joining  the  other  pair  of  nodes. 

IX.  The  equation  of  the  cyclide  of  article  IV.,  that  is,  4(«-.r"+i-y-  +  (r;-)— C-=0,  is  the  envelope  of  the 
quadric  a-jr+b-y'  +  c"z- -\-  fiC  +  ix'=0,  or,  by  restoring  the  value  of  C,  of  the  quadrie 

and  the  condition  that  this  should  represent  a  cone  is  given  by  the  equation 

This  equation  is  satisfied  by  four  values  of  fi,  showiug  there  are  four  cones,  each  having  double  contact  -(rith  the 
cyclide ;  and  the  vertex  of  each  cone  is  a  centre  of  inversion.  Now  one  value  of  ju  is  evidently  —1-,  and  the 
corresponding  cone  is 

(a- - ^.-).^- 4- (c-— 1-)(/- +  hH ~  )  =  0  ; 

a  \    a-    / 

and  when  this  is  transferred  to  the  centre  of  F  as  origin,  it  becomes 

{lix—ahf-{lc-~  h-)z-=0, 
which  represents  a  pair  of  planes  whose  Uno  of  intersection  passes  through  a  pair  of  umbilics  of  F ;  any  point 
on  this  line  may  therefore  be  called  a  centre  of  inversion  of  the  cyclide,  that  is,  any  point  on  the  line  joining  a 
corresponding  pair  of  nodes  of  the  cyclide  is  a  centre  of  inversion  of  the  cyclide.     In  like  manner,  from  the  root 
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responding  radius  as  the  constant  of  inversion  (see  equation  83),  then  in  this  case  each 
of  the  four  circles  a,  /3,  y,  S  will  be  inverted  into  itself.  Hence  we  have  the  following 
theorem : — 

Every  sj^hero-quarfic  has  in  f/eneral  four  circles  and  eigld  centres  or  jioles  of  inversion. 

84.  If  we  are  given  a  focal  sphero-conic  F  of  the  sphero-quartic  and  its  corresponding 
circle  of  inversion  a,  the  remaining  circles  and  centres  of  inversion  may  be  constructed 
as  follows.  Through  the  four  points  in  which  a  cuts  F  draw  three  pairs  of  great  circles, 
each  pair  will  intersect  in  two  points  diametrically  opposite ;  the  six  points  thus  deter- 

fi=  —C-,  it  can  be  sliowii  that  the  line  joiuing  the  other  pair  of  nodes  is  such  that  any  point  of  it  Ls  a  centre  of 
inversion ;  and  from  the  two  remaining  roots  the  two  other  centres  of  inversion  can  be  found. 

X.  If  F  r^  "^  +  '— „— — =0  be  an  elliptic  pai-aboloid,  and  J  the  sphere  which  touches  it  at  the  umbilics,  then 

a-     b-      e 

we  find,  as  in  article  IV.,  the  equation  of  the  cubic  cvclide  with  four  nodes  to  be 

The  section  of  this  surface  by  the  plane  .rr  consists  of  a  lino  passing  throngh  the  two  nodes,  and  a  circle  whose 
centre  is  the  focus  of  the  section  of  the  paraboloid  by  the  same  plane  ;  and  the  section  in  like  manner  by  the 
plane  yz  consists  of  the  line  joining  the  two  other  nodes,  and  a  circle  whose  centre  is  the  focus  of  the  parabola, 
which  is  the  section  of  the  paraboloid  by  the  plane  y:. 

XI.  The  sections  of  the  surface  by  the  planes  .vz  and  //:;  are  lines  of  curvature  of  the  surface. 
Domonstmtlon.  The  section  by  the  plane  xz  is  such  that  the  centres  of  the  generating  spheres  which  touch 

the  cyclidc  along  it  lie  on  the  section  of  the  paraboloid  made  by  the  plane  of  xz  ;  hence,  taking  any  two  con- 
secutive points  on  the  section,  it  is  evident  that  the  normals  at  these  points  will  lie  in  the  plane  of  the  section, 
since  they  pass  through  the  centres  of  the  generating  spheres.  Hence  they  intersect,  and  the  proposition  is 
proved. 

"We  can  verify  this  analytically :  for  the  diflerential  equation  of  the  lines  of  curvature  of  any  surface  (see 
Salmon's  '  Geometry  of  Three  Dimensions,'  p.  234)  is 

dz  , 

=  0; 

and  it  is  easy  to  see  that  this  is  satisfied  by  the  equations  x=C  (z  +  —  \  and  t/  =  C"  (z-\-—\  combined  with 

the  equation  of  the  surface,  C,  C  being  any  constants.  Hence  any  plane  passlnri  throii(j7i  a  line  joining  either 
of  the  pairs  of  nodes  will  he  a  line  of  curvature. 

XII.  Tlie  inverse  of  a  line  of  curvature  on  any  surface  is  a  line  of  curvature  on  the  inverse  surface.  This  is 
easily  inferred  from  SAuaoif's  'Geometry  of  Three  Dimensions,'  articles  294,  479.  Now,  since  trinodal  and 
quadrinodal  cyclides  are  the  inverses  of  quadrics  of  revolution,  we  easily  infer  the  following  theorems  : — 

1°.  Any  section  of  a  .  quartie  cyclide  throui/h  two  nodes,  either  both  real  or  both  imaijinary,  ivill  consist  of 

two  circles,  wliicli  will  he  lines  of  curvature. 

2°.  A  section  of  a  cubic  cyclide  fhrouyh  two  nodes  will  consist  of  a  line  and  a  circle,  which  luill  be  lines  of  curvature. 

3°.  If  through  any  point  P  on  a  trinodcd  or  quadrinodal  cyclide  we  draiu  two  planes  ^Mssing  through  the  nodal 
(i.ves,  the  circles  xvliich  are  the  sections  at  P  intersect  orthogonally. 

4°.  Every  line  of  curvature  on  a  trinodal  or  quadrinodal  cyclide  consists  of  two  circles,  or  a  line  and  a  circle. 

b°.  The  locus  of  the  generating  spheres  which  touch  a  trinodal  or  quadrinodal  cyclide  at  all  the  points  of  a  line 
of  curvature  is  a  plane  conic  on  the  corresponding  focal  quadric. — January  1872.] 
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miued,  together  with  the  poles  of  os,  will  be  the  eight  centres  of  inversion,  and  the  three 
circles  cutting  a  orthogonally,  and  having  the  first  three  pairs  of  points  as  poles,  will  be 
the  circles  of  inversion. 

85.  If  two  of  the  points  coincide  in  which  a  cuts  F,  there  will  be  then  only  six  centres 
and  three  circles  of  inversion ;  but  since  the  coincident  circles  whose  centres  are  the 
point  of  contact  of  a,  and  F  reduce  to  a  point,  that  point  will  not  be  a  centre  of  inversion 
in  the  ordinary  sense,  that  is,  the  centre  of  a  circle  which  inverts  the  sphero-quartic  into 
itself,  but  it  will  be  the  centre  of  a  circle  which  inverts  the  sphero-quartic  into  a  sphero- 
conic.     Hence  in  this  case  there  are  only  four  ordinary  centres  of  inversion. 

If  three  of  the  points  coincide,  there  will  be  then  only  two  ordinary  centres  of  inver- 
sion, namely,  the  poles  of  a. ;  but  the  point  of  osculation  and  the  point  diametrically 
opposite  to  it  will  be  the  poles  of  a  circle,  which  inverts  the  quartic  into  a  sphero-conic, 
and  «  will  be  the  ordinary  circle  of  inversion. 

86.  The  following  proposition  is  not  difficult  to  be  proved. 

If  f  be  the  radius  vector  from  any  origin  on  the  surface  of  U  to  a  sphero-conic  and, 
measured  in  the  same  direction  from  the  same  origin,  an  arc  g'  be  determined  by  the 
condition  that 

2  tan  ;  g'=  tan  i  f, (85) 

the  locus  of  the  extremity  of  g'  is  a  sphero-quartic. 

87.  Besides  the  method  of  inversion  hitherto  used  in  this  section,  namely  by  the  equa- 
tion (83),  by  which  any  curve  on  the  surface  of  a  sphere  is  inverted  into  another  curve 
on  the  surface  of  the  same  sphere,  there  is  another,  the  more  ordinary  method,  by  which 
it  can  be  inverted  into  a  curve  on  the  surface  of  another  sphere  or  on  a  plane.  Thus  a 
sphero-quartic  being  the  intersection  of  a  cyclide  W  and  a  sphere  U,  and  since  if  both 
be  inverted  from  any  point  in  space  they  invert  into  surfaces  of  the  same  kind,  we  see 
that  a  sphero-quartic  inverts  into  another  sphero-quartic,  or  into  a  bicircular  quartic,  if 
the  arbitrary  point  be  taken  on  the  surface  of  U. 

88.  Since  a  sphero-quartic  is  the  intersection  of  a  sphere  and  a  quadric,  four  cones 
can  be  described  through  it ;  then  it  is  plain  that  the  vertices  of  these  four  cones  are  four 
points  in  space,  which  are  centres  of  self-inversion  of  the  quartic,  that  is,  the  quartic  is 
an  anallagmatic  curve,  and  it  has  four  centres  of  self-inversion. 

89.  Let  us  consider  the  sphero-quartic  WU,  where  W  is  the  cyclide  ««"  +  Ijf-  +  cf  +  (/S^ 
and  U  its  sphere  of  inversion  given  by  the  equation  U^^a^+/3--i-y-  +  S^=0,  then  the 
centres  of  a,  /3,  y,  S  are  the  four  vertices  of  the  four  cones  through  WU,  that  is,  they  are 
the  four  centres  of  inversion.     Hence  we  have  the  following  theorem  : — If 

le  a  cyclide  given  in  its  canonical  form,  then  the  sj^hero-quartic,  which  is  the  intersection 
of  W  and  any  of  its  spheres  of  inversion,  has  the  centres  of  the  four  remaining  spheres  as 
centres  of  inversion. 

90.  If  the  arbitrary  point  we  invert  from  be  any  point  on  the  sphero-quartic  AVU 
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itself,  then  W  and  U  invert  respectively  into  a  cubic  cyclide  and  a  plane,  and  lience 
the  spliero-quartic  inverts  into  a  circular  cubic.  Hence  if  a  s])hero-(j[uartic  he  inverted 
from  any  point  on  itself  it  inverts  into  a  circular  cubic;  and  conversely,  if  a  circular  cubic 
be  inverted  from  any  arbitrary  point  in  space,  we  yet  a  spliero-quartic  passinrj  through  the 
centre  of  inversion. 

91.  If  W=:.rta=+5/3-  +  fy=  +  f?S-  =  0,  and  U==a=+/3-  +  y'+^'  =  0,  and  we  eliminate  a" 
between  Wand  U'-',  we  get  the  cyclide  {b  —  a)^'^-\-{c—a)'y--\-{d  —  a)l-=^Q  passing  through 
the  sphero-quartic  WU.  But  the  cyclide  (i  — rt)^'--f(c—«)7'-  +  ((Z  — «)§'-= 0  is  the  enve- 
lope of  a  variable  sphere  whose  centre  moves  on  a  conic ;  and  inverting  the  curve  WU 
from  any  arbitrary  point  on  U,  we  get  a  bicircular  quartic,  whose  generating  circles  will 
be  the  inverses  of  the  circles  in  which  the  generating  spheres  of 

{h-a)^--^{c-a)y'  +  {d-a)V=() 
intersect  U,  and  the  centres,  of  the  generating  circles  of  the  bicircular  will  be  the  points 
in  which  the  lines  from  the  origin  to  the  centres  of  the  generating  spheres  of 

(i-ff)|3-  +  (c-ff)7-+(r?-«)S-=0 
pierce  the  plane  into  which  the  sphere  U  inverts.     Now  the  locus  of  the  centres  of  the 
generating  spheres  of  (J— «)|3'  +  ((?— «)y'  +  ((Z— «)S^=0  is  one  of  the  double  lines  of  the 
developable  formed  by  tangent  planes  to  U  along  the  sphero-quartic  WU  (see  art.  42). 
Hence  we  infer  the  following  theorem : — 

If  a  sjihcro-quarticVilJ  be  inverted  into  a  bicircular  quartic,  the  four  cones  having  the 
point  we  invert  from  as  a  common  vertex,  and  whose  bases  are  the  double  lines  of  the  deve- 
lopable %  formed  by  tangent  planes  to  U  along  the  sphero-quartic  WU,  ivill  pierce  the 
plane  of  the  bicircular  in  four  conies,  which  ivill  be  the  focal  conies  of  the  bicircular. 

92.  If  Z  be  a  circle  on  U  which  osculates  WU,  then  it  is  evident  that  the  pole  of  the 
plane  of  Z  with  respect  to  U  is  a  point  on  the  cuspidal  edge  of  2  (see  last  article). 
Again,  when  we  invert  (WU)  into  a  bicircular,  Z  will  invert  into  an  osculating  circle  of 
the  bicircular.     Hence  we  have  the  following  theorem : — 

If  we  invert  a  sphero-quartic  into  a  bicircular,  the  evolute  of  the  bicircular  is  the  curve  in 
which  its  plane  is  intersected  by  the  cone  whose  vertex  is  the  origin  of  inversion,  and  ivhose 
base  is  the  cuspidal  edge  of  the  developable  formed  by  tangent  planes  to  U  ff/on^  WU. 

93.  We  give  in  this  and  the  following  article  some  important  properties  of  bicircular 
quartics,  which  follow  at  once  from  the  properties  we  have  demonstrated  for  sphero- 
quartics. 

Since  a  sphero-quartic  WU  is  the  intersection  of  W  and  U,  and  WU  is  gi\en  by  the 
general  equation 

WU^(«,  b,  c,  d,  I,  m,  n,p,  q,  r^u,  /3,  7,  S)-=0, 
where  a,  ^,  y,  I  are  circles  on  U,  and  U"  is  given  by  the  equation  (29),  art.  28,  hence, 
when  we  invert  U  into  a  plane,  the  curve  WU  loill  be  inverted  into  a  bicircular  whose 
equation  is  (a,  b,  c,  d,  I,  m,  n,  p,  q,  rXa,  ft,  7,  S)'=0,  and  the  following  relation  will  be 
an  identical  one  on  the  plane  into  vMch  U  inverts: — 

4r2 


=0. 


(86) 
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—  1,  cos(o5/3),     COS  (ay),     cos(aS),     a4-r'  , 

cos(/3«),     -1,  cosOSy),     cos(/3S),     /3^?-", 

cos(7«),     cos(y|3),      —1,  cos(yS),     y-^r"', 

cos(Sa),     cos(S/3),     cos(Sy),       -1,  S  H-r"", 

a^r',         /3H-/-",        7-'",         S--r"",       0, 
It  hence  follows  that  every  bicircular  can  be  expressed  in  the  form  au-  +  bl3''-{-cy--\-dl'-=0, 

where  u,  /3,  y,  S  are  four  cu'cles  mutually  orthogonal,  and  that  for  this  system  of  circles 

the  relation  is  an  identical  one,  a^+/3^  +  y^  +  S-=0. 

94.  From  the  last  article  we  see  that  the  same  bicircular  can  be  written  in  the  four 

following  forms : 

{a-b)ii'  +  {a~c)y--\-{a-d)h'=0, 

{b-c)y-'+(b-d)l'+{b-  a)a\ 

(c  -  d)h'  +{c-  ay  +  (c  -b)(i\ 
and  that  consequently  the   tangential  equations  of  the  four  focal  conies  of  the  quartic 
are  given  by  the  equations 

{d-a)X^  -\-{d-by  +  {d~c)p''  =0, 

{a-by+(a-cy  +(a-d)f  =0, 

{b-c)r  +{b-d)f-  +{d-a)x^=0,  \ 

(c  -d)f  -{-{c-a)7.^  +{c-by^O.] 


(87) 


(88) 


CHAPTEE  YI. 
Frojection  of  SjJiero-qifartics. 

95.  If  a  sjiliero-qnarfic  be  jtrojectcd  on  one  of  the  jilancs  of  a  circular  section  of  any 
quadric  jjassing  throiujh  if  by  lines  parallel  to  the  greatest  or  least  axis  of  the  quadric, 
the  projection  will  be  abicircular  quartic  whose  centres  of  inversion  will  be  the  'projections 
of  the  centres  of  inversion  of  the  sphero-quartic. 

JJemonstration.  Let  U  be  the  sphere  given  by  the  equation  U-=  (a''+/3-  +  y''+S-)  =  0, 
and  V  the  quadric  which  intersects  U  in  the  sphero-quartic,  then  the  centres  of  a,  (3,  y,  I 
will  be  the  vertices  of  the  four  cones  which  can  be  drawn  through  the  sphero-quartic, 
that  is  they  will  be  its  centres  of  inversion.     Let  Rn-.  3. 

KPP'  be  an  edge  of  the  cone  passing  through  two 
points  of  the  quartic,  K  being  the  centre  of  a;  then, 
since  a  is  a  sphere  of  inversion  of  the  quartic,  the 
rectangle  KP  KP'  is  constant.  Hence  if  O  be  the 
centre  of  the  quadric  V,  the  radius  vector  OR  of  the 
quadric  parallel  to  KP'  is  constant ;  therefore  the  -j^ 
locus  of  E.  is  a  sphero-conic :  and  if  the  point  Rj 
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be  the  projection  of  R  on  the  plane  of  circnlar  section,  the  locus  of  E,  is  a  circle ;  there- 
fore OR  bears  a  constant  ratio  to  its  projection.  Now  let  the  projections  of  K,  P,  P' 
by  lines  parallel  to  the  greatest  or  least  axis  be  K„  P,,  P'„  and  it  is  evident  that  we  have 
the  proportion 

KP.KF':K,P,.K,P;::  OR=:(),R; (89) 

Hence  the  rectangle  K,Pi .  K|P,'  is  constant,  and  K,  is  a  centre  of  inversion  of  the  pro- 
jection. The  projection  is  therefore  an  anallagmatic  curve,  and  being  evidently  of  the 
fourth  degree  is  a  bicircular  quartic.     Hence  the  proposition  is  proved. 

96.  On  account  of  the  importance  of  the  proposition  of  the  preceding  article,  we  give 
another  proof  by  forming  the  equation  of  the  projection  in  Cartesian  coordinates. 

Let  U  and  V  be  given  by  the  Cartesian  equations 

{^^—'^y+(i/-ftr--h{~-7y-r'=o, 

and  changing  the  planes  of  reference  to  .r?/,  wz,  and  one  of  the  planes  of  circular  section, 
we  get,  if  d  denote  the  angle  made  by  the  plane  of  cci/  with  the  plane  of  circular  section, 

U-(i-«)'+(j,-/3)'+(--'/)'+2(.r-.<)(r-y)cosi)-r'=0, 

If  we  eliminate  a'  between  these  equations,  we  get  the  projection  of  the  curve  UV  on  the 
plane  of  circular  section ;  this  elimination  is  most  easily  performed  by  the  following  sub- 
stitution, namely, 


^)  =  S, 


r"--{!/-(5y-{z-'ry- shT0=S', 
(«  +  ycos^)==S", 
and  we  have  at  once  the  equation 

or,  cleared  of  radicals, 

(S-S')-+S"(S"-2S-2S')  =  0 (90) 


as  the  required  projection;  and  substituting  the  value  of  sin-  9,  viz.  I  ^^—2)  \¥)  "^  S  — S', 
we  get 

which,  equated  to  zero,  represents  a  circle.     Hence  the  proposition  is  proved. 
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Hence  the  equation  of  the  projection  written  in  full,  after  replacing  z  by  .r,  is 


\/{a^-b-){a^-c^) 
a^  +  b"- 


|a2  _  c2  ^'  +  fl2  _  62  ^  —  a2  _'c2  ■ 

fai  \/a^  — c^  +  ya  ^''6''' 


(91) 


97.  TAe  elliptic  projection  of  a  sphere- quartic  is  a  Ucircular  quartic. 

Definition.  If  through  any  point  P  on  a  quadric  we  describe  two  confocals,  and  if  P' 
be  the  point  where  the  line  of  curvature  common  to  the  two  confocals  drawn  through  P 
intersects  the  plane  oi  .rij,  F  is  what  I  call  the  elliptic  projection  of  P. 

If  X,  Y  be  the  coordinates  of  the  elliptic  projection  of  a  point  on  the  sphero-quartic, 

X,  y  the  coordinates  of  the  projection  of  the  same  on  either  plane  of  circular  section  by 

lines  parallel  to  the  greatest  axis,  then,  by  Salmon's  '  Geometry  of  Three  Dimensions,' 

art.  180, 

x":^^  :■.>/:  Y' ::  b'-c' :  h\ 

Hence  the  locus  of  the  point  whose  coordinates  are  X,  Y  is  similar  to  the  locus  of  the 
point  whose  coordinates  are  a%  y.     Hence  the  proposition  is  proved. 

98.  The  four  spheres  a,  |3,  y,  S  intersect  respectively  the  four  cones  through  the  sphero- 
quartic  (that  is,  each  sphere  intersects  the  cone  whose  vertex  is  at  its  own  centre)  in  four 
sphero-conics,  and  the  projection  of  these  sphero-conics  on  the  planes  of  circular  sections 
by  lines  parallel  to  the  greatest  or  least  axis  will  be  four  circles,  and  these  Avill  be  the 
circles  of  inversion  of  tire  bicircular  which  results  from  projecting  the  sphero-quartic. 

For  if  the  sphere  a  intersect  the  line  KPP'  in  Q  (see  art.  95),  KQ'=KP  KP'.  We 
can  therefore  account  for  the  four  circles  of  inversion  of  the  bicircular. 

99.  The  projecting  lines  of  the  four  sphero-conics  of  the  last  article  intersect  the 
quadric  in  four  curves,  whose  elliptic  projections  will  be  the  circles  of  inversion  of  the 
bicircular  which  results  from  the  elliptic  projection  of  a  sphero-quartic. 

This  is  proved  in  the  same  way  exactly  as  art.  97. 

100.  Lemma.  If  a  sphere  concentric  with  a  quadric  intersect  it  in  a  sphero-conic, 
and  tangent  planes  to  the  quadric  be  parallel  to  the  tangent  planes  to  the  cone  whose 
vertex  is  at  the  centre  of  the  sphere,  and  which  stands  on  the  sphero-conic,  the  locus  of 
their  points  of  contact  is  a  line  of  curvature  of  the  quadric. 

This  proposition  is  plainly  the  converse  of  art.  158  of  Salmon's  '  Geometry  of  Three 
Dimensions ;'  but  we  can  give  a  direct  proof  of  it  as  follows.  Let  the  sphere  and  quadric 
be  given  by  the  equations 

ar-\ry''-+~-=r\ 
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then  the  equation  of  the  cone  is 

Now  the  equation  of  a  tangent  plane  to  the  quadric  is 

Hence  the  equation  of  a  parallel  tangent  plane  through  the  centre  is 

and  the  condition  that  this  should  be  a  tangent  plane  to  the  cone  is 

J2  ^^n  j2 


Hence  a:' y'  z'  is  a  point    on    the  intersection   of   the    confocals   '^4-'72+^=:l     and 
gg— ;.2  +  ^'2— ,-2  +  c2L,--^— 1-     Hence  the  proposition  is  proved. 


101.  If  tangent  2^lanes  be  drawn  to  the  quadric  parallel  to  the  tangent  planes  of  the 
four  cones  through  the  sphero-quartic  UV,  the  locus  of  their  points  of  contact  are  four 
lines  of  curvature  on  V. 

Demonstration.  Let  OE  be  a  central  vector  of  V  parallel  to  an  edge  of  one  of  the 
cones,  then  OR  is  constant,  and  the  proposition  is  evident  from  the  last  article. 

Cor.  If  a  developable  be  described  about  V  by  drawing  tangent  planes  to  it  alonq  the 
sphero-guartic  UV,  the  four  cones  whose  common  vertex  is  at  the  centre  ofY,  and  which 
stand  on  the  double  lines  of  the  developable,  intersect  the  quadric  in  tlte  lines  of  curvature 
stated  in  the  proposition. 

102.  If  tangent  planes  be  drawn  to  V  parallel  to  the  tangent  planes  to  the  cones,  the 
loci  of  the  jioints  of  contact  are  sphero-conics ;  these  sphero-conics  are  the  focal  sphero- 
conics  of  the  sphero-quartic.     This  proposition  is  evident.. 

103.  If  through  any  tangent  line  of  a  sphero-quar tic  four  planes  be  drawn  ijassinq 
through  its  four  centres  of  inversion,  the  anharmonic  ratio  of  these  four  planes  is  constant. 

Demonstration.  Let  ?.i,  X^,  X^,  X^  be  the  four  values  of  X,  for  which  U+XV  represents 
a  cone ;  then  if  we  represent  by  Ui  and  Vj  the  tangent  planes  to  U  and  V  through  the 
given  line,  the  four  planes  in  question  are  evidently  tangent  planes  to  the  four  cones, 
and  their  equations  are  Ui+^iV,,  Ui  +  x^Vi,  U1+X3V,,  LTj+X^Vi,  and  the  anharmonic 
ratio  is 

(^1-^3)  (^2 -^4) ^   "^ 

Cor.  It  is  easy  to  see  that  the  theorem,  "  that  the  anharmonic  ratio  is  constant  of  the 
pencil  formed  by  the  four  tangents  which  may  be  drawn  from  any  point  of  a  plane  curve 
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of  the  third  degree,"  follows  as  an  immediate  inference  from  the  theorem  of  this  article ; 
for  the  point  in  the  sphero-quartic  will  be  the  vertex  of  a  cone  of  the  third  degree 
which  stands  on  the  quartic,  and  then,  from  what  we  have  proved,  it  follows  that  if  through 
any  edge  of  a  cone  of  the  third  degree  four  tangent  planes  be  drawn  to  the  cone  their 
anharmonic  ratio  is  constant. 

CHAriER  TIL— FOCI  AXD  FOCAL  CrEVES, 

Section  I. — Foci  of  CycUdcs. 

104.  The  conception  of  a  focus  which  I  shall  use  in  this  memoir  is,  in  the  case  of 
surfaces,  an  infinitely  small  sphere  having  imaginary  double  contact  witli  the  surface ; 
and  for  curves,  that  of  an  infinitely  small  circle,  having  imaginary  double  contact  with 
the  curve.     This  being  premised,  let  us  take  the  cyclide  given  by  its  canonical  form, 

We  see  from  art.  33  that  this  cyclide  is  the  envelope  in  five  diffei'ent  ways  of  a  variable 
sphere  whose  centre  moves  on  a  given  quadric,  and  which  cuts  a  given  fixed  sphere 
orthogonally.  Thus,  taking  the  quadric  F  of  art.  33,  the  tangential  equation  to  F  is 
{a  —  h)[jj--\-{a — c)v"-\-{a — d)f-\-{a—e)(r=z{)  ;  and  corresponding  to  this  we  have  the  sphere 
a,  which  is  the  one  which  the  variable  sphere  cuts  orthogonally  Avhile  its  centre  moves 
on  F.  Now  let  a  developable  be  circumscribed  to  a  and  F,  then  the  curve  of  taction  of 
the  developable  and  F,  and  the  curve  of  intersection  of  a  and  F,  divide  the  surface  of  F 
into  three  regions,  which  possess  the  following  properties : — In  the  first  region  every 
point  is  such  that  any  sphere  having  it  as  centre  and  cutting  a  orthogonally  is  real,  and 
moreover  such  that  this  sphere  meets  the  consecutive  one  in  a  real  curve  ;  in  the  second 
region  every  point  is  such  that  the  spheres  are  real,  but  do  not  intersect  the  consecutive 
ones  in  real  points ;  while  in  the  third  region  the  orthogonal  spheres  are  altogether 
imaginary.  Hence  it  follows  that  every  point  in  the  sphero-quartic  (aF)  is  an  infinitely 
small  sphere  having  imaginary  double  contact  with  AY,  or,  in  other  words,  every  point  on 
(aF)  is  a  focus  of  W. 

In  like  manner  every  point  on  each  of  the  four  sphero-quartics  (/3F'),  (yF"),  (SF'"),  (sF'^) 
is  a  focus  of  W,  so  that  a  cyclide  has  in  general  five  focal  sphero-quartics. 

From  this  proposition  it  is  evident  that  the  name /bm^(/H«(/;vV  which  I  have  employed 
for  the  directing  quadrics  F,  P,  &c.  is  appropriate  as  suggestive  of  an  important  pro- 
perty of  these  surfaces ;  had  I  followed  M.  De  la  Gournehie  I  should  have  called  them 
(Ufercnfes.  In  the  next  proposition  we  shall  see  an  additional  reason  in  favour  of  the 
name  I  have  given. 

105.  Definition.  When  tlie  points  of  contact  of  a  focus  with  the  cyclide  are  points  on 
the  imaginary  circle  at  infinity,  I  shall,  following  Dr.  Salmox,  call  the  focus  a  "  double 
focus  "  (see  Salmon's  '  Higher  Curves ').  Professor  Cayley,  in  his  memoir  on  "  Poh-- 
zoual  Curves,"  uses  the  term  "  nodo-focus  "  to  express  the  same  idea ;  and  M.  De  la 
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GouRNERiE,    in    his    memoir  "  Sur    les    Ligncs   Spheriques,"   "  singular   focus "    (sec 
Liouville's  Journal  for  18G9). 

106.  Let  us  suppose  that  wc  have  a  system  of  generating  spheres  passing  tlu-ough  the 
same  point  P ;  from  P  let  there  be  drawn  a  tangent  cone  to  the  focal  quadric  F,  then 
any  edge  of  this  tangent  cone  meets  the  quadric  F  in  two  consecutive  points,  and  tire 
generating  spheres  whose  centres  are  at  these  points  touch  each  other  at  P,  consequently 
each  edge  of  the  cone  is  a  normal  to  the  cyclide  at  P  as  well  as  being  a  tangent  to  F : 
now  let  us  suppose  the  point  P  to  be  on  the  imaginary  circle  at  infinity,  and  the  normals 
to  the  cyclide  at  P  will  be  also  tangents  to  it  at  P,  and  we  see  that  the  tangent  lines  to 
the  cyclide  at  the  imaginary  circle  at  infinity  are  also  tangent  lines  to  the  focal  quadric 
F.     Hence  we  have  this  remarkable  theorem  : — 

The  three  focal  conies  of  the  focal  quadric  F  of  the  cyclide  are  double  or  nodo  focal  curves 
of  the  cyclide.     Compare  the  corresponding  theorem,  art.  28  in  'Bicircular  Quartics.' 

107.  Since  the  nodo-focal  curves  of  the  cyclide  W  are  the  three  focal  conies  of  F, 
they  are  in  like  manner  the  three  focal  conies  of  F',  F",  F'",  F".  Hence  the  five  F's  are 
confocal. 

That  is,  the  five  focal  qucidrics  of  a  cyclide  are  confocal,  and  their  three  focal  conies  are 
such  that  each  ■point  of  any  of  them  is  a  double  focus  of  the  cyclide. 

108.  If  one  of  the  focal  quadrics  of  a  cyclide  be  a  sphere,  then  the  focal  conies  of  this 
sphere  reduce  to  the  centre,  and  the  cyclide  must  consequently  have  the  imaginary  circle 
at  infinity  as  a  cuspidal  edge.  Hence  all  the  focal  quadrics  must  be  spheres,  and  these 
spheres  must  be  concentric. 

From  the  analogy  of  the  corresponding  case  in  '  Bicircular  Quartics  '  I  shall  call  this 
species  of  cyclide  a  Cartesian  cyclide. 

The  ordinary  foci  of  a  Cartesian  cyclide  being  the  intersection  of  the  spheres  of  inver- 
sion with  the  focal  spheres  are  circles,  and  it  has  but  one  singular  or  nodo-focus,  which 
in  this  case  is  a  triple  focus,  namely,  the  common  centre  of  the  focal  spheres. 

109.  If  we  take  four  foci  for  spheres  of  reference  of  a  cyclide,  since  these  foci  are  point 
spheres,  the  result  of  substituting  the  coordinates  of  any  point  in  one  of  them  Avill  be 
the  square  of  the  radius  vector  to  the  focus.  Hence  if  we  denote  the  vectors  to  the  four 
foci  by  §,  ^',  f,  §'",  the  vector  equation  of  a  cyclide  will  be  in  the  form  (see  art.  29) 


=0 •     •     (93) 


110.  If  the  focal  quadric  of  a  cyclide  be  a  paraboloid,  then  the  cyclide  becomes  a  cubic 
surface  together  with  the  plane  at  infinity.  Hence  the  focal  qiiadrics  of  cubic  cyclides 
arc  five  confocal  paraboloids. 
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111.  If  we  are  given  a  sphere  of  inversion  and  the  corresponding  focal  quadric  of  a 
cyclide,  we  can  construct  the  remaining  focal  quadrics.  For  by  art.  31  let  a  be  tlie  sphere 
of  inversion  and  F  the  focal  quadric,  and  circumscribing  a  developable  2  to  a  and  F, 
if  the  double  lines  of  %,  which  are  conies,  be  C,  C,  C",  C",  then  through  C,  C,  C",  C" 
let  confocals  F,  F",  F'",  F""  to  F  be  described,  and  these  will  be  the  other  focal  quadrics 
of  the  cyclide. 

Now  if  a  touches  F  the  developable  %  will  have  but  three  double  lines,  C,  C,  C",  and 
hence  in  this  case  there  will  be  only  four  focal  quadrics.  If  a  touches  F  the  cyclide  will 
have  the  point  of  contact  for  a  node,  and  moreover  tire  cyclide  will  be  the  inverse  of 
a  central  quadric.  Hence  it  follows  that  the  ci/cUde  which  results  from  inverting  a  central 
quadric  has  hut  four  focal  quadrics,  and  that  three  of  these  confocal  quadrics  pass  through 
the  node  (see  art.  78). 

112.  If  the  sphere  of  inversion  be  an  osculating  sphere  of  the  focal  quadric  F,  the 
developable  2  will  have  but  two  nodal  lines,  C,  C,  and  therefore  there  will  be  but  two 
additional  focal  quadrics,  F',  F".  Hence  in  all  there  will  be  but  three  focal  quadrics. 
This  is  the  species  of  cyclide  which  results  from  inverting  a  non-central  quadric  (see 
art.  79). 

113.  If  the  sphere  of  inversion  has  double  contact  with  F  the  cyclide  will  be  binodal ; 
there  will  be,  besides  the  focal  quadric  F,  the  two  confocals  to  F,  which  can  be  drawn 
through  the  two  points  where  a  touches  F.  A  cyclide  of  this  form  being  given  by  the 
equation  («,  h,  c,f  g,  hy_(3,  y,  If,  and  the  locus  of  the  centre  of  the  generating  sphere 
being  a  conic,  it  must  he  a  focal  conic  oftlie  three  confocal  quadrics  which  the  cyclide  must 
have,  that  is,  every  point  of  this  conic  must  he  a  douhle  focus  of  the  cyclide,  and  moreover 
the  four  points  in  which  it  intersects  the  corresponding  sphere  of  inversion  must  he  single 
foci. 

When  the  sphere  of  inversion  a  has  double  contact  with  F,  the  curve  of  intersection 
of  a,  and  F  breaks  up  into  two  circles ;  these  circles  are  the  inverses  of  the  two  focal 
lines  of  the  cone,  of  which  this  species  of  cyclide  is  the  inverse. 

114.  Since  three  of  the  spheres  of  inversion  of  a  cyclide  which  has  only  four  spheres 
of  inversion,  and  which  is  consequently  the  inverse  of  a  central  quadric,  are  the  inverses 
of  the  three  principal  planes  of  the  quadric,  and  since  the  inverse  of  a  focus  is  a  focus, 
it  follows  that  in  this  case  the  inverses  of  the  three  focal  conies  of  the  quadric  inverted 
will  he  the  focal  sphero-quartics  of  the  cyclide.  In  this  case  also  we  have  the  following 
theorem,  which  is  an  extension  of  one  given  in  my  '  Bircirculars,'  art.  55  : — 

If  we  inveii,  a  quadric  Qfrom  any  point  P,  the  principal  planes  of  the  focal  quadrics 
of  the  resulting  cyclide  are  parallel  to  the  tangent  planes  at  P  drawn  to  three  confocals 
of  Q  passing  through  P. 

115.  In  like  manner  two  of  the  spheres  of  inversion  of  a  cyclide  which  has  only  three 
spheres  of  inversion,  and  which  is  the  inverse  of  a  non-central  quadric,  are  the  inverses 
of  the  two  planes  of  symmetry  of  the  quadric ;  and  since  the  focal  conies  of  a  para- 
boloid are  cither  an  ellipse  and  parabola  or  hyperbola  and  parabola,  we  see  that  one  of 
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the  focal  sphero-quartics  of  sttch  a  ajclide  must  have  a  cusp,  namely,  the  inverse  of  the 
point  at  infinity  on  the  focal  farahola. 

Conversely,  if  the  sp)heTe  of  inversion  a  of  a  cyclide  be  an  osculating  sjjhcre  of  the  focal 
quadric  F,  and  if  the  whole  system  he  inverted  from  the  jyoint  of  osculation,  the  sphere  a 
will  invert  into  a  principal  pilane  of  the  quadric  into  tohich  the  cyclide  inverts,  and  the 
sphero-quartic  in  which  a  intersects  F  ioill  invert  into  a  parabola. 

11 G.  Since  the  intersection  of  a  focal  quadric  of  a  cyclide  with  the  corresponding 
sphere  of  inversion  gives  a  line  of  foci  of  the  cyclide,  then,  if  the  cyclide  be 
fl!a°  +  5/3^+C7^+f?^^  the  focal  quadric  will  be  «X^+5f4^  +  cr+(Zg-;  and  if  the  sphere  of 
inversion  be  given  by  the  equation  U^= a" +/3^  +  y''-|- ^^  then  the  line  of  foci  will  be 
given  as  the  intersector  of  the  two  surfaces  in  tetrahedral  coordinates, 

^,2         j,2         -2         j^.2 

and  therefore  the  quadric  in  tangential  coordinates 

passes  through  the  line  of  foci  of  au-  +  b(i--\-C'y'^-{-d'&-.     Hence  it  follows  that  the  cyclide 

^'      ^      c/      ^_  . 

a+'k-Tb  +  k^c  +  k'T'd+k—^ ^'^^J 

denotes    in    general    a    cyclide    having    one    focal    sphero-quartic   in    common  with 

au''  +  b^-+cf+dl''=0. 

117.  In    art.    33    we    have    seen    that    a    cyclide    given   by    the   canonical   form 

au'+l(5-  +  C'y''+dl'^  +  es^=0  may  be  written  in  five  cliflFerent  forms;  and  by  the  last 

article  we  see  that  to  this  cyclide  correspond  five  different  systems  of  cyclides,  each 

system  having  one  sphero-quartic  of  foci  common  with  it.     These  systems  are  given  by 

the  equations : 

(«-&)/3-     ,{a-c)7'      ,tzl^l'     ,{^-ey    _.  ,nr,i 

a-b  +  k    +a-c  +  k    +a-d  +  k   -^a-e  +  k    "" ^^^>' 

j^c+I*    +b^^dTk'  +b-e  +  k'   +(6_fl)  +  A'— ^ ^^'^>' 

c-d+k"  +c'-^+L"  +c-a  +  'k"  '^c-b  +  k"   -" ^"^'^ 

[d-ey     ,    {d-ay^    .    [d-bW    ,    {d-c)y^  ,^^. 

d~e+k"'  +d^:^^k"'+d-b+k'"'^d-c+k"'  -" ^-""^ 

{e-a)a^         (e-b)^'         {e-c}f-         [e-d]^  .gg. 

In  these  equations  the  ^-'s  may  have  any  value. 

4s  2 
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lis.  The  method  of  forming  the  reciprocal  of  one  cycUde  -with  respect  to  another 
will  be  given  in  a  subsequent  Chapter;  in  this  we  shall  anticipate  so  much  of  the 
results  as  to  say  that  it  is  identical  with  the  method  of  quadrics.  This  being  premised, 
if  we  form  the  reciprocal  of  the  cyclides 

au^        &/3^        cy^        S^ 
with  respect  to  U'=a=+/3=+7'  +  6'=0,  we  get 

a   ^    0    '    c    '   a         ' 

{a  +  ky-      (b  +  k)^      {c  +  k)y^      {d+k)l^ 

— ar^+    r^+    c^+    d''=^' 

and  from  the  forms  of  these  reciprocals  it  is  plain  that  they  have  double  contact  along 
the  whole  sphero-quartic,  in  which  each  is  intersected  by  the  common  sphere  of  inver- 
sion U. 

119.  The  three  confocals  to  a  given  cydide  ivhich  can  be  dratvn  through  any  given  point 
are  mutually  orthogonal. 

Definition.  Confocal  cyclides  are  cyclides  having  a  common  sphero-quartic  of  foci. 

Demonstration.  The  focal  quadrics  of  a  confocal  system  of  cyclides  pass  through  a 
common  curve  of  intersection  ;  this  is  the  sphero-quartic,  which  is  their  common  line  of 
foci.  Now  let  P  be  the  point  through  which  the  cyclides  pass,  and  taking  P'  the  inverse 
of  P  with  respect  to  U,  then  the  plane  which  bisects  P  P'  perpendicularly  forms  with 
P,  P',  and  U  a  coaxial  system,  and  the  three  quadrics  touching  this  plane  and  passing 
through  the  common  line  of  foci  will  be  the  focal  quadrics  of  three  confocal  cyclides 
passing  through  P,  P'  and  cutting  each  other  orthogonally.  For  if  X,  Y,  Z  be  the  points 
of  contact  of  the  quadrics  with  the  plane,  it  is  evident  that  the  sphci'es  whose  centres  are 
X,  Y,  Z,  and  which  cut  U  orthogonally,  are  themselves  mutually  orthogonal.  Hence  the 
proposition  is  evident. 

120.  The  cyclides  in  the  last  article  are  not  only  orthogonal  at  P,  P',  but  each  pair  of 
them  are  orthogonal  throughout  their  whole  intersection*. 

Demonstration.  Let  us  consider  the  two  cyclides  whose  focal  quadrics  touch  the 
plane  at  X,  Y,  and  let  us  consider  any  edge  of  the  developable  which  circumscribes  the 
focal  quadrics.  This  edge  will  be  divided  in  involution  by  the  system  of  quadrics 
passing  through  the  common  focal  sphero-quartic.  The  double  points  of  the  involution 
will  be  the  points  of  contact  of  the  edge  with  the  two  quadrics  which  the  developable 
circumscribes.  Hence  the  spheres  having  these  points  as  centres  and  cutting  U  ortho- 
gonally will  themselves  cut  orthogonally,  and  hence  it  follows  that  the  cyclides  of  which 
they  are  generators  will  cut  orthogonally  in  a  curve  which  has  double  contact  with  the 
circle  of  intersection  of  their  generating  spheres. 

*  llt-'iice  it  follows,  by  Dcrrs's  theorem,  that  these  cyclides  intersect  each  other  in  lines  of  curvature. 
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Cor.  Each  cyclide  of  the  three  orthogonal  cyclides  being  a  surfece  of  two  sheets,  liencc 
there  will  be  two  systems,  each  consisting  of  three  sheets,  and  each  system  will  have 
eight  points  common  to  all.  Hence  the  three  orthogonal  cyclides  will  have  sixteen 
points  common  to  all ;  these  will  be  eight  pairs  of  inverse  points. 

121.  The  two  cyclides 

have  in  common  their  five  focal  sphero-qnartics. 

Demonstration.    For  eliminate  u-  from  these  cyclides  by  means  of  the  identical  relation 

and  we  see,  by  making  k=a  in  the  equation  (95),  that  the  cyclides  have  one  focal 
sphero-quartic  in  common.     Hence  the  proposition  is  proved. 

122.  If  two  cyclides  lianncj  the  same  spheres  of  inversion  he  reciprocals  ivith  respect  to 
the  square  of  ant/  of  these  spheres,  then  each  intersects  this  sjjhere  in  a  sphero-qiiartic  of 

foci  of  the  other. 

For  it  is  evident  the  cyclides 

aar  +  hftr  +  cy"  +  dl" 
and 

a^  b^  c^  d 
possess  this  property. 

Section  II. — Foci  of  Sphero-qiiartics. 

123.  AYe  have  seen  that  every  sphero-quartic  can  be  generated  in  four  different  ways 
as  the  envelope  of  a  variable  circle  on  the  surface  of  a  sphere  U,  the  centre  of  the  vari- 
able sphere  moving  along  a  sphero-conic  while  it  cuts  a  fixed  circle  on  U  orthogonally. 
Now,  if  one  of  these  sphcro-conics  be  F,  and  a  the  corresponding  circle,  it  can  be  seen,  in 
the  same  way  as  in  art.  104,  that  each  point  in  which  a  intersects  F  is  a  focus  of  the 
sphero-quartic.  Again,  the  four  cones  wliich  stand  on  the  sphero-conics  (see  equations 
(45),  art.  41),  and  whose  common  vertex  is  at  the  centre  of  U,  are  plainly  the  reciprocals 
of  the  four  cones  which  can  be  drawn  through  the  sphero-quartic ;  but  these  latter  cones 
have  the  same  planes  of  circular  section,  therefore  the  former  system  have  the  same 
focal  lines.     Hence  we  have  the  following  theorem,  analogous  to  one  in  '  Bicirculars ': — 

Every  sphero-quartic  has  sixteen  single  foci,  and  these  lie  four  hy  four  on  four  confocal 
sphero-conics,  these  splicro-conics  being  the  deferentes  or  focal  conies  of  the  sphero-quartic. 

124.  Being  given  one  circle  of  inversion  and  the  corresponding  focal  sphero-conic  of  a 
sphero-quartic,  the  three  remaining  focal  sphero-conics  can  be  constructed.  For  circum- 
scribe a  spherical  quadrilateral  to  the  circle  and  conic  and  through  the  three  quartets  of 
opposite  intersections  describe  confocals,  and  we  have  the  thing  done. 

125.  Let  us  consider  one  of  the  double  lines  of  the  developable  which  circumscribes 
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U  along  the  sphero-quartic,  then  the  cone  whose  vertex  is  at  the  centre  of  U,  and  which 
stands  on  this  double  line,  intersects  U  in  the  corresponding  focal  sphero-conic ;  and  it 
is  plain  that  the  four  foci  on  this  sphero-conic  are  the  four  points  where  the  double  line 
of  the  developable  intersects  U.  Hence  the  sixteen  foci  of  a  sphero-quartic  are  the  six- 
teen points  in  vohich  the  double  lines  of  the  developable  tvhich  circumscribes  the  sphere 
along  the  sphero-quartic  intersect  the  sphere. 

126.  In  Chapter  IV.  we  have  shown  that  the  equation  of  a  sphero-quartic  may  be  so 
interpreted  as  to  represent  a  quartic  cone,  namely,  by  regarding  the  circles  a,  /3,  y,  S, 
which  enter  into  the  equation  of  a  sphero-quartic,  as  single  sheets  of  a  cone,  whose 
vertex  is  at  the  centre  of  the  sphere.  Again,  the  equation  of  a  sphero-quartic  may  be 
interpreted  so  as  to  represent  a  cyclide,  that  is,  by  regarding  a,  j3,  -y,  S  as  spheres  cutting 
U  orthogonally,  and  the  quartic  cone  given  by  the  former  interpretation  will  be  a  tangent 
cone  to  the  cyclide  given  by  the  latter.  Hence  we  have,  from  article  12-3,  the  following 
theorem : — 

The  quartic  cone  ivhicli  circumscnhes  a  cyclide,  and  lohose  vertex  is  at  the  centre  of  a 
sphere  of  inversion  of  the  cyclide, has  sixteen  focal  lines,  which  are  four  by  four  the  edges 
of  four  confocal  cones. 

127.  The  four  confocal  cones  of  the  last  article  possess  another  important  property ; 
to  demonstrate  it  we  must  prove  some  properties  of  binodal  cyclides. 

Let  us  consider  the  sphero-quartic  WU,  W  being  the  cyclide  «a^  +  i/3^  +  e-y- +  f?^-,  and 
U''==a"  +  /3''  +  y''-l-S^,  then  WU  is  the  intersection  of  U  with  any  of  the  four  binodals  got 
by  eliminating  u,  /3,  y,  S  successively  between  W  and  U".  Now  each  of  these  binodals 
has  three  focal  quadrics  and  one  focal  conic,  which  focal  conic  is  also  a  focal  conic  of  the 
three  confocal  quadrics  of  the  cyclide  to  which  it  belongs.  Eliminating  a,  we  get  the 
binodal  {a—b)^'-\-{a—c)'y--\~{a  —  d)'b",  and  the  focal  conic  of  this  is  one  of  the  double 
lines  of  the  developable  %  circumscribed  about  U  along  WU.  Let  the  four  double  lines 
of  2  be  the  conies  C,  C,  C",  C" ;  if  C  be  the  focal  conic  of  {a  —  b)^'  +  {a—c)f  +  {a—d)l\ 
then  %  is  the  developable  circumscribed  about  C  and  U.  Hence,  by  art.  34,  the  three 
focal  quadrics  will  be  the  three  quadrics  described  through  the  conies  C,  C",  C"  re- 
spectively, and  having  C  for  a  focal  conic. 

128.  Since  the  four  cones  standing  ou  C,  C,  C",  C"  are  confocal,  whose  vertex  is  at 
the  centre  of  U,  and  the  four  cones  are  confocal  which  have  the  same  vertex  and 
of  which  one  stands  on  C  and  the  remaining  three  are  circumscribed  to  the  three 
quadrics  of  the  last  article,  hence  we  have  the  theorem,  tliat  the  cones  which  stand  on 
C,  C",  C"  are  circumscribed  to  the  focal  quadrics  of  the  binodal  which  has  C  for  a  focal 
conic. 

129.  From  the  theorems  of  the  two  last  articles  we  infer  at  once'the  following,  which 
is  the  one  referred  to  at  the  commencement  of  art.  127: — If  WU  be  a  sphero-quartiCy 
the  four  cones  having  the  centre  of  V  for  a  common  vertex,  and  standing  on  the  confocal 
sphero-conics  of  WU,  j?fflss  respectively  through  the  focal  conies  of  the  four  binodals  ofWU^ 
and  each  is  circumscribed  to  a  focal  quadric  of  each  of  three  of  these  binodals. 
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130.  Let  us  denote  the  planes  of  circular  section  of  the  cones  tlirough  WU  by  P,  V, 
then  P  passes  through  two  of  the  four  circular  points  at  infinity  on  WU  and  P'  through 
the  other  two;  and  if  11,  H'  denote  the  focal  lines  of  the  four  cones  of  recent  articles, 
we  see  that  the  tangent  planes  to  the  quartic  cone  Q  of  art.  126,  which  touch  it  at  the 
circular  points  at  infinity,  intersect  two  by  two  in  the  lines  IT,  IT'.  Hence  we  have  the 
following  theorem: — The  focal  lines  of  the  four  confocal  cones  of  Q  arc  the  douhle  focal 
lines  of  Q  itself. 

Cor.  1.  Since  every  quadric  has  six  planes  of  circular  section,  including  real  and 
imaginary,  ^ve  infer  that  the  cone  Q  lias  six  douhle  focal  lines. 

Cor.  2.  Since  the  points  in  which  the  focal  lines  of  Q  intersect  the  sphere  U  are  double 
foci  of  WU,  it  folloivs  that  every  sphero-quartic  has  six  double  foci. 

131.  The  theorem  of  the  last  article  may  be  established  as  follows.  Any  plane  I  will 
cut  the  sphero-quartic  in  four  points ;  these  points  are  common  to  the  four  cones  pass- 
ing through  the  sphero-quartic.  Hence,  by  reciprocation  with  respect  to  U,  through 
any  point  i  can  be  drawn  four  planes  to  intersect  the  planes  of  the  nodal  conies  of  2, 
each  in  four  lines,  forming  four  tetragxams  described  about  the  nodal  conies.  And 
since  each  tetragram  has  six  angular  points,  from  any  point  i  can  be  drawn  six  lines 
piercing  the  planes  of  the  nodal  conies  each  in  six  points,  which  will  be  the  angular 
points  of  tetragrams  described  about  the  nodal  conies ;  and  by  supposing  the  plane  I  to 
be  at  infinity,  the  point  i  will  be  the  centre  of  U,  and  the  six  lines  will  be  the  six  focal 
lines  of  the  four  confocal  cones. — Q.E.D. 

132.  When  the  circle  of  inversion  a  touches  the  focal  sphero-conic  F,  the  sphero- 
quartic  has  a  double  point,  and  it  is  the  spheric  inversion  of  a  sphero-conic  (see  art.  81), 
or  the  ordinary  inversion  of  a  plane  conic  from  a  point  outside  the  plane  of  the  conic  ; 
and  the  cyclide  WU,  which  will  be  got  from  the  equation  of  the  sphero-quartic  by 
putting  spheres  for  circles,  as  previously  explained,  will  be  the  inversion  of  a  central 
quadric.  Again,  the  quartic  cone  Q,  got  by  substituting  single  sheets  of  cones  for  the 
circle,  will  have  a  double  line  and  three  focal  cones. 

133.  •  When  a  is  an  osculating  circle  of  F,  the  sphero-quartic  has  a  cusp.  This  species 
of  sphero-quartic  is  the  spheric  inversion  of  a  spherical  parabola,  that  is,  a  sphero-conic 
whose  major  axis  is  a  quadrant,  or  the  ordinary  inversion  of  a  plane  parabola  from  a 
point  outside  the  plane  of  the  parabola.  The  cyclide  WU  will  be  the  inverse  of  a  non- 
central,  quadric,  and  the  cone  Q  will  have  a  cuspidal  edge,  and  but  two  confocal  cones. 

134.  It  is  shown  in  art.  28  of  'Bicircular  Quartics'  that  the  equation  of  every  bicu-- 
cular  can  be  written  in  the  form  %S'=k-C,  where  2,  2'  are  circles  whose  centres  are  the 
double  foci  of  the  quartic ;  and  it  is  easy  to  see  that  this  is  equivalent  to  the  equation  in 
elliptic  coordinates, 

Hence  by  inversion  we  see  that  any  sphero-quartic  can  be  written  in  the  form 

t%'=Jc'C, (100) 
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where  2,  %'  are  small  circles,  whose  centres  are  the  double  foci  of  the  sphero-quartics,  and 
that  this  is  again  equivalent  to  the  equation  in  elliptic  coordinates, 

lj/-r=lVC (101) 

135.  If  in  the  equation  22'=/t:-C  wc  put 

we  get 

and  the  intersections  of  the  circle  S"  with  the  sphero-quartic  are  also  the  points  of  inter- 
section of  the  circle  ^'-Cdb^^'S  with  the  sphero-quartic.  Hence  the  sphero-quartic  meets 
the  circle  %"  only  in  two  points.  Hence  we  have  the  following  theorem : — Any  circle 
whose  plane  is  perpendicular  to  a  double  focal  line  of  a  spJiero-quartic  meets  the  sj^hero- 
quartic  onlij  in  two  p)oints. 

136.  LetP,  P'  be  the  points  in  which  the  circle  S"  meets  the  sphero-quartic,  then  PP' 
will  be  a  generator  of  a  paraboloid  passing  through  the  quartic.  Hence  we  easily  infer 
the  following  theorem : — i/"H,  H',  the  double  foci  of  a  sphcro-ciuartic,  he  joined  to  any  point 
P  of  the  quartic,  and  circles  described  ivith  radii  HP,  H'P  cutting  the  sphero-quartic 
again  in  P',  P"  respectively,  the  lines  PP',  PP"  are  parallel  to  the  planes  of  circular  sec- 
tions of  quadrics  passing  through  the  quartic,  and  they  are  the  generators  through  P  of 
one  of  the  paraboloids  which  can  be  drawn  through  the  sphero-quartic. 

Cor.  Since  three  paraboloids  can  be  drawn  through  the  sphero-quartic,  this  theorem 
affords  another  proof  that  a  sf)hero-quartic  has  six  double  focal  lines. 

137.  If  we  take  the  canonical  form  of  a  sphero-quartic  aa.'-{-bl3--{-C'y'-\-dl-=.0,  we 
get  precisely,  in  the  same  way  as  in  art.  117,  the  following  system  of  equations,  each 
denoting  a  sphero-quartic  confocal  with  the  given  sphero-quartic,  that  is,  each  having  a 
quartet  of  foci  common  with  it : — 

(a-&)p°-         (g-c)y^         {a-d)i^  ,,^^. 

{a-b)+k'T~(a-c)+k'^{a-cl)  +  k—^ ^^^^■' 

{b-c)  +  k'    +{b-d]+k'+(b-a)+k'-^ ^^"^'' 

{c-d)+k"  +{c-a)+k'>+{c-b)+k"  -^ Vi*^*>' 

Jd-a)c^  id_-U)^  [d-c)y"- 

{d-a)  +  k"'^[d-b)+l^<<-T-{d-c)+k'<'-^ y^^'^) 

In  these  equations  the  /c's  may  have  any  value. 

138.  As  in  art.  118,  we  can  show  that  the  reciprocals  of  two  sphero-quartics  having  one 
quartet  of  foci  common  are  two  sphero-quartics  having  quartic  contact  at  the  points 
where  they  are  intersected  by  their  common  circle  of  inversion  a. 

139.  The  two  sphero-quartics 

aa'-]-bll'+cy--{-dl\ 

a^  b^  c^d 
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have  the  system  of  sixteen  foci  common  to  both.     The  proof  is  exactly  the  same  as  that 
of  the  corresponding  theorem  for  two  cyclides. 

140.  Two  sphcro-quartics  having  four  concyclic  common  foci  can  he  descrihed  throiuih 
any  point,  and  they  intersect  orthogonally  in  their  eight  points  of  intersection. 

Bemonstration.  Let  P  be  the  given  point,  P'  the  inverse  of  P  with  respect  to  the 
cii-cle  through  the  four  common  foci,  then  through  the  four  common  foci  can  be 
described  two  sphero-conics  touching  the  great  circle  which  bisects  PP'  perpendicularly ; 
these  will  be  the  focal  sphero-conics  of  the  required  sphero-quartics,  and  tlie  proposi- 
tion is  evident. 

141.  The  construction  in  art.  124  maybe  proved  as  follows:  from  art.  131  we  see 
that  from  any  point  can  be  drawn  concyclic  planes  which  will  intersect  the  planes  of 
the  nodal  conies  of  2  in  four  tetragrams  circumscribed  to  the  nodal  conies.  Now  if  the 
points  from  which  the  four  concyclic  tangent  planes  are  drawn  be  the  pole  of  the  plane 
of  one  of  the  nodal  conies  (that  is,  in  fact,  if  it  be  one  of  the  four  centres  of  inversion  of 
the  sphero-quartic),  the  proposition  is  evident. 


CHAPTER  YIII. 
Anharmonic  Properties  of  the  Developable  %  and  its  Bcciprocal. 

142.  Let  us  consider  the  cyclide  W+^'U"=0,  where 

W= «a^ + ijS^ + ("7=  +  (?S^ 
U^=   ar+  )3-+  r+   V-; 
then  the  tangential  equation  of  the  focal  quadric  of  W+A."U-  is 

and  this  in  tetrahedral  coordinates  is 

7  11  ID 

the  discriminant  of  this  with  respect  to  k  will  be  the  developable  "S,  ch-cumscribed  to  U 
along  the  sphero-quartic  WU. 

143.  The  differential  of  (106)  with  respect  to  k,  gives 

,,.2  yi  ^'-  2^,2  ^ 

Y^+fi  +  A?+f^+I?+7ZTTr2=0; (107) 


and  the  intersection  of  the  quadrics  (106)  and  (107)  will  be  the  locus  of  the  centres  of 
the  generating  spheres  passing  through  the  sphero-quartic  WU  of  the  cyclide  W+/tU-; 
and  this  curve,  namely  the  intersection  of  (106)  and  (107),  is  a  cuspidal  edge  on  the 
surface  of  centres  of  AV-j-A'U^.  Hence  we  see  that  the  locus  of  all  the  cnsjndal  edges  for 
all  the  surfaces  W+/1-U'  is  the  developable  %  circumscribed  to  U  along  WU. 

Cor.  1.  The  cuspidal  edge  of  the  surface  of  centres  of  any  cyclide  of  the  system 
W+A:U-  is  a  quartic  of  the  first  family.  (See  Salmon,  p.  274.) 

MDCCCLXXI.  4  T 
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Cor.  2.  These  cuspidal  edges  have  another  and  a  more  important  geometrical  signi- 
fication ;  they  are  the  curves  in  ^vhich  the  quadrics  of  the  system 


touch  the  envelope ;  on  this  account  I  shall  call  them  curves  of  taction. 

144.  The  envelope  of  the  quadric  (107)  is  Clebscii's  Surface  of  Centres  (see  Salmon, 
page  399).     If  we  form  the  tangential  equation  of  this  quadric,  we  get 

(«+/0V  +  (5+/0y+(c+yt)V+(fZ+A')V-; 

and  this  is  the  focal  quadric  of  the  cyclide 

W+2/,:W+/rU==:0, (108) 

where 

W=a-a"  +  ¥^' + ry-  +  (Jl/l\ 

The  envelope  of  (108)  is  the  cyclide 

W'U^=W^ (109) 

a  surface  of  the  eighth  degree.     Tliis  is  the  envelope  of  all  the  spheres  whose  centres 
move  on  Clebsch's  Surface  of  Centres,  and  which  cut  a  given  sphere  orthogonally. 

145.  The  lines  of  %  are  cut  homographically  by  its  curves  of  taction. 
Demonstration.  %  is  the  envelope  of  all  the  quadrics, 

(aX-  +  J/!i=  +  cr+f/f)-|-A"(v'+j(/,-+r+^^); 

and  by  giving  four  different  values  to  l\  say  Jc\  k",  &c.,  the  anharmonic   ratio  of  the 
four  points  in  which  any  line  of  S  is  divided  by  the  corresponding  lines  of  taction  is 

(k'-l-"){k"'-k""):{l'-k"')(k"-k"") (110) 

Hence  the  proposition  is  proved. 

A  particular  case  is  that  the  anharmonic  ratio  is  constant  of  the  four  points  in  which 
any  line  of  S  is  divided  by  its  four  nodal  conies ;  the  value  of  this  anharmonic  ratio  is 
(a-b){c-d):{a-c){b-d) (Ill) 

146.  The  envelope  of  tangent  lines  to  the  curves  of  taction  of  %  at  all  the iwints  where 
any  line  of%  meets  them  is  a  plane  conic  ivhich  touches  the  cuspidal  edge. 

Let  L,  L'  be  two  consecutive  lines  of  S  ;  then,  since  L,  L'  are  divided  homographically 
by  the  curves  of  taction,  the  proposition  is  evident. 

147.  If  L,  L'  be  two  non-consecutive  lines  of  S,  the  lines  joining  the  points  where  they 
meet  the  curves  of  taction  generate  a  ruled  quadric ;  this  is  evident,  since  the  curves  of 
taction  divide  L,  L'  homographically. 

Cor.  The  lines  joining  the  four  pairs  of  points  in  which  L,  L'  meet  the  double  lines  of 
S  Jire  generators  of  a  ruled  quadric. 

148.  The  reciprocal  of  the  developable  %  is  the  developable  formed  by  the  tangent 
lines  of  the  sphero-quartic  WU.     We  shall  denote  this  latter  developable  by  A. 
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If  we  reciprocate  the  Cor.  in  the  last  article  we  get  the  following  theorem : — 

If  the  four  centres  of  inversion  o/WU  he  joined  by  planes  to  two  non-consecutive  lines 
ofViV,  the  four  lines  of  intersection  of  the  homologous  jjairs  of  planes  cn-e  generators 
of  a  ruled  quadric. 

149.  The  lines  of%  divide  its  nodal  conies  homographically. 

Demonstration .  Let  five  lines  of  %,  namely  L,  L',  t&c,  meet  its  nodal  conies  in  four 
systems  of  five  points,  namely  ?,  I',  &c.,  m,  m',  Sec,  n,  n',  &c.,  i),p',  &c. ;  then,  by  art.  147, 
the  four  systems  of  lines 


11'  , 

mm'  , 

vn'  , 

pp' 

11" , 

vim"  , 

nn"  , 

pp' 

W" , 

mm'" , 

mi'", 

pp' 

U"", 

mm"", 

nn"". 

pp' 

are  generators  of  four  hyperboloids,  H,  H',  H",  H'",  and  the  planes  UV,  Ul",  Ul"',  UF" 
are  tangent  planes  to  H,  H',  &c. ;  hence  the  anharmonic  ratios  are  equal,  l{l],  I",  I'",  I""} 
{HH'H"]:!'"}.     Hence  the  proposition  is  proved. 

150.  By  reciprocating  art.  149  we  get  the  following  theorem: — If  four  tangent  planes 
be  drawn  through  any  four  lines  of  the  system  WU  to  one  of  the  four  cones  through  WU, 
the  anharmonic  ratio  of  these  four  tangent  planes  is  equal  to  the  anharmonic  ratio  of  the 

four  tangential  planes  drawn  through  the  same  lines  ofWV  to  any  of  the  three  remaining 
cones. 

Cor.  From  this  proposition  we  infer  the  following  theorem: — The  anharmonic  ratio  of 
the  four  edges  of  one  of  the  four  cones  of  ViV  passing  through  any  four  points  on  WU 
is  equal  to  the  anharmonic  ratio  of  the  four  edges  passing  through  the  same  points  of  any 
of  the  three  remaining  cones. 

151.  Since  the  sphero-quartic  WU  is  a  curve  of  taction  on  S,  the  tangent  line  to  WU 
at  the  point  where  L  cuts  it  (see  art.  146)  is  a  tangent  line  to  the  conic  of  art.  146.  This 
theorem  maybe  enunciated  as  follows: — A  tangent  plane  to  the  sphere  U  at  any  point  P 
of  the  sphero-quartic  WU  intersects  the  four  faces  of  the  tetrahedron  whose  vertices  are 
the  centres  of  inversion  of  the  sphero-quartic  in  four  lines;  and  the  conic  determined  by 
these  lines  and  the  tangent  line  to  WU  cd  P  ivill  also  touch  the  line  of  contact  of  the 
plane  with  X  at  the  cuspidal  edge  of  S. 

We  shall  have  to  refer  so  frequently  to  the  tetrahedron  formed  by  the  centres 
of  inversion  of  WU,  that  in  order  to  avoid  circumlocution  I  shall  simply  call  it  the 
tetrahedron. 

152.  By  reciprocating  with  respect  to  U  we  get  from  the  theorem  of  the  last  article 
this  other  theorem : — The  four  lines  draivn  from  any  point  P  of  a  sphero-quartic  WU  to 
its  four  centres  of  inversion,  the  line  of  %  passing  through  P,  and  the  line  of  A  through 
P  are  edges  of  the  same  cone  of  the  second  degree,  which  has  also  the  osculating  plane  of 
AVU  at  7  for  a  tangent  plane. 

The  cone  possesses  this  property  also ;  namely,  the  anharmonic  ratio  is  constant  of  the 
four  edges  passing  through  the  centres  of  inversion. 

4t2 
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153.  Let  us  now  consider  the  developable  A  reciprocal  of  2.  This  is  formed  by  the 
tangent  lines  of  WU.     Let  K  be  one  of  Kg-  4. 

the  centres  of  inversion  of  WU,  P,  P', 
Q,  Q'  two  pairs  of  inverse  points  of 
WU  ;  then,  if  P,  Q  be  consecutive  points, 
PQ,  P'Q'  are  two  lines  of  A,  and  their 
point  of  intersection,  S,  is  a  point  on  two 
lines,  and  the  locus  of  S  will  be  a  double  or  nodal  line  of  A. 

Now  we  have  seen  that,  W  being  aa'^  +  bft^  +  cy^  +  dl'^,  U-ssa^-l-j3-+-y'4-S'^,  the  sphero- 
quartic  WU  will  be  the  intersection  of  the  quadrics 

^'+  r+  2'+  w'=o, 

and  the  equation  of  the  nodal  line  of  the  developable  A  is  (see  Salmon's  '  Geometry  of 
Three  Dimensions,'  art.  209) 

^c-cf      [c-af      {a-hf  _^ .^^2) 

bcx^     '      cay^      '      abz^  V"^/ 

The  same  equation  may  be  easily  inferred  from  '  Bicircular  Quartics,'  art.  43. 

Hence  each  of  the  four  nodal  lines  of  ^  is  a  quartic  curve  having  three  double  points, 
the  double  points  being  at  the  centres  of  inversion,  ivhich  are  in  the  plane  of  the  nodal  line 
and  passing  through  the  four  single  foci  of  the  sphero-quartic  which  lie  in  the  plane  of 
the  nodal  line. 

154.  Every  line  of  A  has  a  corresponding  line  in  S ;  and  by  art.  146  any  line  of  A  and 
the  corresponding  one  of  %  are  tangents  to  a  conic,  which  also  touches  the  four  lines  in 
which  their  plane  intersects  the  faces  of  the  tetrahedron.  Hence  any  line  of  A,  and  the 
corresponding  line  of  2,  are  divided  homographically  by  the  faces  of  the  tetrahedron  ; 
but  the  lines  of  2  are  divided  in  a  given  anharmonic  ratio  by  these  faces  (see  art.  145). 
Hence  tJie  lines  of  A  are  divided  in  a  given  anharmonic  ratio  by  its  four  nodal  lines. 

Cor.  If  two  lines  L,  L'  of  A  meet  its  nodal  lines  in  two  systems  of  four  points  I,  m,  n,  p, 
I',  in!,  n',  p',  the  corresponding  chords  of  the  nodal  lines  II',  mm',  nn',  pp'  are  generators 
of  an  hyperboloid ;  for  L,  L'  are  divided  equianharmonically  by  the  nodal  lines  of  A. 

155.  The  nodal  or  double  lines  of  A  are  homograpliic  figures. 

For  let  five  lines  of  A  meet  its  doable  lines  in  the  four  systems  of  five  points  each, 
then  are  equal  the  four  pencils 

l{l'  I"  I'"  I""},     m{m'  m"  m'"  m""], 
n{n'  n"  n'"  n""},    p  {f'  p"  p'"  p""  ]  ; 

that  is,  the  four  pencils  are  equal  which  are  formed  by  the  corresponding  chords  of  the 
four  double  lines.  This  follows  exactly  in  the  same  way  as  the  corresponding  proposition 
of  art.  149.     Hence  the  proposition  is  proved. 

156.  By  reciprocation  we  get  from  the  Cor.  of  art.  154  the  following  theorem: — If 
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L,  L',  L",  L"',  L"  he  Jive  lines  of  2,  tlte  jylane  joining  1j  to  any  of  the  four  centres  of  inver- 
sion will  intersect  the  planes  joining  L',  L",  &c.  to  the  same  centre  in  four  lines,  tohose 
anharmonic  ratio  will  be  indej)endent  of  the  centre  used  in  the  construction,  or,  in  other 
words,  will  be  the  same  for  all  the  centres. 

157.  Since  the  locus  of  all  the  points  on  two  lines  of  A  is  a  system  of  four  plane 
curves,  each  of  the  fourth  degree,  and  having  three  double  points,  it  follows  by  recipro- 
cation that  the  envelope  of  all  the  planes  through  two  lines  of  2  is  a  system  of  four  cones, 
each  of  the  fourth  class,  and  each  cone  having  one  of  the  vertices  of  the  tetrahedron  for 
vertex,  and  the  three  faces  which  meet  in  that  vertex  as  double  tangent  planes. 

158.  If  L  be  a  line  of  A,  then  the  anharmonic  ratio  is  constant  of  the  pencil  of  planes 
through  L  to  the  vertices  of  the  tetrahedron.  Hence  any  face  of  the  tetrahedron  will 
intersect  this  pencil  in  four  lines  whose  anharmonic  ratio  is  constant.  Now  of  the  rays 
(four  lines),  three  are  lines  from  the  point  where  L  pierces  the  face  of  the  tetrahedron 
to  the  three  vertices  in  that  face,  and  the  fourth  is  a  tangent  to  the  cone  in  which  the 
same  face  intersects  one  of  the  four  cones  through  WU, — the  three  vertices  forming  a  self- 
conjugate  triangle  with  respect  to  that  conic.  Hence  we  have  the  following  theorem : — 
If  from  any  foint  in  one  of  the  four  nodal  lines  of  A  three  lines  be  draivn  to  the  three 
double  points  of  that  nodal  line,  and  a  fourth  line  be  drawn  tangential  to  the  conic  in 
which  the  fourth  cone  through  ^^V  pierces  that  face,  then  is  constant  the  anharmonic 
ratio  of  the  pencil  thus  formed. 

159.  The  following  direct  proof  of  the  converse  of  the  theorem  of  the  last  article, 
stated  as  a  property  of  any  quartic  curve  having  three  double  points,  was  communicated 
to  me  by  my  friend  J.  C.  Malet,  Scholar  of  Trinity  College,  Dublin.  If  from  any  point 
of  a  trinodal plane  quartic  three  rays  of  a  given  anharmonic  pencil  be  drawn  to  the  nodes, 
the  envelope  of  the  fourth  ray  is  a  conic  section. 

Let  the  quartic  be  given  by  the  equation 

where  [xy),  {yz),  {zx)  are  the  three  nodes,  and  let  the  point  from  which  the  pencil  is 
drawn  be  x'  y'  » ,  then  three  of  the  rays  are  evidently  the  system  of  determinants 

a^,    y,     z', 
X,    y,    z, 

and  these  may  be  denoted  by  the  concurrent  systems  L=0,  M=:0,  Lr'  +  My  =  0. 

Now,  if  we  denote  the  fourth  ray  of  the  pencil  by  L-f-A'M,  the  conditions  of  the 
question  give 

■-,=-,  where  c  is  constant; 

but 

L + A-M  =.!■(/  z'-y')  \yx'  -  kzx' 

—  'kx-r('yy—''Z  suppose; 
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and  by  comparing  coefficients  we  get 

Jcz'—y'^l.,     a/=l/j, 
kx'=v,  /cz'-ci/'^O. 

Hence  we  have  the  following  values  for  a/,  i/',  z', 

and  these  values,  substituted  in  the  equation  of  the  given  quartic,  give  after  reduction 
c=?.=+c=(c-l)y  +  (c-l)V+2tf(c-lXA//.i/+BvX  +  CrX/i)  =  0, 

the  tangential  equation  of  a  conic. 

Cor.  By  reciprocation  we  get  the  following  not  less  interesting  theorem : — 
If  any  tangent  T  to  a  curve  of  the  fourth  class  having  three  double  tangents  intersect 
its  three  double  tangents  in  the  three  points  A,  B,  C,  and  if  a  fourth  point  D  he  taken  on 
T,  such  that  the  anharmooiic  ratio  jA  B  C  D}  is  given,  the  locus  ofD  is  a  conic  section. 

160.  If  we  take  any  point  P  on  one  of  the  four  nodal  lines  of  2,  then  through  P  can 
be  drawn  two  lines  of  %,  say  L,  L' ;  let  these  meet  the  other  nodal  lines  of  %  in  the  two 
triads  of  points  a,  a!,  a",  b,  b',  h" ;  then,  since  the  lines  of  S  are  divided  equiauharmonically 
by  its  nodal  lines,  the  two  ranges  are  equal,  Faa'a",  Fbb'b".  Hence  the  lines  are  con- 
current, ab,  a'b',  a"b",  the  point  of  concurrence,  being  the  vertex  of  the  tetrahedron  oppo- 
site to  the  plane  of  the  node  on  which  is  taken  the  point  P. 

161.  If  we  denote  the  four  nodal  conies  of  %  by  N,  N',  N",  N'",  and  if  J  be  the  section 
of  the  sphere  U  made  by  the  face  of  the  tetrahedron  on  which  N  lies,  P  the  point  where 
a  common  tangent  PP'  of  J  and  N  touches  N,  then  the  lines  of  X  which  can  be  drawn 
through  P  are  coincident ;  in  fact  the  section  of  2  made  by  the  plane  of  N  consists  of  the 
conic  N  repeated  twice,  and  of  the  four  common  tangents  of  J  and  N,  the  equations  of 
the  common  tangents  being 

V?±^\/^±--\/?=0 (113) 

(see  Salmo>''s  '  Geometry  of  Three  Dimensions,'  p.  161).  Hence  it  follows  from  the 
last  article  that  the  common  tangent  PP'  meets  each  of  the  remaining  nodal  conies 
N',  N",  N'",  and  that  the  tangents  to  K',  N",  N'",  at  the  points  where  PP'  meets  them, 
are  complanar  and  concurrent,  the  point  of  concurrence  being  the  opposite  vertex  of  the 
tetrahedron.  Hence  we  easily  infer  the  following  theorem : — The  three  nodal  conies 
N',  N",  W  pass  respectively  through  the  three  pairs  of  opposite  intersections  of  the  tetragram 
found  by  common  tangents  of  J  and  N.  Compare  art.  34,  124,  and  art.  38,  'Bicircuiar 
Quartics.' 

162.  From  the  theorems  of  this  Chapter  may  be  easily  inferred  properties  of  Bicircuiar 
Quartics ;  I  give  a  couple  of  instances. 

1".  Since  the  anharmonic  ratio  is  constant  of  the  four  planes  through  any  line  of  A 
to  the  vertices  of  the  tetrahedron,  these  planes  will  cut  the  sphere  U  in  four  circles,  which 
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four  circles  will  belong  one  to  each  of  the  four  systems  of  generating  circles  of  the 
sphcro-quartic  WU ;  but  if  the  sphero-quartic  be  inverted  from  any  arbitraiy  point  of  U, 
it  becomes  a  bicircular  quartic.  Hence  the  anharmomc  ratio  is  constant  of  the  four 
generating  circles  of  a  bicircular  quartic  which  touch  each  other  at  any  ]}oint  of  the  ciuartic. 
See  'Bicircular  Quartics,'  art.  99. 

2°.  If  four  joints,  1,  m,  n,  p,  he  taken  on  a  bicircular  quartic  and  normals  he  drawn  to 
the  quartic  at  these  points,  the  normals  divide  the  focal  conies  of  the  quartic  homogra- 
fhically.     This  follows  from  art.  149. 

163.  Conversely,  properties  of  sphero-quartics  may  be  inferred  from  those  of  bicir- 
culars. 

If  we  take  any  line  through  two  points  E,  F  of  the  sphero-quartic  WU,  and  through 
EF  draw  four  planes  each  tocching  WU  in  another  point,  these  planes  intersect  U  in 
four  circles,  which  will  become,  if  U  be  inverted  into  a  plane,  four  circles  intersecting 
a  bicircular  quartic  in  two  common  points  and  touching  it,  each  in  another  point,  but 
the  anharmonic  ratio  of  such  a  pencil  of  circles  is  constant  (see  '  Bicirculars,'  art.  99). 
Hence  is  constant  the  anharmonic  ratio  of  the  four  planes  through  EF. 

Cor.  1.  If  A,  B,  C,  D  he  the  four  points  where  the  planes  throughYF  touch  the  sphero- 
quartic,  the  tangent  lines  to  the  quartic  at  A,  B,  C,  D  {that  is,  the  lines  of  A  through  A, 
B,  C,  D)  meet  EF  in  four  p)oints  whose  anharmonic  ratio  is  constant. 

Cor.  2.  The  four  lines  of  A  of  Cor.  1  are  generators  of  a  ruled  quadric. 

Cor.  3.  If  through  the  lines  of  A  at  A,  B,  C,  D  (that  is,  the  four  lines  of  Cor.  1)  be  draivn 
four  planes  intersecting  the  sphero-quartic  in  a  common  chord,  if  the  common  chord 
varies  it  will  generate  a  ruled  quadric. 

CEL\.rTEE  IX. 
Osculating  Circles  of  Sphero-quartics. 

164.  If  we  consider  the  cy elide 

W =««•-  +  b^- + cf + dS- = 0, 
and  the  sphere  U  given  by  the  equation 

then  the  quadric 

ax--\-by"--\-cz--\-d-w'^, 

which  will  be  the  reciprocal  of  the  focal  quadric  of  W,  will  pass  through  the  sphcro- 
quartic  WU,  and  a:''+?/--|-s-  +  zf'-=0  will  be  the  equation  of  U  in  the  same  system  of  tetra- 
hedral  coordinates. 

The  section  of  these  quadrics  by  the  plane  w  will  be  the  conic  ax--\-hf-\-cz-=^0  and 
the  circle  x'--\-y--{-z^=-Q.  Now,  following  Clebsch,  let  us  generalize  the  method  of  finding 
the  evolute  oi ax^-\-by"'->rCZ~  (see  Salmon's  'Geometry  of  Three  Dimensions,'  art.  472). 
We  have  the  following  problem  to  solve,  which  will  be  the  generalization  of  di-awing  a 
normal  to  a  conic.  Let  it  be  required  to  find  a  point  x,  y,  z  on  the  conic  ax--\-by--\-cz^, 
such  that  the  pole  with  respect  to  the  circle  x^+y'-'rz'^  of  the  tangent  to  the  conic  at 
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0-,  y,  z  shall  lie  on  the  line  joining  x,  y,  z  io  z.  given  point  x',  y\  z' ;  denoting  the  coordi- 
nates of  any  point  on  this  latter  line  by  x' —-hx,  y'  —  'Ky,  z'—Xz,  we  find  (as  in  »Salmon, 
art.  472)  that  the  generalized  evolute  of  a£- +  by^  +  cz-  is  the  discriminant  of  the  conic 

bf 


V.+7 


,  +  i 


:,=0 


with  respect  to  X,  and  therefore  the  required  evolute  is  the  curve  of  the  sixth  degree 

ai{b~cfxi  +  l'ic-a)iy^  +  ci(a-b)h^  =  0; (114) 

and  the  reciprocal  of  this  with  respect  to  the  circle  x^-\-y^  +  z''=0  is  the  quartic  curve 


{b-cY  ,{c-a)-  ,   {a 
'~r    „„,,2   ~r 


bcx^ 


caif 


abz" 


=  0. 


(115) 


165.  The  equation  (115)  occurs  so  frequently  in  subsequent  articles  that  we  shall 
examine  its  properties  with  some  detail.  If  in  the  equation  of  the  developable  A  formed 
by  the  tangent  lines  ofWU  we  make  w  =  0,  the  result  will  be  the  square  of  (115). 
Hence  we  infer  the  following  theorem: — The  nodal  lines  of  f lie  derelojpable  A  are  the 
reciprocals  of  the  generalized  evolute  of  the  conies  in  tvhieh  the  reciprocals  of  the  focal 
quadric  are  cut  by  the  faces  of  the  tetrahedron. 

166.  If  we  invert  the  sphere  U  from  one  of  the  eight  centres  of  inversion  (sec  art.  83) 
into  one  of  the  faces  of  the  tetrahedron,  the  sphero-quartic  WU  will  invert  into  a  bicir- 
cular ;  and  it  is  easy  to  see  that  the  nodal  line  of  A  in  that  face  of  the  tetrahedron  will 
be  the  locus  of  the  intersection  T  of  tangents  to  the  bicii'cular  at  a  pair  of  inverse 
points  P,  P'  (see  art.  43,  '  Bicirculars') ;  but  the  point  T  is  evidently  the  centre  of  simi- 
litude of  two  consecutive  generating  circles  of  the  bicircular.  Hence  the  locus  of  T  is 
the  envelope  of  the  axis  of  similitude  of  three  consecutive  generating  circles  of  the 
bicircular.  Hence  we  infer  the  following  theorem: — If  a  sphero-quartic  WU  be 
inverted  into  a  bicircular  on  the  plane  of  one  of  the  faces  of  the  tetrahedron,  the  nodal 
line  of  the  developable  i^  formed  by  the  tangent  lines  of  WU  is  the  envelope  of  the  radical 
axis  of  a  pair  of  inverse  osculating  circles  of  the  bicircular. 

167.  The  equation  (115)  may,  by  incorporating  constants  with  the  variables,  be  written 
in  the  form 

i     1—1 

and  in  this  form  it  will  be  satisfied  by  the  coordinate  of  the  point  common  to  the  system 
of  determinants 

X,  y,  s, 

sec  2),     cosec(p,    1. 

If  we  call  this  the  point  <p,  then  the  equation  of  the  chord  joining  the  points  <p,  (p'  will 
be  the  determinant 

X,  y,  z, 

secip,     cosecip,     1,     =0 (116) 

sccip',    cosecip',    1, 
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Hence  wc  find  without  difficulty  the  tangent  to  be  given  by  the  equation 

a'cos'^+y  sin'ip=r ; (11~) 

and  this  is  therefore  the  equation  of  a  tangent  to  a  nodal  line  of  A. 

IGS.  If  from  any  point  of  the  curve  ■^i-\-—_=^four  tangents  he  drawn,  the  points  of 
contact  are  in  a  right  line. 

Demonstration.  AVe  shall  simplify  the  proof  by  taking  z  =  unity.  Let  a/  /  be  the 
point  of  contact,  then  the  tangent  is 

and  if  (a  /3)  be  a  point  where  this  meets  the  curve  again,  we  have  the  equations 

a.         fi  /I  \ 

^^  +  ^3=1,'       •       •       {^) 

^+i=l,.     .     .     (2) 
^.+4,=1..     .    .     (3) 
Hence  from  (1),  (3)     .     .     .    ^      +^'=0,      ...     (4) 
„         „     (2),  (3)     .     .     .     ^    +^=0,.     .     .     (5) 

„     (4)  and  (5)    .     .     (^f^,  +  (^|yyy  =0, 

or  (/3y— ay)(/3a;'+ay  — a/3)  =  0.     Therefore  the  line  /3.i-'+ay  — «/3  =  0  passes  through 
the  points  of  contact,  and  the  proposition  is  proved. 

Cor.  1.  The  envelope  of  the  line  through  the  points  of  contact  is  a  conic  section  ;  for  if 

we  seek  the  envelope  of  —  +^=1,  subject  to  the  condition  ^2  +  fl2  =  l>  we  get  the  conic 

section 

or+f=l. 

The  reader  is  not  to  imagine  from  its  form  that  this  equation  represents  a  circle. 

Cor.  2.  The  anharmonic  ratio  is  constant  of  the  four  points  in  which  the  chord  of 
contact  meets  the  curve.  This  follows  at  once  by  considering  the  pencil  of  four  tangents 
from  a  point  infinitely  near  the  former  one. 

Cor.  3.  If  four  tangents  be  draivn  to  the  emlute  of  a  conic  at  the  j^oints  where  any 
tangent  of  the  evolute  meets  it,  these  four  tangents  are  concurrent,  and  the  locus  of  their 
pjoints  of  concurrence  is  a  conic  piassing  through  the  six  cus2>s  of  the  evolute. 

169.  In  the  sphero-quartic  WU,  if  P,  P'  be  inverse  points  with  regard  to  one  of  its 
MDCCCLXXI.  4  u 
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spheres  of  inversion,  (a)  for  instance,  then  the  spheres  orthogonal  to  U  passing  respect- 
ively through  two  triads  of  consecutive  pairs  of  points  at  P,  P'  will  be  osculating  spheres 
of  W,  and  their  circles  of  intersection  with  U  will  be  osculating  circles  of  WU.  The 
radical  plane  of  the  inverse  pairs  of  osculating  spheres  will  be  a  diametral  plane  of  U, 
and  will  intersect  the  face  of  the  tetrahedron  in  a  line  which  will  be  a  tangent  line  to 
the  curve  (115).  Hence  we  have  the  following  theorem: — The  envelo])e  of  the  radical 
^lane  of  a  ])air  of  inverse  osculating  sjjhercs  of  a  sjjhero-quartic  is  a  cone  of  the  fourth 
degree  possessing  the  following  properties : — 

1°.  It  has  three  double  edges  passing  through  three  vertices  of  the  tetrahedron. 

2°.  It  has  six  stationary  tangent  planes. 

3°.  If  through  ang  edge  four  tangent  planes  he  drawn,  their  edges  of  contact  are  com- 
planar. 

4°.  The  anharmonic  ratio  of  the  four  edges  of  contact  is  constant. 

5°.  The  envelope  of  the  plane  throihgh-the  four  edges  of  contact  is  a  cone  of  the  second 
degree  touching  the  six  stationary  tangent  planes. 

170.  Let  K  be  one  of  the  vertic^  ojf  the  tetrahedron,  and  S  one  of  the  osculating 
circles  of  WU.  I  say  the  cone  V,  whose  vertex  is  K  and  which  stands  on  S,  will  have 
double  contact  with  the  cone  whose  vertex  is  K  and  which  circumscribes  U. 

■  Demonstration.  The  cone  which  circumscribes  U  along  S,  and  the  cone  whose  vertex 
is  at  Iv  and  which  circumscribes  U,  have  plainly  two  common  tangent  planes ;  and  these 
will  evidently  be  tangent  planes  to  V  also.     Hence  the  proposition  is  proved. 

171.  The  cone  V  osculates  the  cone  through  WU  having  the  same  vertex  as  V. 
This  is  evident,  since  S  pfissfes  thi'ough  three  consecutive  points  of  WU.  The  planes 
of  circular  section  of  V  are  parallel  to  the  plane  of  S,  and  to  the  plane  of  the  inverse 
of  S. 

172.  If  we  form  the  reciprocal  of  the  cone  V  with  respect  to  U,  its  vertex  will  be  at 
the  centre  of  U,  its  intersection  with  U  will  be  a  sphero-conic  having  double  contact 
with  a  circle  of  inversion  (see  art.  170),  (2°)  osculating  the  corresponding  focal  sphero-conic 
(art.  171);  3°,  the  focal  lines  will  pass  through  two  points  on  the  cuspidal  edge  of  the 
developable  A  circumscribed  along  WU  (art.  171).  Hence  we  may  enunciate  the 
following  theorem: — If  Z  and  F  denote  the  two  cones  whose  vertices  are  at  the  centre  of 
U,  and  tvhich  stand  respectively  on  a  circle  of  inversion  and  on  a  focal  sphero-conic  of 
the  sphero-quarticWU ,  the  cone  standing  on  the  cuspidal  edge  of  A  is  generated  by  the 
focal  lines  of  a  variable  cone  which  has  double  contact  with  J  and  which  osculates  F. 

173.  The  theorem  of  the  last  article  has  an  analogue  in  the  theory  of  bicu'cular 
quartics.  This  may  be  inferred  from  the  one  for  sphero-quartics ;  but  the  following  is  a 
direct  proof. 

First  we  have  to  find  the  locus  of  the  centre  of  a  variable  circle  which  touches  one 
circle  and  which  is  orthogonal  to  another. 
Let  the  variable  circle  be 

x^+f+2gx+2fy  +  c^0, 
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the  touched  circle 

^^+/+2A+2/'^+f'=0,         (1) 
the  orthogonal  circle 

x'^y-\-2f.i-^2f"!j^d'  =  ^.         (2) 

The  given  conditions  supply  the  two  equations, 

Hence,  eliminating  c,  and  putting  x,  y  in  place  of  —g,  —f,  which  are  the  coordinates 
of  the  centre  of  the  variable  circle,  we  get  for  the  required  locus 

Hf+r-<'){^+f+^g^'+¥''i/+'n=\^i9'-9'>+^f'-fni/+<^-^'\%  (118) 

a  conic  which  has  double  contact  with  the  circle  cut  orthogonally,  the  radical  axis  of 
the  two  fixed  circles  being  the  chord  of  contact. 

The  focus  of  the  conic  is  the  centre  of  the  fixed  circle ;  this  is  most  easily  seen  by 
taking  the  centre  of  the  fixed  circle  as  origin ;  then/'  =  0,  g'  =  0,  and  the  equation  (118) 
becomes  that  of  a  conic  having  the  focus  as  origin,  namely 

Ac'{x^+f-)  +  i2g"x  +  2f"y+c'+c"f:=0 (119) 

Now  if  the  circle  (1)  be  an  osculating  circle  of  a  bicircular  quartic,  and  the  circle  (2) 
one  of  its  circles  of  inversion  J,  the  conic  (119)  must  have  three  consecutive  points 
common  with  the  focal  conic  of  the  quartic  which  corresponds  to  J,  namely  the  centres 
of  the  three  generating  circles  of  the  quartic  which  the  circle  (1)  touches.  Hence  we 
see  that  the  proposition  is  proved,  that  the  evolute  of  a  hicircular  (quartic  is  the  locus  of 
the  foci  of  a  variable  conic  which  has  double  contact  with  a  circle  of  inversion  of  the 
quartic,  and  which  osculates  the  corresjwnditig  focal  conic. 

174.  The  theorem  proved  in  the  last  article  enables  us  to  determine  the  degree  of  the 
evolute  of  a  bicircular.  For  let  c  be  Chasles's  characteristic ;  that  is,  let  v  be  the  number 
of  conies  osculating  the  focal  conic  F  of  a  bicircular  quartic,  and  having  double  contact 
with  the  corresponding  circle  of  inversion  J,  which  can  be  described  to  touch  a  given 
line ;  then  the  required  degree  will  be  3f.  Hence  the  degree  of  the  evolute  will  be 
known  when  v  is  found.  We  shall  prove  in  the  next  article  that  y  is  12 ;  therefore  the 
degree  is  36 ;  but  this  number  sufiers  a  reduction,  as  we  shall  prove  that  it  includes  the 
line  at  infinity  taken  24  times.     Hence  the  reduced  degree  is  12. 

175.  To  find  Chasles's  characteristic  v  for  a  system  of  conies  osculating  one  given  conic 
and  having  double  contact  with  another  given  conie.  Our  solution  will  depend,  1°,  on 
the  question.  If  a  variable  conic  touch  a  given  line,  and  have  double  contact  with  a  given 
fixed  conic,  to  find  the  envelope  of  its  chord  of  contact  with  the  fixed  conic. 

This  is  solved  as  follows.     The  condition  that  the  conic  S+P"^  should  touch  P'  is  the 

tact-invariant 

(1  +  S")S'-R~0  (see  art.  46). 

Let  S=.r'+?/'+r',  Y'=l.x-\-w)j-\-vz,  ¥^}'x-{-[jJij-\-v'z,  and  the   tact-invariant  gives 

4u2 
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X,  f/j,  V  connected  by  an  equation  of  the  second  degree.  Hence  the  envelope  is  a  conic 
section. 

2°.  On  the  question,  If  a  variable  conic  osculate  one  conic,  and  have  double  contact 
with  another  given  conic,  to  find  the  envelope  of  the  chord  of  contact. 

Let  the  osculated  conic  be 

and  the  one  of  double  contact 

then  the  variable  conic  must  be  of  the  form 

Now,  if  we  want  to  describe  a  conic  having  double  contact  with  a,■-+^'^+2^  where 
'kx-^-l/jy-'rvz  cuts  it  and  touching  ax^-\-hy^-\-cz^,  the  points  of  contact  on  ax--\-hy^-\-cz^ 
will  be  given  as  the  points  of  intersection  of  ax^-\-hy^-\-cz^  with  the  Jacobian  of 
ax'^-\-ly^-\-cz'^,  x'^-\-y'^-\-z^,  and  'kx-\-^y-{-vz;  that  is,  the  points  of  contact  will  be  the 

points  of  intersection  of  ax''--\-hy--\-cz-  with  the  conic    ^  ~w_^Mg^^)_[_''l°~  J.  ^^(j  if  two 

of  these  points  of  intersection  coincide,  the  conic  which  has  double  contact  with  x'^-\-y'^-\-z^ 
will  osculate  ax"^ -^-ly^ -\- cz" ;  hence  we  must  form  the  condition  that  the  conies  touch 

ax^  +  hf+cz^=^,  x(5-c)_^^_^v(«-^^^_ 

This  is  easily  found  to  be 

aMb-cp3  +  U{c-afijM-^c^{a-h)im=0 (120) 

Now,  since  this  denotes  a  curve  of  the  sixth  class,  and  the  former  condition  1"  a  curve 
of  the  second,  they  will  have  twelve  common  tangents;  hence  v=:V2. 

Cor.  In  the  same  way  it  may  be  proved  that  ja-=12. 

176.  We  shall  now  return  from  our  digression  on  bicirculars. 

At  the  points  where  the  nodal  conic  N  of  the  developable  %  (see  art.  101)  cuts  J,  the 
osculating  circle  of  the  sphcro-quartic  WU  cuts  J  orthogonally;  and  hence  it  is  its  own 
inverse  with  respect  to  the  sphere  a.  Therefore  the  four  points  in  which  J  cuts  N  are 
points  of  stationary  osculation.  Hence  there  are  on  a  sphero-quartic  sixteen  points  of 
stationary  osculation. 

Cor.  The  cone  of  articles  170,  171  in  this  case  breaks  up  into  two  planes;  and  since 
the  poles  of  the  planes  of  the  osculating  circles  of  WU  form  the  cuspidal  edge  of  the 
developable  2,  we  see  that  2  has  sixteen  stationary  ])oints  which  lie  four  hj  four  on  the 
four  nodal  conies  N,  N',  N",  N'",  the  four  stationary  points  on  N  being  the  four  points  of 
contact  of  the  common  tangents  of^  and  J;  and  similarly  for  N',  N",  N"'. 
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177.  The  sphcro-quartic  (WU)  is  tlic  intersection  of  the  two  surfaces  in  tctrahedral 
coordinates, 

ax^  -\-hi)'^-\-  cz- + dio- =0, 

the  first  being  the  reciprocal  of  the  focal  quadric  of  W,  and  the  second  the  sphere  U. 
Now  the  osculating  plane  of  WU  at  any  point  x',  i/',  z',  w'  is  (see  Salmon's  '  Geometry 
of  Three  Dimensions,'  p.  291) 

(a-bXa-c){a-d)x''x  +  (b-a){b-c)(b-(l)f>/ 

-{■(c-aXc-bXc-d)z"z+{d-a){d-b)(d-c)z'ho=Q. 

This  may  be  written  in  a  simpler  manner :  thus,  if  \{/(a)  denotes  a  biquadratic  Avhose 
roots  are  a,  b,  c,  d,  the  coefficients  of  tlie  above  equation  denote  tlie  results  of  substi- 
tuting the  roots  a,  b,  c,  d  respectively  in  ^'{X),  so  that  the  equation  becomes 

^}/'(a)yl^■  +  ^!/'(%"^^-^l/'(c)^'^-  +  ^f/'(^0»"«'  =  0 (121) 

Hence  through  any  j^oint  can  be  drawn  twelve  planes  to  osculate  a  sphero-quartic. 

Cor.  1.  Through  any  point  on  the  sphere  U  can  be  described  twelve  osculating  circles  of 
WU.  Hence  Chasles's  characteristic  [/j  for  the  osculating  circles  of  a  sphero-guartic  is 
^=12. 

Cor.  2.  If  the  point  be  on  the  sphero-quartic  itself  /a=9. 

Cor.  3.  Every  sphcro-qiiartic  is  osculated  by  twelve  great  circles ;  for  twelve  osculating 
planes  can  be  drawn  through  the  centre  of  U. 

Cor.  4.  Let  us  consider  any  small  circle  Z  on  the  surface  of  U  ,•  then,  since  through  the 
pole  of  the  plane  of  Z  can  be  drawn  twelve  planes  osculating  WU,  we  have  the  theorem 
that  any  circle  on  the  surface  of  U  is  cut  orthogonally  by  twelve  osculating  circles  of  WU. 

Cor.  5.  By  inversion  we  get  the  following  theorem  for  bicirculars  : — Any  circle  in  the 
plane  of  a  bicircular  is  cut  orthogonally  by  twelve  of  its  osculating  circles. 

Cor.  6.  Tlie  theorems  that  a  bicircular  quartic  has  twelve,  and  that  a  circular  cubic 
has  nine  points  of  inflection,  are  the  inversions  of  Cors.  1,  2. 

178.  Since  the  cuspidal  edge  of  2  is  tlie  locus  of  the  poles  of  the  osculating  planes  of 
WU,  it  is  plain  that  the  cone  whose  vertex  is  any  point  of  the  cuspidal  edge,  and  which 
circumscribes  U,  will  touch  U  along  an  osculating  circle  of  WU,  and  that  it  will  be  an 
osculating  right  cone  of  the  cuspidal  edge  (see  Salmon's  '  Geometry  of  Three  Dimensions,' 
art.  363).  Again,  since  twelve  osculating  planes  of  WUpass  through  any  point,  we  see 
that  the  cuspidal  edge  is  of  the  twelfth  degree.  This  latter  part  corresponds  to  the 
theorem  that  the  evolute  of  a  bicircular  quartic  is  of  the  twelfth  degree. 

179.  Since  the  cuspidal  edge  is  of  the  twelfth  degree,  any  quadric  will  cut  it  in  24 
points.  Hence  any  cone  will  in  general  cut  it  in  24  points.  If  the  cone  circumscribe  U, 
we  have,  by  reciprocation,  the  theorem  that  any  circle  on  the  surface  of  U  touches  in 
general  24  osculating  circles  o/'WU. 
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Cor.  1.  By  inversion  we  get  the  theorem  that  any  circle  in  the  plane  of  a  licircular 
is  in  general  touclied  hy  24  osculating  circles  of  the  bicircular. 

Cor.  2.  Any  line  in  theplane  of  a  bicircular  is  in  general  touched  ly  24  of  its  osculating 
circles.. 

Cor.  3.  The  line  at  infinity  being  tonched  by  24  osculating  circles,  shows  that  the  line 
at  infinity  is  counted  24  times  in  the  evolute  of  a  bicircular  (see  art.  174). 

Cor.  4.  Chasles's  characteristics  for  the  osculating  circles  of  a  bicircular  quart ic  are 
IJ.  =  12,  ^=24. 

Section  II. — Locus  of  the  Poles  of  the  Osculating  Circles  of  a  S2>hcro-quartic. 

ISO.  The  equation  (121)  is  the  osculating  plane  of  WU  at  the  point  x'y'z'w' ;  and  it 
the  coordinates  of  the  pole  of  this  plane  with  respect  to  U  be  X,  Y,  Z,  W,  we  get 

but  0.-',  y\  z',  id  satisfy  the  two  equations 

Hence,  by  substitv\tion  and  replacing  X,  Y,  Z,  W  by  x,y,  z,  w,  we  see  that  the  locus  of 
the  poles  of  the  osculating  circles,  or,  what  is  equivalent,  that  the  cuspidal  edge  of  2  is 
the  intersection  of  the  two  surfaces 

«(*fe)'+K4)'+<*^))'+<+^)''=» (123) 

181.  Since  the  equation  (121)  of  the  osculating  plane  is  satisfied  by  the  coordinates 
of  any  point  in  it,  we  must  have 

>^'(a)x'^+^'{h)y'^+-^'(c)z''+^'(d}w''=0 ; 

and  substituting  as  in  the  last  article,  we  see  that  the  cuspidal  edge  of  2  is  a  curve  on 
the  surface 

imhivwif+lwhiM^' (124) 

Or  we  may  prove  this  theorem  otherwise.     The  developable  %  is  the  envelope  of  the 
quadric 


7.2  ,,2  _2  ,,A 

~.+rrj  +  ^+TT7  =  0  (see  art.  142). 

a+k  '  0+k  ' c+k'd+k  ^  ' 
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Hence  the  coordinates  of  any  point  on  the  cuspidal  edge  must  satisfy  the  system  of 
equations : 

(a  +  A)3"f"(6  +  A)3'r"(c  +  A)3'T-(rf  +  /t)3— "> y'-''^) 

ax^            hf            cz^           div^    _  (^^C\ 

{a  +  kf^  {b-\-kf^  [c  +  kf^  {d  +  kf—^' ^        > 

a^x^  h^y^  c^z^  d-iu^    n9'"V 

(a  +  kf^[b  +  kf'^{^r^^(d  +  kY—^ ^^'^*> 

Hence 

x^  iP'  z^  w^  1111 

{a-^kf-  {p'^kf-  (c+jt)3-  (^+Af  ■•  Yifl)'- ^y 'W(cy '¥Wy  '    '    '    '    ^"^^^^ 
and  substituting  the  values  of  («+yi:),  {b-^k),  &c.  from  these  equations  in 

£rk+bTk+^''-^ 

we  get  the  equation  (124).     Hence  «&c. 

Cor.  1.  By  giving  k  any  particular  value,  we  see  from  the  equations  (125),  (126),  (127), 
that  the  points  on  the  cuspidal  edge  of  2  are,  eight  hy  eight,  the  points  of  intersection  of 
three  quadrics. 

Cor.  2.  From  equations  (126),  (127)  we  see  that  the  cuspidal  edge  is  a  curve  on 
Clebsch's  surface  of  centres;  and  from  equation  (109)  it  follows  that  the  splxero-quartic 
WU  is  a  double  line  on  the  surface  which  has  Clebsch's  surface  of  centres  for  a  diferente. 

182.  By  eliminating  k  from  any  three  of  the  four  equations  (128),  we  get  the  equa- 
tions of  four  cones  standing  on  the  cuspidal  edge.     Thus  one  of  the  cones  is 

{h-c)ma)x^]l  +  {c-a){-^'{b)if]i+{a-b)W{c)T}i=f).      .     .     .     (120) 

The  vertex  of  this  cone  is  one  of  the  vertices  of  the  tetrahedron ;  it  possesses  several 
properties.     The  following  are  some  of  the  most  important : — 

1°.  It  intersects  the  opposite  face  of  tlie  tetrahedron  in  ChESScn's  evolute  of  a  conic 
(see  art.  164). 

2°.  It  is  the  reciprocal  of  the' corresponding  double  line  of  A — that  is,  of  the  devclojjable 
formed  by  the  tangent  lines  o/'WU. 

3°.  livery  edge  of  it  is  a  line  through  two  points  of  the  cuspidal  edge  of  %. 

4°.  Every  tangent  plane  to  it  is  a  plane  through  two  lines  of%  and  it  is  therefore  one 
of  the  four  cones  which  are  the  envelopes  of  cdl  the  planes  through  two  lines  of  that  deve- 
lopable. 

5°.  The  equation,  cleared  of  radicals,  is  of  the  form 

^A=+B^+C^p=27A^B^e (130) 

Hence  it  has  six  cuspidal  edges  lying  on  the  cone  of  the  second  degree,  A-+B-'+C-=0. 

6°.  Any  tangent  plane  to  it  will  intersect  it  in  a  pencil  of  four  lines  ivhose  anharmonic 
ratio  is  constant, 

7°.  The  tangent  planes,  touching  it  along  the  lines  of  intersection  of  any  tangent  plane, 
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pass  through  a  common  line.     This  common  line  is  an  edge  of  the  cone  A^+B-+C'  =  0 
passing  through  the  six  cuspidal  edges. 

183.  Let  us  consider  an  edge  of  the  cone  (129).  It  pierces  U  in  two  points;  these 
are  the  limiting  points  of  two  inverse  osculating  circles  of  the  sphero-quartic  WU. 
The  equation  of  the  locus  of  these  limiting  points  is  easily  found ;  for  the  tangential 
equation  of  the  nodal  line  of  2  is  the  equation  got  by  substituting  X,  ^,  v  in  place  of 
X,  y,  z  in  the  equation  of  the  cone.  Hence,  if  «,  /3,  7  be  the  three  circles  of  inversion  of 
WU,  the  poles  of  whose  planes  are  at  the  three  remaining  vertices  of  the  tetrahedron, 
the  equation  of  the  required  locus  will  be  got  by  substituting  in  the  equation  (129) 
a.,  (3,  y  for  x,  y,  z,  and  therefore  it  will  be 

(i-^){^^'(a)«^}i+(c-«){^W^}^  +  («-^){^'(O/}i  =  0,    .     .     .     (131) 

a  curve  which  has  twenty  four  cusps. 

184.  If  0.'',  y,  z',  w'  be  the  coordinates  of  any  point  in  the  sphero-quartic  WU,  then  it 
follows  from  equation  (121),  combined  with  art.  30,  that  the  equation  of  the  osculating 
circle  of  WU  at  the  point  x'  y'  d  w'  is 

^Xa)x^Xan-4^'{b){y'^){[5)+^'(c)z'%y)+4^'(dyc''^=0, 

where  a,  /3,  7,  i  are  the  circles  of  reference  when  the  sphero-quartic  is  given  by  its  cano- 
nical form. 

CHAPTER  X. 
Classijication  of  Cyclides. 

185.  Following  the  analogy  of  the  method  given  in  my  memoir  on  'Bicircular 
Quartics,'  I  shall  take  as  the  basis  of  classification  the  species  of  the  focal  quadric. 

The  principal  varieties  of  quadrics  are : — 1°.  An  ellipsoid  or  hyperboloid.  2°.  A  sphere. 
3".  A  paraboloid.  We  shall  find  the  cyclides  corresponding  to  these  varieties  to  have 
fundamental  distinctions.     We  shall  therefore  devote  a  section  to  each. 

Section  I. — Focal  Quadric  an  Ellipsoid  or  Ilyperholoid. 

186.  Figure  of  cyclide.  Let  us  denote  the  sphere  of  inversion  by  LT,  and  the  focal 
quadric  by  F.  1°.  When  the  developable  circumscribing  U  and  F  is  imaginary,  as  for 
instance  when  F  is  an  ellipsoid  and  U  entirely  within  it,  the  cyclide  evidently  consists 
of  two  distinct  sheets,  which  are  inverse  to  each  other  with  respect  to  U.  One  sheet  is 
internal  to  U,  and  the  other  external ;  each  sheet  is  a  closed  surface. 

2°.  When  the  developable  is  real,  and  when  U  does  not  intersect  F,  or  else  when  it 
does  intersect  it  in  a  sphero-quartic  consisting  of  two  distinct  ovals,  the  cyclide  W  is 
made  up  of  two  closed  surfaces,  each  of  which  is  an  anallagmatic,  and  divided  by  U  into 
two  parts.  The  points  where  W  cuts  U  are  the  points  of  contact  of  the  common  tangent 
developable  circumscribed  to  U  and  F. 

3°.  When  the  developable  is  real  and  the  sphero-quartic  of  intersection  of  U  and  F 
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consists  of  one  oval,  W  consists  of  one  closed  surface  which  is  divided  into  two  parts 
byll. 

4°.  When  U  touches  F,  the  point  of  contact  will  be  a  nodal  point  on  the  cyclide,  the 
cone  of  contact  with  the  cyclide  being  real  or  imaginary  according  as  U  touches  F  on  the 
concave  or  convex  side  of  F  (see  art.  76). 

Cor.  If  a  cyclide  has  either  a  real  or  imaginary  conic  node  (contracted  by  Professor 
CAYLEYinto  cnic-node),  it  arises  from  a  real  double  point  or  a  conjugate  point  on  one  of 
its  focal  sphcro-quartics. 

5°.  When  U  has  stationary  contact  with  F,  tlie  point  of  osculation  will  be  a  biplanar 
node  on  the  cyclide.  In  this  case  the  cyclide  will  be  the  inverse  of  a  non-central  quadric 
(see  art.  76). 

6°.  When  U  has  double  contact  with  F,  the  cyclide  will  be  binodal. 

7°.  When  U  is  inscribed  in  F  (that  is,  when  U  touches  F  along  a  circle),  the  cyclide 
will  break  up  into  two  spheres. 

187.  Double  Tangent  Cones. — Let  us  consider  a  cyclide  whose  focal  quadric  is  F ;  then, 
taking  the  limiting  points  P,  P'  of  U  and  any  tangent  plane  to  F,  the  generating  sphere 
through  P,  P'  will  become  a  plane  if  its  centre  be  at  infinity,  and  the  locus  of  the  points 
P,  P'  will  evidently  be  a  sphero-quartic,  which  is  given  as  the  intersection  of  a  sphere 
concentric  with  F,  and  a  cone  whose  edges  are  perpendicular  to  the  tangent  planes  of 
the  asymptotic  cone  of  F,  the  vertex  of  the  cone  being  the  centre  of  U ;  this  cone  will 
be  a  double  tangent  cone.  Hence  we  have  the  following  theorem  : — Every  cyclide  has 
as  many  double  tangent  cones  as  it  has  focal  giiadrics. 

188.  The  lines  of  intersection  of  a  cyclide  with  its  sjiheres  of  inversion  are  lines  of 
curvature  on  the  cyclide . 

For  let  us  consider  any  point  on  the  cuspidal  edge  of  %,  the  developable  which  circum- 
scribes U  along  WU ;  then  tliat  point  is  the  centre  of  an  osculating  sphere  of  W  (see 
art.  169).     Hence  WU  is  a  line  of  curvature  on  W. 

Cor.  1.  The  cuspidal  edge  of  2  is  a  geodesic  on  the  surface  of  centres  of  W. 

Cor.  2.  The  sphero-quartic  reciprocal  to  W  with  respect  to  U"  (that  is,  to  «- -f  /3"  +  7'  +  S") 
is  such  that  the  focal  sphero-quartic  of  W  lying  on  the  sphere  U  is  a  line  of  curvature  on  it. 

189.  Binodal  Cyclides  of  a  Cyclide. — ^'\^e  have  seen  (art.  33)  that  the  cyclide  W  may 
be  written  in  five  different  ways,  (I.),  (II.),  (III.),  (IV.),  (V.).  Now  taking  tlie  first  (I.), 
its  equation  is 

(a-b)iy+{a-c)f+(a-d)^'-+{a-ey-=0, 

and  the  square  of  the  corresponding  sphere  of  inversion  is  ^''-\-'^r-{-h'-\-s^ ;  and  eliminating 
in  succession  each  of  the  four  letters  /3^,  <y"',  S^,  i^,  we  get  four  binodal  cyclides,  each 
touching  W  along  the  line  of  curvature  WU.  Hence  every  cyclide  has  in  general  four 
times  as  many  hinodals  inscribed  in  it  as  it  has  spheres  of  inversion. 

190.  Tlie  imaginary  circle  at  infinity  is  a  fecnodal  curve  on  the  surface  of  centres  of 
a  cyclide.  This  proposition  is  an  extension  of  art.  52  in  '  Bicircular  Quartics.'  It  is 
proved  as  follows : — It  is  evident  that  the  normal  at  any  point  of  the  imaginary  circle  at 
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infinity  lies  in  the  plane  touching  the  cyclide  along  a  tangent  line  to  the  circle  at  infinity ; 
hence  the  tangent  plane  to  the  cyclide  is  also  a  tangent  plane  to  the  surface  of  centres. 

Ao-ain,  the  sphere  of  curvature  at  any  point  P  of  a  cyclide  is  the  quadric  through  the 
imaginary  circle  at  infinity  and  through  four  consecutive  points  at  P ;  if  P  be  any  point 
on  the  circle  at  infinity,  this  quadiic  is  indeterminate,  and  the  pole  of  the  circle  at 
infinity  is  any  point  on  the  tangent  plane  at  P.  Hence  any  point  on  the  tangent  plane 
may  be  regarded  as  a  point  of  intersection  with  a  consecutive  tangent  plane ;  in  other 
words,  the  tangent  plane  to  the  cyclide  at  any  point  along  the  imaginary  circle  at  infinity 
is  a  stationary  tangent  plane  to  the  surface  of  centres. 

Cor.  If  the  imaginary  circle  at  infinity  be  a  cuspidal  curve  on  the  cyclide,  it  will  be 
a  cuspidal  curve  on  the  surface  of  centres  of  the  cyclide. 

191.  The  points  of  contact  of  tangent  lines  from  any  point  to  a  cyclide  of  the  fourth 
degree  W  are  the  points  of  intersection  of  W  with  the  polar  cubic  of  the  point ;  but  this 
polar  cubic  is  evidently  a  cubic  cyclide.  Hence  the  tangent  cone  which  circumscribes  a 
cyclide  and  has  antj  point  for  vertex  reduces  to  the  eicfhth  degree  hj  rejecting  the  square  of 
the  cone  to  the  imaginary  circle  at  infinity.  Or  thus : — Draw  any  plane  through  the  vertex 
of  the  cone ;  this  plane  will  cut  the  cyclide  in  a  bicircular  quartic ;  and  this  quartic  being 
of  the  eighth  class,  eight  tangents  can  be  drawn  to  it  from  the  vertex  of  the  cone. 

192.  Class  of  Tangent  Cone. — Let  V  be  the  vertex  of  the  tangent  cone  and  V  any 
other  point,  then  the  class  of  the  tangent  cone  is  plamly  equal  to  the  number  of  points 
common  to  W  and  the  polar  cubics  of  the  points  V,  V.  Here  we  have  three  cyclides 
to  consider,  viz.  W  and  the  polar  cubics.  Let  F,  G,  H  be  their  focal  quadrics ;  then  F,  G, 
H  have  eight  common  tangent  planes;  and  corresponding  to  each  common  tangent  plane 
there  will  be  a  pair  of  inverse  points  common  to  the  cubics ;  therefore  through  the  line 
V  V  sixteen  tangent  planes  can  be  drawn  to  the  cone ;  the  class  of  the  tangent  cone  is 
therefore  sixteen. 

193.  The  equation  of  the  tangent  cone  from  any  point  to  a  cyclide  may  be  found  as 
follows.  Taking  the  point  which  is  to  be  the  vertex  of  the  cone  as  origin,  let  the 
equation  of  the  cyclide  in  Cartesian  coordinates  be  written  in  the  form 

A(.t^+3^^+z^)H4B(.r=+?/H2')  +  6C+4D+E=0,      ....     (132) 
where  A,  E  are  constants, 

T>~jpa;-\-qy-\-rz, 
C={a,b,c,fg,hJ^a;y,:y. 
In  polar  coordinates  this  becomes,  by  putting  §cos  a=x,  fcos  li=y,  fcos  y=z,  and 

putting  for  shortness 

B'=Zcosa+Wicos/3+«cos  y, 

D'=^j  cos  u-\-q  cos  (3 -\-r  cos  y, 

C'=(ff,  b,  c,f,  g,  7tj(cosa,  cos/3,  cosy^), 

Ag^+4BV+6CV+4D'§+E=0; 
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forming  the  discriminant  of  this  and  returning  to  x,  y,  z  coordinates,  we  get  the  equation 
of  the  tangent  cone  to  be 

p_27P=0, ]r,3) 

where 

I^AE(a-^+/  +  c=)^'+4BD(a'^+/+-)  +  3e, (134) 

J=ACE(A'^+y-|-~?  +  2BCD(a;=+/+r)-AD=(A'Hr+^')'-EBV^+/-f-~?-C^     (135) 

194.  From  the  form  of  the  equation  of  the  tangent  cone,  F  —  27J-  =  0,  it  has  twenty-four 
cuspidal  edges ;  but  from  the  forms  of  I  and  J_we  see  that  they  have  respectively,  with  the 
imaginary  circle  at  infinity,  contacts  of  the  first  and  second  order  at  each  of  the  points 
where  the  cone  C  meets  that  circle,  llence  the  cuspidal  edges  coincide  six  by  six  with 
the  four  lines  from  the  origin  to  these  imaginary  points ;  and  it  hence  follows  that,  when 
we  omit  the  factor  (a'-+^' +~")'  in  the  equation  (133),  the  remaining  part,  which  represents 
a  cone  of  the  eighth  degree,  has  no  cuspidal  edge.     This  equation  is 

A^EY-12A-BDEy 

-(6AB=D^E  +  18A-C^'E--54A^'CD-E+27A-D^-54AB-CE-+27B^E^')o^ 
-(180AB=a'DE-108ABCD'+64B^D^)g^ 
-(54AC^D=-81AC^E+54B-eE+36B=C=D-)=0- 
In  this  equation  for  shortness  we  have  written  f  for  sr-\-if -{-:?. 

Cor.  If  the  origin  be  on  the  cyclide  E=0,  and  the  tangent  cone  reduces  to  the  square 
of  the  tangent  plane  to  the  cyclide  at  the  origin  and  a  cone  of  the  sixth  degree, 

27A-D^>*  +  4BD(16B--27AC)f-18C-(2B=  +  3AC)=:0.     .     .  .     (137) 

195.  The  cone  J  is  such  that  every  edge  of  it  is  cut  harmonically  by  the  cyclide;  and 
therefore,  if  any  edge  of  it  meet  the  cyclide  in  two  coincident  points,  there  must  be  a 
third  point  coincident ;  therefore,  since  the  imaginary  circle  at  infinity  is  a  double  line  on 
the  surface,  the  points  where  J  meets  it  are  such  that  every  edge  which  passes  through 
it  is  an  inflectional  tangent.  Hence  from  any  point  can  be  dra-wn  to  a  cyclide  twelve 
lines,  which  are  inflectional  tangents  to  it  at  the  imaginary  circle  at  infinity ;  and  these 
lines  are  distributed  into  four  sets  of  three  lines  each,  each  triad  consisting  of  three  con- 
secutive lines. 

196.  If  the  cyclide  W  has  a  double  point,  its  class  is  diminished  by  two;  if  it  has  a 
biplanar  node,  its  class  will  be  diminished  by  three ;  if  it  has  two  nodes,  its  class  will 
be  diminished  by  four.  The  following  Table  contains  the  singularities  of  the  tangent 
cones  for  each  of  these  cases : — 


(136) 


No  node. 

Conic  node. 

Biplanar  node. 

Two  nodes 

m=   8, 

m=   8, 

m=   8, 

m—   8, 

n  =16, 

n  =14, 

n  =13, 

»»=12, 

y.=    0, 

K=     6, 

«  =  9, 

;s  =    8, 

I  =20, 

I  =12, 

I  =  8, 

I  =10, 

<    =24, 

.   =24, 

■  /   =24, 

,  =20, 

T  =80, 

r  =51, 

r  =38, 

T  =32. 

4x2 


662 


mi.  J.  CASEY  ON  CTCLIDES  AND   SPHERO-QFAETICS. 


Section  II. — Focal  Quadric  a  Sphere. 

197.  When  the  focal  quadric  is  a  sphere,  the  cyclide  has  the  imaginary  circle  at 
infinity  as  a  cuspidal  edge ;  on  this  account  we  shall  call  the  surface  a  Cartesian  cyclide. 

Figure  of  tlie  Surface. 

V.  When  U  is  external  to  F,  W  consists  of  two  distinct  sheets,  each  intersecting  U 
in  a  circle.     Each  sheet  is  a  closed  surface. 

2°.  When  U  is  internal  to  F,  W  consists  of  one  sheet  internal  to  U,  and  another  sheet 
the  inverse  of  the  former,  and  therefore  external  to  U.     Each  sheet  is  a  closed  surface. 

3°.  When  U  intersects  F,  W  consists  of  one  sheet ;  this  intersects  U  in  one  real  circle 
and  another  imaginary  circle.     The  sheet  is  a  closed  surface. 

4°.  When  U  touches  F  internally,  W  has  a  conic  node,  the  tangent  cone  to  W  at  the 
node  being  a  real  cone  of  revolution. 

5°.  When  U  touches  externally,  W  has  a  conic  node  at  which  the  tangent  cone  is 
imaginary. 

6°.  When  U  reduces  to  a  point,  W  is  the  pedal  of  a  sphere,  and  is  therefore  the  inverse 
of  a  quadric  of  revolution  from  the  focus. 

198.  In  the  annexed  diagram,  which  is  supposed  to  be  a  plane  section  through  the 
centres  of  U  and  F,  let  B,  C  and  A,  D  be  the  opposite  pairs  of  the  intersections  of  the 
tangent  cones  circumscribed  about  U  and  F  made  by  the  plane  of  the  section,  then  the 
spheres  F,  F"  concentric  with  F,  and  passing  respectively  through  B,  C  and  A,  D,  are 

Fig.  5. 


focal  spheres  (see  art.  34)  of  the  Cartesian  cyclide ;  for  the  developable  circumscribed 
about  U  and  F  reduces  in  this  case  to  two  cones  of  revolution,  and  tlie  nodal  lines  of  the 
geometric  system  composed  of  the  two  cones  are  two  circles  which  are  intersected  by  the 
plane  of  the  section  in  B,  C,  A,  D  and  the  vertices  of  the  cones.  Hence  the  line  O  H 
jiassing  through  the  two  vertices  must  be  regarded  as  a  limiting  case  of  an  hyperboloid 
confocal  with  the  spheres  F,  F',  F"  (see  art.  106).  Hence  the  focal  quadrics  of  a  Carte- 
sian cyclide  are  three  concentric  spheres  and  a  straight  line  through  their  centre. 
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199.  Let  OH  intersect  AD  and  B  C  in  P  and  Q,  then  P  and  Q  are  the  limiting  points 
of  U  and  F;  and  if  we  denote  the  radii  of  U  and  F  by  r  and  1\,  we  ha^■e  O  P  .  O  (i  =  r-, 
and  HP .  HQ=R- ;  bnt  since  the  lines  AO,  AH  are  evidently  tlie  bisectors  at  A  of  tlic 
supplemental  angles  made  by  the  tangents,  they  are  at  right  angles  to  each  other,  and 
in  like  maner  the  lines  OB,  BH  are  at  right  angles  to  each  other.  Hence  the  points 
Q  and  O  are  inverse  points  with  respect  to  F',  and  P  and  O  with  respect  to  F".  Again, 
it  is  easy  to  see  that  Q  and  O  are  inverse  points  with  respect  to  the  imaginary  sphere 
U'  whose  centre  is  P,  and  which  cnts  U  orthogonally,  and  P  and  O  with  respect  to  U" 
whose  centre  is  Q,  and  whicli  cuts  U  orthogonally.  Hence  the  limiting  points  of  U'  and 
F'  are  the  centres  of  U"  and  U;  the  limiting  points  of  U"  and  F"  are  the  centres  U  and  U'; 
so  that  the  limiting  points  of  any  U  and  its  corresponding  F  are  the  centres  of  the  two 
remaining  U's  or  spheres  of  inversion. 

200.  The  centres  of  inversion  of  a  Cartesian  cyclide  are  foci  of  the  surface. 
Demonstration.  Let  the  equations  of  U  and  F  be 

x'+f-\-z-=r,  and  (.r+«)-'+/  +  r=R% 
then  the  perpendicular  OT  let  fall  from  O,  the  centre  of  U  on  a  tangent  plane  to  F,  is 
evidently  equal  to  R— «  cos  0,  where  6  is  the  angle  which  the  perpendicular  makes  with 
the  axis  of  a.-;  and  if  P,  P'  be  points  on  OT  such  that  OP-TP-=OP-TP'-=r,  then 
P,  P'  are  points  on  the  Cartesian  cyclide ;  and  denoting  OP  by  g,  we  have 

2{R— a  cos  6)^  =  r  +  f, 
or 

that  is, 

A-R\x'+f^z')={.r+f+z'  +  2ax+r') (138) 

Hence  s^-[-'if-\-z'=^  is  an  imaginary  cone  circumscribed  to  the  cyclide.     Hence  the 
centre  of  U  is  a  focus  of  the  surface. 

201.  The  equation  (138)  may  evidently  be  written  in  the  form  S-=5^L,  where  S  is 
a  sphere  and  L  a  plane,  showing  that  the  imaginary  circle  at  infinity  is  a  cuspidal  edge 
on  the  surface. 

The  equation  of  the  sphere  S  is  found  to  be 

^■-'+/+r+2fa'+r-  2R^=0 ; 

and  this  is  concentric  with  the  focal  spheres  F,  F',  F" ;  bnt  the  centre  of  S  is  a  triple 
focus,  as  appears  from  the  equation  S^=5^L. 

Hence  the  common  centre  of  the  three  focal  s^iheres  F,  F',  F"  is  the  tri])le  focus  of 
the  Cartesian  cyclide.  The  Cartesian  cyclide  has  a  tarujcnt  plane  which  touches  it  along 
a  circle ;  the  ])lane  is  L ;  and  the  circle  of  contact  is  the  circle  of  intersection  ofS  and  the 
plane  L. 

202.  Since  being  given  the  sphere  of  inversion  U  and  the  focal  sphere  F  the  Carte- 
sian cyclide  is  determined,  we  see  that  a  Cartesian  cyclide  is  determined  by  eight  con- 
stants.    The  same  thing  appears  from  the  equation  S'^^-'L.     From  this  equation  also 
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we  see  that  if  a  Cartesian  cyclide  be  intersected  by  any  plane  the  curve  of  intersection 
will  be  a  Cartesian  oval ;  for  the  equation  will  be  of  the  form  S'=b^l,  where  S  and  I  denote 
the  circle  and  line  in  which  the  sphere  S  and  the  plane  L  are  intersected  by  the  plane. 

203.  From  the  equation  (138)  Ave  see  that  the  Cartesian  cyclide  is  the  envelope  of 
the  variable  sphere 

and  if  we  form  the  discriminant  of  this,  we  get 

(l-f^O'^{(l+^..)(K-^+/..Tv)-«y}  =  0 (139) 

Now  the  factor  (l-|-,ot.)^=0  gives  [m:=  —  1  ;  and  for  this  value  of  ,(//  the  variable  sphere 
becomes  a  plane,  namely  the  tangent  plane  which  touches  the  cyclide  along  a  circle ; 
the  remaining  factor, 

{l  +  [j.){lji.f'+[ju-li-)-ay=0, *.     .     .     .     (140) 

gives  three  values  of  [ju,  for  each  of  whicli  the  variable  sphere  becomes  an  imaginary  cone 
(that  is,  a  point  sphere),  showing  that  there  are  three  collinear  single  foci  along  the  axis 
of  the  cyclide.  The  value  [/j=0  shows  that  the  origin  is  a  focus,  which  we  knew  before ; 
and  the  values  giving  the  other  foci  are  the  roots  of  the  quadratic 

lM'Br+(j.(R'  +  r'-cr)  +  r'=0 (141) 

204.  Since  the  equation 

is  that  of  a  sphere  into  whose  equation  an  arbitrary  constant  enters  in  the  second  degree, 
its  inverse  with  respect  to  any  point  will  be  a  sphere  into  whose  equation  an  arbitrary 
constant  enters  in  the  second  degree ;  that  is,  the  inverse  of  a  Cartesian  cyclide  will  he  a 
cyclide  generated  as  the  envelojje  of  a  variable  sphere  whose  centre  moves  along  a  ])lane 
conic.     It  will  therefore  he  a  hinodal  cyclide. 

This  also  appears  from  the  fact  that  the  inverse  of  a  focus  is  a  focus;  and  since  the 
Cartesian  cyclide  has  three  collinear  single  foci,  the  inverse  surface  will  have  four  con- 
cyclic  single  foci,  namely  the  inverses  of  the  three  collinear  foci  and  the  centre  of 
inversion. 

205.  If  we  differentiate  the  equation  (1 38)  of  the  generating  sphere  with  respect  to  jk,, 
we  get 

x"-  +/+-"-  +  2ra-+rH2i!*R'= 0; 

and  if  from  (1+/^/)  times  this  result  we  subtract  the  equation  (138),  we  get 

2ax  +  rH  (S/u-  +  ,'.'/)R'= 0. 
Hence  the  Cartesian  cyclide  is  generated  as  the  locus  of  the  curve  of  intersection  of  the 
sphere 

^'Hy^+~=  +  2ff,r+r^  +  2^^E^ (142) 

with  the  plane 

2ff4-+r=+(2,.^+;!/,^)Il^=0 (143) 

From  this  it  follows  that  a  Cartesian  cyclide  is  a  surface  of  revolution — a  fact  which 
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we  knew  otherwise,  it  being  the  surface  generated  by  the  revohition  of  a  Cartesian 
oval  about  the  axis  passing  through  the  three  collinear  single  foci. 

206.  In  order  to  find  the  equation  of  the  cone  whose  vertex  is  any  iioint  x',  y\  z\  and 
which  stands  on  the  circle  of  intersection  of  the  sphere  (142)  and  the  plane  (143),  let 
us  suppose  x",  y,  z"  to  be  any  point  on  a  radius  vector  from  x',  y\  z'  to  any  point  of  the 
circle;  then, if  the  circle  divides  the  distance  between  these  points  in  the  ratio  l\m,  we 

must  substitute,  by  Joachimstal's  method, —; ■    ,      -'    -,      "'    for.r  >/  z  in  fl42)  and 

"^  l  +  m         l  +  m        l-\-m  '•^'  ^        ■' 

(143) ;  the  results  will  be  of  the  form 

m'+2!mF-\-m'S"=0,  and  IL'  +  mL"  =  0 ; 

hence  by  eliminating  I :  m  and  suppressing  the  double  accents,  we  get  the  required 
equation  after  restoring  the  values  of  S',  P,  &c. : — 


(2ax +r'  +  {2[j.  +  [m')'RJ{x" +y" + z"  +  2ax'  +  f-  +  2f/,R^) 
-2{2ax^r--\-{2(j.-\-i/r)n%2ax'-\-r-'  +  {2iL+iJ.^)R%xx'+yij'  -\-zz'  ^ax-\-ax'  +  r'^^  [(144) 


mi 

+  (2ff.i-'  +  r+(2^.+/./)R=)(A"+/+-^+2fa-  +  r^  +  2f^R^)  =  0.  J 

207.  Since  the  equation  (144)  involves  the  undetermined  (l  in  the  fourth  degree,  its 
discriminant  with  respect  to  ^  will  involve  x,  y,  z  in  the  twelfth  degree,  and  this  discri- 
minant will  be  the  equation  of  the  tangent  cone ;  but  this  will  contain  as  a  factor  the 
cube  of  the  imaginary  cone  from  {x',  y\  z')  to  the  imaginary  circle  at  infinity  (see 
Salmon's  '  Geometry  of  Three  Dimensions,'  art.  521).  Hence  the  reduced  degree  is  six ; 
and  it  can  be  shown,  as  in  art.  94,  that  the  reduced  cone  has  no  cuspidal  edges. 

We  can  show  otherwise  that  the  reduced  degree  is  six ;  for  any  section  of  the  cyclide 
made  by  a  plane  through  the  vertex  of  the  cone  is  a  Cartesian  oval,  and  the  class  of  a 
Cartesian  oval  is  six ;  the  degree  of  the  cone  therefore  is  six. 

208.  Class  of  Tangent  Cone. — Let  us  take  the  equation  S"^=&^L  and  find  the  polar 
cubic  of  the  point  x',  y',  z'.     This  will  be  of  the  form 


and  eliminating  5^  between  this  and  the  equation  S^:=J^L,  we  get 

K4+4+='£>=2l(4+4+='^i)«^ 

and  since  the  operation  ^^'' J^ + 1/' ~[;  +  ~'^  performed  upon  L  reduces  it  to  a  constant,  and 

performed  upon  S  reduces  it  to  a  plane,  this  equation  represents  a  quadric.  Hence  it 
is  easy  to  see  that  the  points  of  contact  of  tangent  planes  drawn  through  a  line  to  the 
tangent  cone  are  the  intersections  of  three  surfaces  of  the  degrees  3,  2,  2 ;  hence  the 
class  of  the  tangent  cone  is  12  ;  and  we  have  shown  that  its  degree  is  six,  and  that  it  has 
no  cuspidal  edges.     Hence  all  the  singularities  are  determined. 


66G  DE.  J.  CASEY  OX  CYCLIDES  AND   SPIIEBO-QUAETICS. 

Section  III. — Focal  Quadric  a  ParahoIoUl. 

209.  When  tlie  focal  quadric  is  a  paraboloid,  the  cyclide  becomes  a  cubic  surface 
passing  through  the  imaginary  circle  at  infinity.  The  varieties  of  this  surface  corre- 
spond to  those  of  quartic  cyclides,  and  may  be  briefly  enumerated  as  follows : — 

1°.  When  the  developable  circumscribed  to  U  and  F  is  imaginary,  the  surface  consists 
of  two  sheets,  one  of  which  is  a  closed  surface  passing  through  the  centre  of  U 
and  altogether  within  U.  The  other  sheet,  which  is  its  inverse  of  the  first,  is  an  open 
sheet,  extending  to  infinity,  which  it  intersects  in  a  right  line.  The  case  considered 
here  would  occur  if  F  were  an  elliptic  paraboloid,  and  U  in  the  concavity  of  it  without 
meeting  it. 

2".  When  the  developable  is  real  the  surface  consists,  as  in  1°,  of  two  sheets,  one  of 
which  is  a  closed  surfoce  and  passes  through  the  centre  of  U,  the  other  sheet  is  infinite. 
Each  sheet  intersects  U ;  and  the  part  of  each  sheet  internal  to  U  is  the  inverse  of  the 
external  part. 

3".  When  U  intersects  F  in  a  single  oval,  the  cyclide  consists  of  one  infinite  sheet  pass- 
ing through  the  centre  of  U. 

4°.  AVhen  U  touches  F,  we  have  to  consider  separately  the  cases  where  F  is  an  elliptic 
paraboloid  and  where  a  hyperbolic  paraboloid. 

If  F  be  an  elliptic  paraboloid,  and  U  touch  it  on  the  convex  side,  the  cyclide  has  a 
conic  node,  whose  tangent  cone  is  imaginary. 

If  U  touch  F  on  the  concave  side,  the  cyclide  has  a  node  whose  tangent  cone  is  real  ; 
and  if  U  touch  F  at  an  umbilic,  the  tangent  cone  to  the  node  is  one  of  revolution : 
lastly,  if  U  osculate  F  at  an  umbilic,  the  tangent  cone  becomes  a  plane ;  that  is,  each  sheet 
of  the  cone  opens  out  into  a  plane,  and  the  node  is  a  biplanar  node  whose  planes  coin- 
cide. In  the  case  where  F  is  a  hyperbolic  paraboloid,  when  U  touches  it  we  have  a 
conic  node  whose  tangent  cone  is  always  real,  but  which  becomes  a  pair  of  planes  if  U 
osculate  F. 

5".  When  U  has  double  contact  witli  F,  the  cyclide  will  be  binodal. 

210.  In  the  examination  we  have  given  in  this  and  the  previous  sections  of  this 
chapter,  we  have  seen  that  a  cyclide  of  any  class  can  have  but  three  species  of  node 
(namely,  the  conic  node,  the  biplanar  node,  and  the  uniplanar  node),  and  that  these  corre- 
spond respectively  to  ordinary  contact  of  the  sphere  of  inversion  and  the  focal  quadric, 
oscular  contact,  and  oscular  contact  at  an  unibilic.  From  this  it  follows  that  a  cyclide 
can  at  most  have  but  two  real  nodes ;  and  if  it  has  two,  they  must  be  conic  nodes  ;  for  if 
it  had  a  conic  node  and  a  biplanar  node,  U  should  touch  and  osculate  F  at  the  same 
time  ;  that  is,  U  should  intersect  F  in  a  quartic  curve  having  a  double  point  and  a  cusp, 
and  the  plane  through  the  cuspidal  tangent  and  the  double  point  would  intersect  a 
quartic  curve  in  five  points,  which  it  cannot  do ;  and  of  course  a  cyclide  cannot,  for  a  like 
reason,  have  two  biplanar  nodes. 

By  a  different  mode  of  reasoning  it  mav  be  shown  that  a  cubic  cyclide  cannot  have  three 
real  nodes ;  for  if  it  had,  the  plane  through  the  nodes  must  mtersect  the  cubic  cyclide 
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in  three  right  lines,  and  then,  by  inversion,  from  any  point  in  the  phme  we  should  have 
the  absurdity  of  a  quartic  cyclido  being  intersected  by  a  plane  in  three  circles. 

211.  Parallel  Tangent  Planes. — Let  us  consider  a  cubic  cyclide  whose  sphere  of  inver- 
sion is  U  and  focal  paraboloid  F.  If  P,  P'  be  the  limiting  points  of  U  and  the  tangent 
plane  to  F  at  infinity,  then  of  the  two  points  P,  F  one  must  be  at  the  centre  of  U  and 
the  other  at  infinity ;  and  it  is  plain  that  the  generating  sphere  which  touches  the  cyclide 
at  P,  P'  must  break  up  into  two  planes,  namely  the  tangent  planes  to  the  cyclide  at 
P,  P'.  The  tangent  plane  at  the  centre  of  U  must  evidently  be  parallel  to  the  principal 
plane  of  the  paraboloid  which  does  not  intersect  it  in  a  parabola;  and  since  the  cyclide 
has  five  centres  of  inversion,  ive  see  that  every  cuhiv  eyclide  has  five  imrallel  tangent 
planes,  and  these  are  the  five  tangent  planes  xvhich  can  be  drawn  to  a  cubic  cyclide  from 
the  line  at  infinity  on  the  cyclide.  Hence  we  infer  the  following  theorem : — The  five 
tangent  planes  to  a  cubic  cyclide  from  the  line  at  infinity  on  the  cyclide  have  the  five 
centres  of  inversion  as  points  of  contact. 

212.  The  property  of  the  last  article  may  be  shown  otherwise.  Thus,  consider  any 
quartic  cyclide;  then  at  any  point  Q  five  generating  spheres  touch,  namely  one  belonging  to 
each  of  the  five  systems  of  generating  spheres.  Now,  since  a  generating  sphere  intersects 
a  cyclide  in  two  circles,  if  we  invert  the  quartic  cyclide  from  the  point  Q  we  get  a 
system  of  five  parallel  planes,  each  intersecting  the  cubic  cyclide  into  which  tlic  quartic 
inverts  in  two  lines,  ?.ad  therefore  having  the  points  of  intersection  of  these  lines  as 
points  of  contact  with  the  cyclide. 

213.  The  section  of  a  cubic  cyclide  made  by  a  plane  passing  through  any  line  on  the 
cyclide  except  the  line  at  infinity  must  consist  of  the  line  and  a  circle ;  for  it  must  con- 
sist of  a  line  and  a  conic,  and  by  inverting  from  any  point  the  line  and  conic  must 
invert  into  a  bicircular  quartic ;  hence  the  conic  must  be  a  circle. 

Tliis  reasoning  will  not  apply  in  the  case  of  a  section  made  by  a  plane  through  the 
line  at  infinity  ;  for  when  we  invert  the  line  at  infinity  it  becomes  a  point,  wliich  accounts 
for  the  double  point  which  results  when  a  conic  is  inverted ;  so  that  when  we  say  the 
inverse  of  a  plane  conic  is  a  bicircular  quartic,  this  includes  the  inverse  of  the  line  at 
infinity  together  with  that  of  the  conic. 

214.  Since  the  five  centres  of  inversion  of  a  cubic  cyclide  form  a  pentahedron,  such 
that,  taking  any  four  of  them  forming  a  tetrahedron,  the  perjDendiculars  of  that  tetra- 
hedron are  concurrent  and  intersect  in  the  fifth  point,  we  see  without  difficulty  that 
the  feet  of  the  perpendiculars  of  the  pentahedron  are  points  on  the  cubic  cyclide,  and 
we  may  easily  infer  the  following  theorem : — 

Being  given  eight  homospheric  pioints  {say,  eight  points  on  the  sphere  U),  three  cubic 
cyclides  can  he  described  having  these  eight  j'oints  as  foci.  These  cyclides  intersect  two 
by  two  orthogonally,  they  have  the  same  five  centres  of  inversion,  and  each  passes  through 
tire  feet  of  the  perpendiculars  of  the  ^pentahedron. 

215.  In  order  to  find  the  equation  of  the  tangent  cone  to  a  cubic  cyclide  from  any 
given  point,  let  the  given  point  be  taken  as  the  origin  of  Cartesian  coordinates,  and 

MDCCCLXXI.  4  Y 
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we  shall  have 


Avhere 


W=A(x^+/  +  2^)+3B  +  3C+D, (145) 

A=Ix  +mi/+nz,       B~(a,  b,  c,f,  g,  7»X*,  y,  z)\ 

C^px-\-qij  +rz,       D^  constant; 

then,  by  the  method  of  art.  193,  we  find  the  tangent  cone 

G'—4ff=  discriminant  xA^ (146) 

where 

G~A'''D{a"+f+z'y-  +  2B'  +  5A'BC(x''+f+z')=0, 

lI=B'-AC{x'+f+z-'). 
Hence  the  tangent  cone  is 

A=D^(a;'+«/=+z7  +  (4AC='-6ABCD)(*-=+?/=  +  2"-)+4DB^-3B'C-=0.     .     (147) 
Cor.  The  plane  A  is  parallel  to  the  tangent  planes  to  the  cyclide  at  its  centres  of 
inversion. 

216.  The  cone  G  possesses  the  property  that  any  edge  of  it  meets  the  cyclide  in  three 
points,  whose  distances  from  the  vertex  are  in  arithmetical  progression.  Now,  if  we 
invert  a  cubic  cyclide  from  the  vertex  of  the  cone,  we  get  a  quartic  cyclide ;  and  since 
the  cone  G  meets  the  cubic  cyclide  in  points  whose  distances  from  the  v^ertex  are  in 
arithmetical  progression,  it  will  meet  the  quartic  cyclide  in  points  whose  distances  are 
in  harmonical  progression.  Hence  the  cone  G  is  identical  with  the  cone  J  of  article 
193,  when  the  vertex  of  J  is  on  the  surface. 

217.  Since  a  cubic  cyclide  is  determined  when  U  and  F  are  given,  and  U  is  deter- 
mined by  four  and  F  by  eight  conditions,  we  see  that  a  cubic  cyclide  is  determined  by 
4+8=12  conditions.  Hence  it  follows  that  every  cubic  cyclide  can  be  written  in  the 
form 

Aa=B/3, ,     .     (148) 

where  A  and  B  are  planes,  and  a  and  /3  spheres ;  and  in  this  form  it  is  evident  that  the 
intersection  of  the  radical  plane  of  the  spheres  a,  /3  with  the  two  planes  A,  B  is  a  centre 
of  inversion  of  the  cyclide.  From  the  equation  (148),  being  the  result  of  eliminating 
k  between  the  equations  A— ^B=0  and  ku — jS^O,  we  infer  that  if  we  have  a  system 
of  planes  passing  through  the  same  line,  and  a  homographic  system  of  spheres  passing 
through  the  same  circle,  the  locus  of  the  circle  of  intersection  of  a  sphere  and  its  corre- 
sponding plane  is  a  cubic  cyclide. 

CHAPTEE,  XI. 

Classification  of  Sphero-guartics. 

218.  We  have  seen  that  if  'W^ao^+bp>''-\-cy''+dl\  and  U^=^aHf3'+y'  +  S^  the 
sphero-quartic  WU  is  also  the  curve  of  intersection  of  the  quadric  Y^^ax'^-{-ly"-\-cz--\-d'w'^ 
and  the  sphere  V^x'^-\-y^-\-z^-\-uf,  the  tetrahedron  of  reference  being  the  one  formed 
by  the  four  planes  of  intersection  of  U  with  the  four  orthogonal  spheres  a,  /3,  y,  5. 
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Hence  in  this  section  we  shall  discuss  the  curve  WU  by  regarding  it  as  the  intersection 
of  V  and  U. 

For  the  purpose  of  classification  I  shall,  following  Catlet  and  Salmon,  consider  the 
curve  (UV)  as  made  up  of  points ;  then  the  points  of  UV  will  be  the  points  of  the 
system,  the  line  joining  two  consecutive  points  will  be  a  line  of  the  system,  and  the 
plane  of  two  consecutive  lines  will  be  a  plane  of  the  system.  If  a  plane  of  the  system 
contains  four  consecutive  points  it  will  be  a  stationary  plane ;  and  reciprocally,  if  four 
consecutive  planes  of  the  system  intersect  in  a  point  of  the  system,  it  will  be  a  stationary 
point.  Again,  if  a  line  join  two  non-consecutive  points  it  will  be  a  line  through  two 
points  ;  reciprocally,  if  a  line  be  the  intersection  of  two  non-consecutive  planes,  it  will 
be  a  line  in  two  planes ;  finally,  if  two  nou-consecutive  lines  intersect,  their  point  of 
intersection  will  be  a  point  on  two  lines,  and  their  plane  a  plane  through  two  lines. 
For  the  purpose  of  denoting  these  singularities  the  following  notation  will  be  used. 

Thus  we  shall  denote  by 

r,  the  number  of  lines  of  the  system  which  meet  an  arbitrary  line. 
771,  „  points  of  the  system  which  lie  in  any  plane, 

a,  „  stationary  planes  of  the  system. 

X,  „  points  on  two  lines  which  lie  in  a  given  plane. 

g,  „  lines  in  two  planes  which  lie  in  a  given  plane. 

The  reciprocals  of  m,  a,  w,  g  will  be  denoted  by  the  letters  respectively  consecutive  to 
them,  namely,  «,  /3,  y,  h. 

m  is  called  the  degree  of  the  system. 
n  „  class  „ 

/■  „  rank  „ 

219.  The  complete  surface  formed  by  the  lines  of  the  system  (UV)  is  the  developable 
A,  whose  properties  we  have  discussed  in  Chapter  YIIL,  the  curve  (UV)  being  the  cus- 
pidal edge.  Again,  the  developable  2  of  Chapter  VIII.  formed  by  the  tangent  planes 
to  U  along  the  curve  UV  is  the  reciprocal  of  A,  and  the  point,  lines,  and  planes  of  A  are 
respectively  the  reciprocals  of  the  planes,  lines,  and  points  of  2,  with  respect  to  U ;  so 
that  when  we  have  the  characteristics  of  A,  by  reciprocation  we  shall  liave  the  charac- 
teristics of  2. 

220.  Let  us  consider  the  cone  whose  vertex  is  at  any  point  and  whicli  stands  on  the 
curve  (UV).  If,  for  the  sake  of  distinction,  we  denote  by  Greek  letters  the  characteristics 
of  a  plane  curve  (that  is,  if  |U,,  v,  S,  r,  «,  /  denote  the  degree,  class,  double  points,  double 
tangents,  cusps,  points  of  inflection  of  the  curve),  then,  for  a  cone  standing  on  that  plane 
curve,  it  is  evident  that  the  same  letters  will  denote  the  degree,  class,  double  edges, 
double  tangent  planes,  cuspidal  edges,  and  stationary  tangent  planes ;  then  for  the  cone 
on  (UV)  /a=;h,  v=r,  h=Ji,  T=y,  «=/3,  i=n.  (See  Salmon's  'Geometry  of  Three 
Dimensions,'  art.  321.) 

4y2 
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Hence  Ave  get,  by  Plucker  s  equations, 

r=m(wi  —  1)  — 2A  —  3/3,  m=;'(;-— 1)  —  2y—  oh, 

n=5m(m-2)-Gh-S(3,  [5=Sr{r-2)-G^-8n, 

(;i-/3)  =  30--m),  2{j/-h)=z{r-m)(r  +  m-9). 

221.  Again,  let  us  consider  a  plane  section  of  A.  Professor  Catlet  has  shown  that 
for  such  a  section 

lj,  =  i\  v=n,  l=:d;  r=g,  K  —  in,  ;=«. 

Hence,  from  PLticKER's  equations,  we  get 

?i=r(r— 1)  — 2.r— 3m,  r=77(n—l)  —  2g—3u, 

a=:3/-(r— 2)  — C.i'— 8??i,  m=on{n-2)  —  6ff—8cc. 

Whence  also  Dr.  Salmon  gets 

(m-a)  =  3(r-«),  2{x-(/)  =  (i--n){r+u-9). 

It  is  plain  this  system  might  be  got  from  the  former  by  considering  the  cone  whose 
vertex  is  any  point  and  which  stands  on  the  cuspidal  edge  of  2,  and  then  reciprocating. 

If  we  combine  the  equations  of  this  article  with  those  of  the  last,  we  get 
(a— /3)  =  2(«— to),  x—y={n  —  m),  2{g—h)={n—m){m-\-n—l), 
since  PLtJCKER's  equations  enable  us,  being  given  any  three  singularities  of  a  plane 
curve,  to  determine  all  the  rest.  The  equations  of  this  and  the  preceding  article  enable 
us,  being  given  any  three  singularities  of  a  twisted  curve,  to  determine  all  the  rest.  In 
a  succeeding  article  I  shall  point  out  how  they  may  be  employed  to  determine  the  sin- 
gularities of  the  evolute  of  a  plane  curve  when  three  of  the  singularities  of  the  original 
curve  are  given. 

222.  Eight  lines  of  A  meet  an  cirlitrary  line. 

Demonstration.  Let  (LM)  be  the  arbitrary  line  and  P  a  point  in  (LM)  where  one  of 
the  lines  of  A  meets  it ;  then  it  is  plain,  if  P  be  the  common  vertex  of  two  cones  tan- 
gential to  U  and  V  respectively,  one  of  the  four  common  edges  of  the  two  cones  will  be 
a  line  of  A,  and  also  that  the  intersection  of  the  polar  planes  of  P  with  respect  to  U 
and  V  Avill  pass  through  the  curve  UV.  Now  the  intersection  of  the  polar  planes  of 
U  and  V  with  respect  to  all  the  points  of  LM  is  a  quadric.  For  let  a/,  y\  z',  w', 
x",  y",  z",  w"  be  any  two  fixed  points  on  (LM),  and  U',  U",  V,  V"  be  their  polar  planes 
with  respect  to  U  and  Y ;  then  the  coordinates  of  any  other  point  on  (LM)  will  be 
lv'+mw",ly'+my",  Iz'+mz^liv'+miv",  and  therefore  the  polar  planes  will  beZU'  +  mU", 
lY'-\-mV",  and,  eliminating  linearly,  the  locus  required  is  U'V"  — U"V'=iO,  a  quadric 
which  intersects  the  curve  UV  in  eight  points.     Hence  the  proposition  is  proved, 

223.  The  eight  planes  determined  by  the  line  LM  with  the  eight  lines  of  A  which  meet 
it  are  tangent  jilanes  to  the  reciprocal  of  the  quadric  U'V"— U"V'  ivith  respect  to  U. 
For  since  eight  lines  of  A  meet  LM,  eight  lines  of  S  meet  the  polar  line  of  LM  with 
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respect  to  U,  and  the  eight  planes  are  the  reciprocals  of  the  eight  points  of  meeting ; 
but  these  eight  points  of  meeting  lie  on  a  generator  of  U'V"— U"V.  Hence  the  propo- 
sition is  proved. 

Co)'.  1.  The  line  LM  is  a  generator  of  the  reciprocal  of  U'V"  — U"V'. 

Cor.  2.  The  quadric  U'V  — U"V'  is  the  hyperboloid  generated  by  the  polar  lines  of 
LM  ^Yith  respect  to  all  the  quadrics  of  the  pencil  U+^'V.  In  fact  the  polar  lines  form 
one  system  of  generators,  and  the  intersection  of  the  polar  planes  of  art.  222  the  other 
system  of  generators. 

Cor.  3.  The  eight  planes  of  art.  222  are  homographic  with  the  eight  points  in  which 
the  corresponding  lines  of  A  meet  LM. 

224.  From  art.  161  it  is  evident  that  S  has  sixteen  stationary  points.  These  are  the 
points  of  contact  with  N,  N',  N",  N'"  of  the  common  tangents  of  J  and  N,  J',  N' ;  J",  N"; 
J'",  N"'.  Hence  it  follows  that  A  has  sixteen  stationary  planes.  Hence  we  have  three 
of  the  characteristics  of  A ;  for  m  evidently  is  equal  to  4,  and  r=8  from  art.  222.  There- 
fore we  have 

m=4,  a  =  lC,  r=8. 

Hence  by  Caylet's  equation  we  get 

«  =  12,  /3  =  0,  .r=16,  _^  =  8,  ^=38,  /;  =  2. 

225.  We  can  now  show  the  connexion  which  exists  between  the  singularities  deter- 
mined in  the  last  article  and  those  of  bicircular  quartics.  Let  us  suppose  a  cone  whose 
vertex  is  any  point  on  U,  and  which  stands  on  UV ;  then  for  such  a  cone  we  have  the 
singularities  (see  art.  220) 

,00=4,  ^=8,  1=2,  T=8,  z=0,  ;  =  12; 
but  if  we  invert  the  sphere  U  into  a  plane,  taking  the  vertex  of  the  cone  as  centre  of 
inversion,  UV  will  be  inverted  into  a  bicircular  quartic,  which  will  be  the  curve  of  inter- 
section of  the  cone  with  the  plane  into  which  U  inverts,  and  therefore  having  the  same 
singularities  as  the  cone.  The  numbers  here  determined  are  therefore  the  singularities 
of  a  bicircular  quartic  (see  '  Bicircular  Quartics,'  art.  46). 

220.  Again,  to  show  the  connexion  with  the  evolute  of  a  bicircular,  let  us  consider  a 
plane  section  of  A ;  the  characteristics  are  (see  art.  221) 

^=8,  v=12,  h  =  lG,  r=38,  z=4:,  /  =  16. 
Now  the  cone  whose  vertex  is  the  pole  with  respect  to  U  of  the  plane  of  sections,  and 
which  stands  on  the  cuspidal  edge  of  S,  will  be  the  reciprocal  of  the  section ;  and  if  the 
plane  of  section  be  a  tangent  plane  to  U,  its  pole  will  be  a  point  on  U ;   therefore  the 
singularities  of  this  cone  will  be 

^^=12,  y=8,  5=38,  T=16,  ^.=16,  ;=4; 
but  when  the  sphere  is  inverted  into  a  plane  as  in  the  last  article,  it  has  been  shown  in 
art.  92  that  the  cone  here  considered,  viz.  the  one  standing  on  the  cuspidal  edge  of  S, 
intersects  the  plane  into  which  the  sphere  inverts  in  the  evolute  of  the  bicircular  into 
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which  UV  inverts ;  consequently  the  evolute  has  the  same  singularities  as  the  cone  (see 
art.  51,  '  Bicircular  Quartics'). 

227.  If  U  and  V  touch,  the  singularities  of  A  are  (see  Salmon's  '  Geometry  of  Three 

Dimensions,'  art.  342) 

vi=4:,    g=Q,    /3=0, 

n  =6,     /;  =  3,     A'=6, 

r  =6,     a=4,     ?/=4. 

Hence,  by  the  method  of  the  last  two  articles,  we  get  for  the  bicircular  and  its  evolute 
the  following  singularities  : —  ' 

Bicircular,     f/>=4,  i'  =  6,  S=3,  r=4,  «  =  0,  ;=6. 
Evolute,         fA^C,  1^  =  6,  S^6,  t=6,  ;s=4,  /  =  4. 

This  bicircular  is  the  inverse  of  an  ellipse  or  hyperbola ;  and  the  characteristics  of  the 
bicircular  are  the  reciprocals  of  the  characteristics  of  the  evolute  of  an  ellipse  or 
hyperbola. 

228.  If  U  and  V  osculate,  we  have  (see  Salmon's  '  Geometry  of  Three  Dimensions,' 

art.  342)  the  singularities 

TO=4,     f/=2,     (3=1, 

n  =4,     h  =  2,     a— 2, 

r  =5,     a=I,     i/=2. 
Hence  for  the  bicircular  and  its  evolute  we  get 

Bicircular,     [^=4:,  i/=5,  S=2,  t=2,  «=1,  i  =  i. 
Evolute,         ,u-=4,  j'=5,  1=2,  r=2,  x=l,  /  =  4. 

This  bicircular  is  the  inverse  of  a  parabola;  and  we  see  that  it  has  the  same  characteristics 
as  its  evolute  (see  foot-note,  art.  70,  '  Bicircular  Quartics'). 

229.  By  considering  special  sections  of  A  and  S  we  get,  as  in  the  preceding  articles, 
the  singularities  of  bicircular  quartics,  Cartesian  ovals,  circular  cubics,  and  the  evolutes 
of  these  respective  species  of  curves.  The  reader  who  has  followed  out  the  method  of 
reasoning  in  recent  articles  can  easily  account  for  the  result  in  each  case.  In  order  to 
save  space,  I  shall  give  only  the'particular  cone  whose  intersection  with  the  inverse  of 
the  sphere  U  gives  the  bicircular  and  the  evolute.  The  numbers  for  the  several  cones 
are  taken  from  Salmon's  '  Geometry  of  Three  Dimensions,'  art.  324  (see  also  Cambridge 
and  Dublin  Mathematical  Journal,  vol.  v.  p.  (23)-(46)). 

I.  When  U  and  V  do  not  touch. 

1°.  Cone  whose  vertex  is  a  point  of  the  system  A : 

/y'=3,     x=0,  ^ 
v=G,     r=0,    V  A  circular  cubic  of  the  sixth  class. 

i=:9,        1=0.    J 
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2°.  Cone  whose  vertex  is  a  point  on  two  lines  of  A : 
/^  =  4,      .  =  2,  ^ 

v=6,     r=l,   V  A  Cartesian  oval,  sixth  class. 
;=9,     1  =  0.  J 

3°.  Cone  whose  vertex  is  a  point  on  a  line  of  2  and  which  stands  on  the  cuspidal 
edge  of  2 : 

1^=12,     ^.=37,  ^ 

f=  7,     r=  2,    >  Evolute  of  circular  cubic  of  sixth  class. 
,=  2,     S=37.  J 

4°.  Cone  whose  vertex  is  a  point  on  two  lines  of  2  and  w^liich  stands  on  the  cuspidal 
edge  of  % : 

IJ.  =  12,      y.=  18,  -| 

v=   6,     T=   9,    V  Evolute  of  Cartesian  oval  of  sixth  class. 

/=:    0,       5=36.   J 

II.  When  U  and  V  touch. 

1°.  Cone  whose  vertex  is  a  point  of  A : 

j«/=:3,      «  =  0,    ^ 

11=4:,     r=0,    >  A  circular  cubic  of  fourth  class. 
/=3,     l=zl.  J 

2".  Cone  whose  vertex  is  a  point  on  two  lines  of  A : 

ju,=4,     x=2,  ^ 

;'=4,     r=l,    V  A  Cartesian  oval  of  fourth  class. 
,  =  2,     1=1.  J 

3°.  Cone  whose  vertex  is  a  point  on  a  line  of  S  and  which  stands  on  the  cuspidal 
edge  of  %  '■ 

|U,=:6,      «:=5,   -^ 

j'=5,     't=4,    I  Evolute  of  circular  cubic  of  fourth  class. 
;=2,     5=5.  J 

4°.  Cone  whose  vertex  is  a  point  on  two  lines  of  2  and  which  stands  on  the  cuspidal 
edge  of  % : 

j/,  =  6,      x  =  Q,  ^ 

^'=4,     T=3,    I  Evolute  of  Cartesian  oval  of  fourth  class. 

;=0,     5=4.  J 
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III.  When  U  and  V  osculate. 

1°.  Cone  whose  vertex  is  a  point  of  A  : 

^  =  3,     x  =  l,  -\ 

i/  =  o,     T=0,    >  Circular  cubic  of  third  class. 
/  =  1,     1=0.  J 

2°.  Cone  whose  vertex  is  a  point  on  two  Imes  of  A  : 

v=.o,     T=l,    >  A  Cartesian  oval  of  third  class — that  is,  a  cardioide. 
/=0,     1=0.  J 

3".  Cone  whose  vertex  is  a  point  on  a  line  of  S  and  which  stands  on  the  cuspidal 
edge  of  S : 

l^  =  i,     y.  =  2,  -j 

ii=:4i,     T=l,    I  Evolute  of  circular  cubic  of  third  class. 
;=2,      S  =  l.  J 

4°.  Cone  whose  vertex  is  a  point  on  two  lines  of  S  and  which  stands  on  the  cuspidal 
edge  of  % : 

{/=3,     T  =  l,    >  Evolute  of  a  cardioide. 
/  =  0,     1=0.  J 

230.  If  a  plane  curve  whose  degree  is  N  be  inverted  from  any  point  out  of  the  plane 
of  the  curve,  it  will  invert  into  a  twisted  curve,  whose  characteristics  are  easily  found. 

1".  Let  us  suppose  that  the  plane  curve  does  not  pass  through  the  circular  pomts  at 
infinit}'.  Then,  since  the  curve  passes  through  N  points  at  infinity,  the  inverse  curve  will 
have  this  order  of  multijjlicity  at  the  origin  of  inversion ;  and  since  the  plane  of  the  curve 
wiU  invert  into  a  sphere,  the  inverse  curve  will  be  the  intersection  of  two  surfaces  of  the 

degrees  N  and  2  respectively,  having  a  multiple  contact  equivalent  to  - — -^ points 

of  ordinary  contact.     Hence  we  have  m=2N,  j3=0,  2/;=^3N^  —  3N  (see  Salmon,  p.  273). 
Hence,  by  Catley's  equations, 

r=  N^'+N,  «  =  3N^-3N,  23/=:N^+2N'-9N^+6N, 

a=6N^-10N,     2.r=N^  +  2N^-3N^-4N,     2^=9N^-18N^-13N=+32N.  I 

231.  Next,  let  us  suppose  that  the  plane  curve  passes  Ic  times  througli  each  of  the 
circular  points  at  infinity ;  then  it  is  easy  to  see  that  the  inverse  curve  will  be  the  inter- 
section of  a  sphere  and  a  surface  of  the  degree  N— A".  Hence  we  have  in  this  case  for 
determining  the  singularities,  «i=2(N— A'),  j3  =  0,  and  2/t=3N=— 8N/i;-f  G/i,-— 3N  +  4Z;. 


DE.  J.  CASEY  ON  CTCLIDES  2VXD   SPIIERO-QUAETICS.  675 

Hence  by  Cayley's  equations  we  get  the  following  results  for  the  other  singularities : 

H  =  3N^-   GF-3N, 

2^=  W+  2N^-  9N'^4-  6N-4(N-^+N-l)/5;-4(N^+N-G)P+8/^^  +  4A-', 
2a:=  W+  2N^-  SN'^-  4N-4(N=  +  N-2)/l--4(N^+N-3)/.-'^  +  S/t^  +  4/L-', 
2<7=9N^-18N^-13N^+32X-10/i--4(9N^-9N-ll)/i''^+36/5;'. 

We  can  easily  verify  these  results  in  the  case  of  N=4  and  k=2,  which  is  that  of  a 
bicircular  quartic;  they  give  the  results  previously  obtained  (see  art.  224). 

232.  Let  us  now  find  the  singularities  of  the  cone  whose  vertex  is  the  point  we  invert 
from,  and  which  stands  on  the  inverse  curve.  The  vertex  of  the  cone  is  a  multiple  point 
on  the  curve,  the  degree  of  multiplicity  being  of  the  order  N  — 2^';  but  since  the  twisted 
curve  is  of  the  degree  2N  — 2^,  and  the  multiplicity  of  the  vertex  is  N  — 2A',  it  follows 
that  the  degree  of  the  cone  is  N,  .•.  |U<=:X.  Again,  the  class  of  the  cone  is  the  same  as 
the  number  of  tangent  planes  which  pass  through  an  arbitrary  line  througli  the  vertex ; 

.-.  v=r-2(N-27i); 
and  using  the  value  of  >•  in  the  last  article  we  get 

,=N^_N-2/L'(A--l),  and  k=(5=0. 
Hence  by  Plucker's  equations  the  other  singularities  of  the  cone  are  determined.     It  is 
evident  we  could  get  all  these  results  at  once,  since  evidently  tlie  singularities  of  the 
cone  are  the  same  as  those  of  the  original  plane  curve ;  but  getting  them  as  done  here 
verifies  the  equations  of  the  last  article. 

233.  Let  us  find  the  singularities  of  the  section  of  the  developable  circumscribed  to 
the  sphere  into  which  the  plane  inverts  along  the  inverse  curve  made  by  the  tangent 
plane  to  the  sphere  at  the  origin  of  inversion.  The  characteristics  of  the  developable 
considered  here  are  got  from  those  of  art.  231,  by  leaving  ;■  unaltered  and  by  changing 
■ill,  a,  g,  X  into  n,  /3,  h,  y,  and  vice  versa;  and  the  plane  in  question  will  be  a  plane  of 
multiple  contact  of  the  degree  Is— 2k ;  that  is,  it  will  touch  the  developable  along  ^—2k 
lines,  and  will  intersect  it  besides  in  a  curve  of  the  degree 

,._2(N-2/:-)=:N-^-X-2A</i;-l). 

We  have  therefore 

^=N(N-l)-2y?'(A:-l). 

The  class  of  the  curve  is  determined  by  the  number  of  planes  of  the  system  which  can 
be  drawn  through  any  point  of  the  section ;  and  since  in  this  case  N— 2^  planes  coincide 
with  the  plane  of  the  section  itself,  the  number  of  remaining  planes  c=N,  and  we  have 
i=:a=0,  and  by  Plcckek's  equation  the  remaining  characteristics  can  be  found.  These 
results  are  the  reciprocals  of  those  found  in  the  last  article,  as  they  evidently  ought  to  be. 

234.  The  most  important  problem  in  this  inquiry  is  to  find  the  singularities  of  the 
JIDCCCLXXI.  4  z 
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cone  whose  vertex  is  the  origha  of  mversion,  and  which  stands  on  the  cuspidal  edge  of 
the  developable  formed  by  the  tangent  planes  of  the  sphere  along  the  inverse  curve — that 
is,  the  sphere  into  which  the  plane  inverts.  These  singularities  will  be  those  of  the 
evolute  of  the  original  plane  curve. 

The  singularities  of  the  developable  will  be  got  by  the  changing  of  letters  as  m  the 
last  article.  Since  the  origin  is  a  multiple  point  of  the  degree  N— 2/?",  therefore  the 
class  of  the  cone  will  be  r— (N  — 2^")  =  N^  — 2^-,  since  it  is  evident  that,  in  finding  the 
number  of  lines  of  the  system  which  meets  an  arbitrary  line  through  the  vertex  of  the 
cone,  we  must  subtract  from  the  rank  of  the  system  the  number  denoting  the  multiplicity 
of  the  vertex. 

Since  any  arbitrary  plane  meets  the  cuspidal  edge  in  a  number  of  points  equal  to  the 
degree  of  the  system  (that  is,  3N^  —  6^—  3N),  it  is  evident  the  degree  of  the  cone  is  equal 
to  this  number  diminished  by  N— 2^-;  therefore  the  degree  of  the  cone  is 

3N=_6/t^-4N  +  2/{:. 

Again,  the  cuspidal  edges  of  the  cone  will  be  equal  to  the  number  of  stationary  points 
of  the  system — that  is,  equal  to 

In  order  to  find  the  corresponding  singularities  for  the  evolute,  we  must  plainly  add 
N— 2^  to  the  last  two  singularities;  for,  N— 2;fc  branches  of  the  inverse  curve  passing 
through  the  origin  of  inversion,  each  branch  will  add  one  to  the  number  of  cusps,  and 
one  to  the  degree,  and  we  shall  have  for  the  evolute  of  a  curve  of  degree  N  which  passes 
k  times  through  each  of  the  circular  points  at  infinity,  but  which  has  no  finite  double 
point  or  cusp,  the  following  singularities, 

Class      =  N^-  2Ic\ 

Degree  =3N^-   6^'-3N, 

Cusps    =6N^-12^^-9N+2^; 

and  by  Plucker's  equations  the  other  singularities  can  be  determined. 

By  putting  N  =  4  and  k=2,  we  find  class,  degree,  and  cusps  of  a  bicircular  quartic  to 
be  8,  12,  16,  and  our  formula  is  verified  for  the  bicircular. 

Again,  putting  N  =  3  and  ^'=1,  we  find  the  numbers  for  the  circular  cubic  to  be  7, 
12,  17,  which  we  know  otherwise  to  be  the  characteristics  for  the  evolute  of  a  circular 
cubic.  If  we  put  k=0  in  the  above  formulfe,  the  numbers  coincide  with  those  in 
Salmon's  higher  curves. 

The  foregomg  numbers  are  to  be  modified  when  the  curve  of  the  Nth  degree  has  cusps 
at  the  circular  points  at  infinity.  In  that  case  for  each  cusp  at  a  ciixular  point  at 
infinity  the  class  of  the  evolute  will  be  diminished  by  unity,  and  the  number  of  its  cusps 
increased  by  unity,  the  degree  remaining  the  same.  If  the  original  curve  had  finite  double 
points  or  cusps,  the  surfaces,  viz.  the  sphere  and  the  surface  of  the  Nth  degree,  will  have 
ordinary  contact  for  each  double  point  on  the  curve,  and  stationary  contact  for  each 
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cusp  ;  and  we  see  that  there  is  no  difficulty  in  completing  the  investigation — that  is,  being 
given  the  degree,  the  finite  double  points  or  cusps,  and  the  double  points  or  cusps  at 
the  circular  points  at  infinity  of  a  plane  curve,  to  find  tlie  characteristics  of  the  evolute. 

CHAPTER  XII. 
Sphero-Cartedans. 

235.  If  a  Cartesian  cyclide  be  intersected  by  any  sphere,  I  shall  call  the  curve  of 
intersection  a  sphero-Cartesian.  It  is  evident,  if  the  intersecting  sphere  become  a  plane, 
that  the  sphero-Cartesian  will  become  a  Cartesian  oval.  We  have  seen  that,  being  given 
a  sphere  U  and  a  quadric  F,  the  cyclide  which  has  U  for  a  sphere  of  inversion  and 
F  for  a  focal  quadric  will  intersect  U  in  the  same  sphero-quartic  as  the  reciprocal  of  F 
with  respect  to  U  intersects  U.  Now,  when  F  is  a  sphere  its  reciprocal  with  respect  to 
U  is  a  quadric  of  revolution.     Hence  we  have  the  following  fundamental  theorem : — 

A  sphero-Cartesian  is  the  curve  of  intersection  of  a  sphere  and  a  quadi-ic  of  revolution. 

236.  Tlie  focal  sphero-conics  of  a  sphero-Cartesian  are  circles. 

Demonstration.  Let  the  sphero-Cartesian  be  the  intersection  of  the  sphere  U  and 
quadric  V.  Then,  since  V  is  a  quadric  of  revolution,  the  cones  which  can  be  described 
through  (UV)  have  but  one  system  of  circular  sections,  and  therefore  the  cones  reci- 
procal to  them  have  but  one  system  of  focal  lines ;  but  the  reciprocal  cones  with  respect 
to  U  intersect  U  in  the  focal  sphero-conics  of  U V ;  therefore  the  focal  sphero-conics  of 
UV  are  circles. 

237.  One  of  the  four  cones  through  (UV)  is  a  right  cylinder  on  a  paraholic  base,  the 
plane  of  the  base  being  perpendicular  to  the  planes  of  circular  sections  of  V. 

Demonstration.  Let 

U=(a;+«)'+(y+/3)'+(.-+y)"->-'=0, 

then 

'[]-aW=iocx+Aj3i/  +  {z  +  y)-—^{z-y)-  +  a--r'=0, 

and  this  will  be  of  the  form 

a'z^+f>/  +  d=0 

by  a  change  of  axes.  Hence  the  proposition  is  proved ;  or  we  may  show  it  thus :  the 
biquadratic 

(see  Salmon's  '  Geometry  of  Three  Dimensions,'  page  146),  whose  roots  are  the  values 
of  X,  for  which 

(a-a)^+(y-/3)^  +  (.-7)=-§-^  +  x(^;+f;+Cl)==0 
4z2 
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represents  a  cone,  reduces  to  a  cubic  when  a=.h,  showing  that  in  this  case  there  are  only 
three  cones. 

Again,  the  equation 

which  is  the  biquadratic  for  the  paraboloid  ax"- -]-hy' -{•2rz=0  and  the  sphere 

becomes  a  cubic  when  a  =  h. 

238.  If  a  si)hero-Cartesian  he  projected  on  tJie  plane  of  circular  section  ofYhy  lines 
imrallel  to  the  axis  of  revolidion,  the  projection  xmll  he  a  Cartesian  oval. 

Demonstration.  Let  1] ^ix"^ -[-if  -^z^  —  r'^  =  Q, 

u-       '^      a-      ^^      c^ 

Now,  putting  A-^+_5/-  — r-=  — S  and  cm  1  — ^ )  =  S',  these  equations  are  equi- 
valent to  z — S^=0,  z  —  y — S'-  =  0.  Hence,  eliminating  z,  we  get  the  equation  of  a  Carte- 
sian oval. 

239.  If  a  plane  parallel  to  the  planes  of  circular  section  ofV  intersect  U  and  V  in 
two  circles  u  cmd  v,  the  locus  of  the  radical  axis  of  u  and  v  will  he  the  cylinder  on  the 
paraholic  hase. 

Demonstration.  Put  z=k  in  the  equations  of  U  and  V,  and  we  have  their  sections  by 
the  plane  z=k;  thus 

'  J     >  '  a  a  c 

Hence  the  radical  axis  of  u  and  v  is  «  — a-i'=:0 ;  therefore  the  same  value  of  X  for  whicli 
U+XV  becomes  a  parabolic  cylinder  reduces  ii-\-Xv  to  the  radical  axis  of  n  and  r,  and  the 
proposition  is  proved. 

Cor.  1.  The  curve  of  intersection  of  a  sphere  with  a  cylinder  on  a  parabolic  base  is  a 
sphero-Cartesian. 

Cor.  2.  From  recent  articles  we  infer  the  following  method  of  generating  sjjhero- 
Cartesians. 

Let  J  be  a  circle  and  F  a  parabola  in  the  same  plane  (say,  in  the  plane  of  the  paper) ; 
then  from  any  point  P  in  F  erect  two  perpendiculars  in  opposite  directions  to  the  plane 
of  the  paper  and  equal  respectively  to  ±T\/  —  1,  where  T  is  the  length  of  the  tangent 
drawn  from  P  to  J ;  then  the  locus  of  the  extremities  of  the  perpendicular  will  be  a 
sphero-Cartesian. 

240.  Since  one  of  the  four  cones  passing  through  the  sphero-Cartesian  (UV)  is  a 
parabolic  cylinder,  it  follows  that  one  of  the  nodal  conies  of  the  developable  ^  formed 
by  tangent  planes  to  U  along  (UV)  will  pass  through  the  centre  of  U.  Hence  Ave  have 
the  following  theorem : — 
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The  hinodal  cyclide  {a,  h,  c,f,  g,  hja.,  (B,  y)-  —  0  will  be  intersected  hj  the  sphere  U 
orthogonal  to  a,  /3,  y,  and  whose  centre  is  complanar  xvith  their  centres  in  a  sphero-Carte- 
sian  if  the  conic  {a,  b,  c,f,  g,  hjx,  f/j,  vf  2>ass  through  the  centre  of  U. 

241.  From  the  method  of  generating  sphero-Cartesians  given  in  art.  239,  Cor.  2,  we 
can  get  one  form  of  its  equation  considered  as  a  curve  described  on  a  sphere. 

Thus,  let  the  equation  of  the  sphere  of  which  the  circle  J 
is  a  great  circle  be  x''-\-f+z-=l,  and  the  equation  of  F  be 
{g-^l:y'=ia(h -\-w),  or,  in  polar  coordinates, 
(e  sin  ^  +  /iy-=  4:a{h  +  §  cos  C), 

and  it  is  clear  that  the  perpendicular  to  the  plane  of  the 
paper  at  P  will  cut  the  sphere  in  a  point  Q  whose  spherical 
coordinates  are  thus  determined. 

Taking  the  great  circle  J  as  a  circle  of  reference,  making 
AP^^,  PQ  perpendicular  to  it  =\}/,  then  we  have  cos  ^J/  =  g, 
and  the  equation  required  is 

(sin^cos\}/+A-)'=4«(/t+cosflcos\}/).     .     .     .     (149) 

242.  Let  the  great  circle  J  of  the  sphere  intersect  the  parabolic  base  of  the  cylinder  in 
four  points,  and  let  K,  K',  K"  be  the  points  of  intersection  of  the  three  pairs  of  lines 
through  these  four  points,  the  sides  of  the  triangle  K  K'  K"  will  cut  off  from  the  sphere 
three  arcs,  and  the  three  small  circles  which  have  these  three  arcs  as  spherical  diameters 
will  be  the  three  circles  of  inversion  of  the  sphero-Cartesian.  Again,  the  three  pairs  of 
perpendiculars  from  the  centre  of  the  sphere  on  the  three  pairs  of  opposite  connectors 
will  cut  the  sphere  in  three  pairs  of  points  which  will  be  the  extremities  of  the  diameters 
of  the  three  focal  circles  of  the  sphero-Cartesian.  Hence,  being  given  on  the  surface  of 
a  sphere  U  a  focal  circle  F  and  a  cu-cle  of  inversion  J  of  a  sphero-Cartesian,  we  infer 
the  following  construction  for  the  two  remaining  focal  circles  and  circles  of  inversion : — 

Let  H  and  O  be  the  centres  of  J  and  F,  and  let  HO  intersect  the  circles  J  and  F  in 
the  points  A,  B,  C,  D ;  if  the  jwints  P  and  Q  be  taken  so  as  to  be  common  iwinfs  of 
harmonic  section  o/'AB  and  CD,  then  P  and  Q  are  plainly  the  points  in  which  radii 
from  the  centre  ofVto  the  points  K',  1\!' pierce  U ;  then  are  therefore  the  centres  of  inver- 
sion of  the  sphero-Cartesian. 

243.  Again  (see  fig.  5,  art.  198).  if  the  circles  F',  F"  be  described  on  the  sphere  as 
they  are  in  the  diagram  referred  to  on  the  plane,  Me  shall  have  the  three  focal  circles 
and  their  radii  given  by  the  following  equations: — 

tan'  r  =  tan  PH  .  tan  QH,^ 

tan' r' =  tan  on  .  tan  QH,  I (1-50) 

tan'  r"=  tan  OH  .  tan  PH.  J 
The  first  equation  is  evident,  since  P,  Q  are  conjugate  points  with  respect  to  J;  and 
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the  second  follows  from  the  fact  that  the  bisectors  of  the  angles  ABD  and  DBN  pass 
respectively  through  O  and  H. 

244.  The  points  O,  P,  Q  are  the  centres  of  J,  J',  J".     Let  their  distances  from  H  be 
denoted  by  S,  h',  S"  respectively,  and  the  preceding  equations  may  be  written 

tan'r  =tanS'  tanS","| 

tan'^/z^tanSnanS  ,i (151) 

tan-  r"=:tan  i  tan  I' .  I 

Hence  we  get  the  three  following  equations : 

tan  5  =tanr'  tanr"  :  tanr  ,"1 

tanS'=tan'r"  tanr   :  tan  /  ,  i (152) 

tan S"=: tanr  tanr'  :tanr".  | 
Hence  also  we  get 

tan S  tan S' tan S"  =  tanr  tanr' tanr" (153) 

245.  If  we  denote  the  radii  of  the  circles  of  inversion  J,  J',  J"  by  §,  §',  g",  we  easily 
get  the  system  of  three  equations, 

tan^g  =tan(S  -S')tan(S  -S"),! 

tan=§'=tan(y-S")tan(S'-S  ),j. (154) 

tan=  §"=tan (S" - S  )  tan (h"-h'  )J 

with  this  other  system  of  equations, 

tan  (S  —h')  =  tan  §  tan  ^'  :  tan  g''^^ ~  1 '  1 


tan  (S' -  S")  =  tan  §' tan  g"  :  tang' x/-l,[ (155) 

tan  (S" - S  )=tan  g"tan  g    :  tan  g"^/^l. J 
Hence  also 

tan  [l-l')  tan  (b'-h")  tan  (S"-S')=tan  g  tan  g'  tan  §\/^.    .     (156) 

From  either  system  it  follows,  as  we  know  otherwise,  that  one  of  the  circles  of  inversion 
is  imaginary. 

246.  From  combining  the  equations  of  the  two  preceding  articles,  we  easily  get  the 
relations  between  the  radii  of  the  F's  and  the  J's ;  thus 

tan'  g = tan  (S  -  S')  tan  (S  - 1") 

_  tan^  8  -  tan  S  (tan  8'  +  tan  S")  +  tan  8'  tan  8" 
~         (l+tan8tan8'j(H-tan8tan8") 

_  (tan^  r-  tan^  ?■')  (tanV-tan^  r") 
tan'^  r  sec^  r'  sec*  r" 

. 4  (sin^  r — sin^  ?•')  (sin^  r — sin*  ?•") 

"~  sin*  2r 
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Hence  we  have  the  system  of  equations  : 

tan^g  =4(sin^;-  —  shr  r')(sin-r  —  sm^r")  :  sin' 2<-  ,j 
tan'^  §'  =4(sin' r'  -sin- /•")(sin- r'  — sin=  r  )  :  sin'  2r' ,  I 
tan=^"=:4(sin''j-"  — sin'r  )(sin- >•"  —  sin' r' )  :  sin' 2/'. J 
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(157) 


riff. 


247.  Let  us  denote  the  radii  of  the  three  circles  of  in^•crsion  by  J,  J',  J",  the  radii  of 
the  focal  circles  by  r,  r\  r",  and  the  distances  by  I,  h',  h", 
as  in  recent  articles.     Xow  denoting  the  perpendicular 
from  the  centre  of  J  to  any  tangent  to  F  by  j;,  then  taking 
OP=g'  such  that 

cosjj  :  cos(j; — ^)  =  cos  J=-  suppose  ; 

.*.  (cos§ — A")  cos^j  4- sin  g  sinjj  =  0  ; 

but  from  the  spherical  triangles  OHM  and  O  P  H  we  get 

cos^:*  sin  I  cos  3+cos  I  sinjj=sin  ;•, 
cos  g  cos  S  +  sin  g>  sin  S  cos  d= cos  E. 

Hence,  eliminating  ^j  and  5,  we  get 

(1  -\-l~  —  2k  cos  f  )=  sin  r=k  cos  S— cos  E, 
with  two  similar  expressions  involving  k',  k" ;  I',  V.     Hence  we  have  the  deteiminant 


{l-\-k''  —2k  cos§)'sinr,  k  cosS,  1, 
(l+A:"' —  2^'  cosg')'sinr',  k'  cosV ,  1, 
(1  +  ^"  -  2F  cos  g")i  sin  r",     F  cos  S",     1 , 


=  0; 


and  restoring  the  value  of  k,  k',  k",  we  get 


(1  +  cos' J  — 2  cosf  cos  J  )- sinr  ,  cos  o  ,  cosJ  , 
(1  +  cos' J' —  2cosf'cos  J')^  sinj-',  cosS',  cos  J', 
(1  +  cos'J"  — 2cosf"cosJ")=sinr",     cosS",    cos  J", 


=  0. 


(158) 


248.  It  is  evident  that  1+^''  — 2^'cos§  is  equal  to  the  square  of  the  distance  of  the 
point  P  of  the  sphero-Cartesian  from  the  pole  of  the  plane  of  J  with  respect  to  the 
sphere  U.  Hence,  if  this  distance  be  denoted  by  D,  the  first  determinant  of  the  last 
article  may  be  written 

D  sinr  ,     cosS  sec  J  ,     1, 

D'sinr',     cos  S' sec  J',     1,      =0 (159) 

D"sinr",     cosS"secJ",     1, 
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249.  From  the  equation,  art.  247, 

(l-}-k^—2k  cos  f)'  sin r=k  cos  S  — cos  R, 
which  we  may  put  in  the  form 

(l+A;'-2A:cos§)'sinr=C, 

where  C  is  the  small  circle  cutting  J  orthogonally  and  concentric  with  F,  we  have  th  is 

other  equation, 

(/,._ffV--7p_g-fV-.)sin=r=C^ (160) 

Hence  the  imaginary  lines /f — e^^-',  k — e~^^-'  are  tangents  to  the  sphero-Cartesian. 
Hence  the  centre  of  J  is  a  focus ;  and  similarly  the  centres  of  J',  J"  are  foci. 

250.  The  equation 

(l+/r-2yl-cos^)sin=;-=C^ 

is  the  envelope  of  the  circle 

l+/r~2i^- cos  §+/>!<C+f/,=  sin^  — 0  ; 
but 

C^k  cos  h  —  (cosg  cosS — sin  g  sinS  cos6):=0, 

.*.  1+^'^+jH/^  cos  5+//''*  sin^  r=:(2k-\-[/j  cos  I)  cos  §  —f^  sin  S  sin  g  cos  6. 

Now  the  equation  of  a  circle  (see  art.  36)  is 

cosR=cos5;  cos  §+sin  «  sing  cos  6. 

Multiplying  by  an  indeterminate  constant,  we  get 

X  cos  ll=l-\-k''-\-iJ!j7i:  cos5+|«/^  sin^  r, 

X  cos  n=i2k-\-iJ!j  cos  h, 

X  sin  n  =  — pb  sin  S. 
Hence 

--P,      1 -f  A^  +  fiA;  cos  8  +  jx- sin^  r  /ir.i\ 

'''^=     Vi.^  +  4,.kcos^  +  4Jc^ ^I'^l) 

Now  if  R  be  equal  to  zero,  the  circle  whose  radii  is  R  Avill  be  a  focus,  since  it  will  have 
imaginary  double  contact  with  the  sphero-Cartesian ;  but  R=0  gives  the  biquadratic  in  fji,, 
(l-{-k'-\-[Mk  cosl+iJi."-  shr  )f=(;j.'+A[J.k  cosh-\-U%  .  .  (162) 
showing  that  there  are  four  foci,  as  we  know  otherwise,  since  there  are  three  single  foci 
and  one  triple  focus. 

251.  If  R=:25  we  have  the  equation 

l+A'-+f4/i:cos  S+/x-sin-r=0, (163) 

a  quadratic  showing  that  a  sphero-Cartesian  has  two  great  circles  which  have  double 
contact  with  it.  These  are  not,  however,  the  only  great  circles  which  have  double 
contact  with    the    sphero-Cartesian.     These    correspond   to   the   great   circle   passing 
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through  the  three  single  foci  of  the  curve ;  and  we  will  now  show  that  there  are  two 
great  circles  of  double  contact  corresponding  to  each  of  the  three  small  circles  of  inver- 
sion, J,  J',  J".  I'or  let  F  be  the  focal  circle  corresponding  to  J,  then  tlie  great  circle 
whose  pole  is  the  centre  of  J  will  intersect  F  in  two  points ;  these  will  be  the  poles  of 
two  great  circles,  each  having  double  contact  with  the  sphero-Cartesian.  Hence  a 
s2)hei-o- Cartesian  has  eiglit  great  circles  of  double  contact. 

Cor.  It  is  evident  that  a  similar  jjrojjerfi/  holds  for  a  sphero-quartic. 

252.  If  in  the  equation  of  art.  250 

1  +  Z:-+/A^  cos  S-l-jOo-  sin-  ;-=(2Z-ffA  cos  I)  cos  ^  — (it  sin  I  sin  §  cosS 

we  substitute  the  spherical  coordinates  §',  &  of  any  point  (see  art.  36),  we  get  a  quadratic 
for  (!/,,  showing  that  through  any  point  §',  5'  two  generating  circles  pass.  Hence,  reasoning 
as  in  the  last  article,  through  any  point  may  be  described  eight  circles  each  havi7ig  double 
contact  ivith  the  sphero-Cartesian.  Hence,  if  we  invert  the  sphere  into  a  plane,  the  inverse 
of  the  sjihero-Cartesian  loill  not  be  a  Cartesian  oval  but  a  bicircular  quartic. 

253.  The  following  properties  of  sphero-Cartesians  are  the  analogues  of  properties  of 
plane  Cartesians  which  have  appeared  in  the  '  Educational  Times ' : — 

1°.  Being  given  two  small  circles  such  that  a  spherical  triangle  can  be  inscribed  in  one 
and  circumscribed  to  the  other,  the  envelope  of  the  small  circle  which  has  the  spherical 
triangle  as  a  self-conjugate,  or,  as  it  may  more  appropriately  be  called,  an  harmonic  triangle, 
is  a  sphero-Cartesian. 

2°.  Through  any  point  on  a  spliero-conic  can  be  described  three  circles  tvhich  osculate 
the  sphero-conic ;  the  envelope  of  the  circle  through  the  three  points  of  osculation  is  a 
sphero-guartic. 

3°.  If  a  sphero-quartic  tvifh  a  double  point  O  be  cut  by  a  circle  in  four  points  A,  B,  C,  D, 
and  if  OK,  OB,  OC,  OD  cut  the  circle  again  in  E,  F,  G,  H,  any  pair  of  great  circles 
through  these  points  will  be  equally  inclined  to  the  bisectors  of  the  angles  between  the 
tangents  at  O. 

4°.  If  a  sphero-conic  be  turned  through  dO^  round  the  pri)icipal  axis  of  the  cone  ivhich 
cuts  the  s])here  in  the  sphero-conic,  the  locus  of  the  intersection  of  any  tangent  ivith  the 
same  tangent  in  its  new  position  is  a  sjihero-quartic. 

6°.  The  locus  of  one  set  of  foci  of  all  tlie  conies  which  have  double  contact  with  a 
given  circle  at  given  points  is  another  circle  passing  through  those  points  and  through 
the  centre  of  the  given  circle.  Hence,  by  inversion,  the  locus  of  one  set  of  foci  of  spliero- 
quartics  with  a  double  point  which  have  a  given  generating  circle,  and  lu/iich  have  given 
points  of  contact  with  it,  is  a  circle  through  the  poi)its  of  contact. 

6°.  The  three  points  in  which  a  circular  cubic  is  cut  by  any  transversal  are  the  foci 
of  a  Cartesian  oval  passing  through  four  concyclic  foci  of  the  cubic.  Hence,  by  inversion, 
four  concyclic  points  on  a  spliero-quartic  A  are  the  foci  of  another  sphero-quartic  B 
passing  through  four  concyclic  foci  of  K.  It  is  evident  that  this  property  is  analogous 
to  that  of  pole  and  polar,  and  that  a  similar  use  may  be  made  of  it. 

MDCCCLXXI.  5  A 
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254.  The  following  properties  are  the  inverses  of  properties  of  conies  &c. : — 

1°.  A  circular  cubic  is  the  locus  of  one  set  of  foci  of  all  the  conies  that  can  be  drawn 
through  four  concj'clic  points.  Hence,  by  inversion,  a  sphero-guartic  is  the  locus  of  the 
locus  of  one  set  of  foci  of  all  the  sjjhero-quartics  with  a  double  point  which  can  he  drawn 
through,  four  concyclic  points. 

A  more  general  proposition  than  this  can  be  easily  inferred  from  art.  253,  6°. 

2°.  If  two  tangents  to  a  conic  intersect  at  a  given  angle,  the  locus  of  their  intersection 
is  a  bicircular  quartic.     Hence,  by  inversion. 

If  two  generating  circles  of  a  sphero-quarfic  with  a  douMe  point  (including  cusps  and 
conjugate  pjoints)  intersect  at  a  given  angle,  the  locus  of  their  intersection,  if  they  belong 
to  the  system  of  generating  circles  which  passes  through  the  double  point,  is  a  sjjhcro- 
quartic. 

Cor.  If  the  angle  of  intersection  be  a  right  angle  the  locus  will  be  a  circle. 

3°.  A  cardioide  can  be  inverted  into  a  cissoid.  Hence  a  cusped  sphero-Cjuartic  will  be 
got  by  inverting  a  cusped  spihero-Cartesian. 

255.  Particular  spherical  sections  of  a  general  cyclide  will  be  sphero-Cartesians. 
The  following  is  an  example : — Let  W  5e  «  cyclide,  U  and  F  a  sjyhere  of  inversion 

and  corresponding  focal  quadric ;  then  if  any  sphere  has  its  centre  on  the  focal  hyperbola 
of  F  and  cuts  U  orthogonalhj,  it  will  intersect  W  in  a  sphero-Cartesian. 


CHAPTER  XIII. 
Section  I. — Substitutions. 

256.  If  W— (ff,  b,  c,  d,  I,  m,  n,  p,  q,  rXo^,  /3,  y,  S)-=0  be  the  equation  of  a  cyclide, 
and  if  the  equation  W  be  satisfied  by  the  values  a:',  y\  z',  w'  of  a,  /3,  y,  h,  we  can  state  it 
thus :  the  system  of  six  spheres  denoted  by  the  matrix 

a,     /3,     y,     S  , 
of,     ij,     z',     w', 

have  the  two  points  which  arc  common  to  them  on  W ;  and  if  the  ratios  oil  :  y'  :  z'  :  w'  be 
supposed  to  vary,  but  subject  to  the  condition 

(«,  b,  e,  d,  I,  m,  n,  p,  q,  rX^^^  y',  ~,  w'y  =  0, 

then  the  pair  of  points  denoted  by  the  matrix  (164)  will  vary,  and  the  locus  will  be  the 
cyclide  AV.  Hence  we  may  call  (a,  b,  c,  .  .  .  .  rX«,  /3,  y,  S)-=0  the  local  equation  of  a 
cyclide. 

I  remark  that  whenever  I  shall  speak  of  a  pair  of  inverse  points  on  a  cyclide  it  will 
be  a  pair  determined  by  a  matrix  such  as  (164). 

257.  We  have  seen  that  the  tangential,  equation  of  the  focal  quadric  of  a  cyclide  is 
the  same  in  form  as  the  local  equation  (see  last  article)  of  the  cyclide,  and  that  to  a  tangent 
plane  of  the  quadric  will  correspond  a  pair  of  inverse  points  of  the  cyclide,  and  generally 


(164) 
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to  any  plane  L  related  to  the  quadric  will  correspond  a  pair  of  inverse  points  having  a 
correlative  reference  to  the  cyclide,  and  these  inverse  points  will  be  the  limiting  points 
of  the  sphere  U  (the  Jacobian  of  a,  /3,  7,  5)  and  the  plane  L. 

258.  We  have  determined  in  art.  5  the  condition  that  the  sphere  .ra+y/3  +  r7+w5 
should  be  a  generating  sphere  of  W  to  be  given  by  the  determinant  (7),  and  that  this 
determinant  in  tetrahedral  coordinates  is  the  equation  of  the  focal  quadric  F  of  W. 
Now  since  for  any  system  of  values  of  .r,  y,  z,  10  which  satisfies  the  determinant  (7)  we 
get  a  point  on  F,  we  see  that  to  any  point  on  F  will  correspond  a  generating  sphere  of 
W,  and  generally  to  any  point  P  having  any  special  relation  to  F  will  correspond  a  sphere 
Q  having  a  similar  relation  to  W ;  in  fact  the  sphere  Q  will  have  the  point  P  for  centre, 
and  will  be  orthogonal  to  U. 

259.  Since  the  tetrahedral  coordinates  of  the  centre  of  .'i',a+_yi/3-|-r,7-|-?('iS  are 
^n  J/i)  ^n  'f^n  ^^^^  if  fo^r  Spheres  orthogonal  to  U  pass  through  the  same  pair  of  inverse 
points,  with  respect  to  U  we  know  that  their  centres  are  complanar.  Hence  we  have 
the  following  theorem : — 

The  condition  that  the  four  spheres 

x^a-\-y,\i-\-z,y-\-w^,  XM+y.3+z.^^w^,  &c. 
should  pass  through  the  same  pair  of  inverse  points  is  the  vanishing  of  the  value  of  the 

determinant 

.r„     //„     z„     w„ 

x.,,    y.„     z,,     Wo, 

'^si       ^31        ~:»       "^^li 

^■4,         J/4,         ~4,  W,. 

260.  In  art.  257  it  is  proved  that  the  pair  of  inverse  points  given  by  the  matrix  (164) 
correspond  to  a  plane,  and  in  art.  27  it  is  shown  that  the  perpendiculars  from  the  centres  of 
u,  /3, 7,  S  on  the  plane  are  proportional  to  .r„  y^,  c„  Wi  of  the  matrix,  that  is,  in  other  words, 
the  coordinates  of  the  plane  are  x„  y„  c„  w,.     Hence  we  infer  the  following  theorem : — 

The  four  pairs  of  inverse  points  given  hy  the  matrices 


(165) 


«, 

/3,  7,  S  , 

a. , 

13,  7,  ^  ,  1 

a,  13, 

7,  S  , 

a, 

/3,  7, 

S  , 

X,, 

Hi,    ~n    Wi, 

1  .r„  yl,  z„,  W2, 

^■3,  ^3, 

~3,     ^^^3, 

a\. 

^4,    2„ 

w„ 

no 

Spheric,  if  vanishes  the  determinant 

ir„    y„     Zi, 

Wi, 

^'2,          ^21          ~2, 

^v,, 

■^'3,         ^31         ~31 

W3, 

A'4,          !/4, 

~4, 

^o,. 

(166) 


261.  Since  to  any  system  of  complanar  points  corresponds  a  system  of  spheres  passing 
through  a  pair  of  inverse  points,  to  a  plane  conic  on  the  focal  q^uadric  of  a  cyclide  AV  will 

5a2 
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coi'resjwnd  a  hinodal  cyclkle  circumscribed  about  W;  the  nodes  of  the  hinodal  cyclide  will 
correspond  to  the  plane  of  the  conic. 

262.  Since  to  any  system  of  planes  passing  through  a  point  corresponds  a  system  of 
homospheric  pairs  of  inverse  points,  to  a  cone  circumscribed  ahout  the  focal  quadric  of  co 
cyclide  W  will  correspond  a  sphero-quartic  on  W;  and  if  the  cone  be  one  of  revolution, 
the  sphero-quartic  ivill  become  a  sphero-Cartesian. 

Cor.  1.  If  the  vertex  of  the  cone  beat  infinite/,  that  is,  if  the  cone  become  a  cylinder,  to 
it  toill  correspond  a  bicircular  quartic ;  and  if  the  cylinder  be  one  of  revolution,  to  it  will 
correspond  a  section,  of  the  cyclide,  tvhich  will  be  a  Cartesian  oval. 

Cor.  2.  Since  two  cylinders  of  revolution  can  be  described  about  a  quadric,  through  each 
centre  of  in  version  of  a  cyclide  can  be  draivn  two  p)lanes  tvhich  ivill  intersect  it  in  Cartesian 
ovals. 

263.  Since  to  a  point  on  F  corresponds  a  generating  sphei'e  of  W,  to  the  line  joining 
two  points  on  F  will  correspond  the  circle  of  intersection  of  two  generating  spheres ;  and 
if  every  point  of  the  line  be  on  F,  every  point  of  the  circle  will  be  on  W.  Hence  to  a 
rectilinear  generator  of  F  will  correspond  a  circular  generator  of  W ;  and  since  through 
any  point  on  F  can  be  drawn  two  rectilinear  generators,  hence  in  general  can  be  drawn 
two  circular  generators  corresponding  to  each  focal  quadric  of 'W  through  any  point  ofW. 

264.  The  last  article  may  be  established  differently  as  follows.  Thus  if  perpendiculars 
from  the  centres  of  the  spheres  of  reference  a,  /3,  y,  h  of  the  cyclide  ^Y^=^aa^-\-bli--{■C'y^-\-d'^ 
on  any  plane  be  denoted  by  X,  //-,  v,  §,  then  the  points  whose  equations  are 


A, 

A', 


B, 
B', 


C, 

C, 


D', 


(^'^'^  ?) 


correspond  to  the  spheres  whose  equations  are 

A,     B,     C,     D,       (a,l3,y,l), 
A',     B',     C,     D', 

and  consequently  the  line  joining  the  points  corresponds  to  the  circle  of  intersection  of 
the  spheres.     Now  the  six  determinants  of  the  matrix 

A,    B,     C,    D, 

A',     B',     C,    D', 

or  their  mutual  ratios,  are  called  by  Professor  Cayley  the  six  coordinates  of  a  line  in 
space,  and  are  denoted  by  the  notation  (a,  b,  c,f,  g,  h).  Hence  we  see  that  we  can  in 
our  extension  call  the  same  ratios  the  six  coordinates  of  a  circle  in  space  (see  Cayley 
"  On  the  Six  Coordinates  of  a  Line,"  Cambridge  Philosophical  Transactions,  vol.  xi.  pt.  2). 
Hence  the  same  investigation  which  in  Professor  Cayley's  system  proves  any  property 
of  a  system  of  lines  in  space,  will,  with  our  interpretation,  give  a  corresponding  property 
of  a  system  of  circles  in  space.  It  is  to  be  remembered,  however,  that  all  our  circles 
are  cut  orthogonally  by  the  same  sphere,  namely  the  sphere  U,  the  Jacobian  of  a,  j5,  y,  S 
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(compare  art.  19).  As  an  example,  three  lines  in  space  tletermine  a  ruled  quadric;  to 
Avhicli  we  have  the  corresponding  theorem : — Three  circles  in  space  ortliogonal  to  the 
same  sphere  determine  a  cyclide.  Again,  every  ruled  quadric  lias  two  systems  of  recti- 
linear generators  ;  to  this  corresponds  the  theorem : — Every  cyclide  has  two  systems  of 
circular  generators  corresponding  to  each  sphere  of  inversion;  or  any  four  rectilinear  gene- 
rators of  one  system  on  a  ruled  quadric  are  cut  equianharmonically  by  all  the  rectilinear 
generators  of  the  opposite.  Hence  any  four  circular  generators  of  one  system  belonging  to 
a  cyclide  are  cut  equianharmonically  by  all  the  circular  generators  of  the  opposite  system. 
265.  From  recent  articles  we  see  that,  being  given  any  grapliic  property  of  the  focal 
quadric  F  of  a  cyclide  W,  we  can  get  a  corresponding  property  of  W  by  the  following 
substitutions : — 

F  W 


ra.  For  a  point  on  F, fa.  A  generating  sphere  of  W. 

b.  A    point    having    any   special  I  b.  A  sphere  having  a  corresponding  rela- 

relation  to  F, |  tion  to  W. 

I.  ■(  c.   A  system  of  complanar  points,  <;  c.  A  system  of  spheres  through  the  same 

two  points. 

d.  A  system  of  spheres  through  the  same 

L  circle. 


d.  A  system  of  collinear  points. 


11.^ 


a.  A  tangent  line  to 

b.  A  line  having  any  special  rela- 

tion to 


a.  A  circle  having  double  contact  with 

b.  A  circle  having  a  corresponding  relation 
to 

c.  A  system  of  concurrent  lines,      I  c.  A  system  of  homospheric  circles. 

d.  A  system  of  complanar  lines,         d.  A  system  of  circles  through  the  same 
1^  (^  two  points. 

a.  A  tangent  plane  to  fa.  A  pair  of  inverse  points  on 

b.  A   plane    ha\ing    any    special  |  b.  A  pair  of  inverse  points  having  a  corre- 
relation  to  j  spending  relation  to 

HI.  -^  c.   A  system  of  planes  through  the-^  c.  A  system  of  homospheric  pairs  of  inverse 

same  point,  points. 

d.  A  system  of  planes  through  the  '  d.  A  system  of  inverse  pairs  of  points  on 

I          same  line,                                   '^  the  same  circle. 

26G.  In  order  to  give  illustrations  of  this  system  of  substitutions,  I  give  the  theorems 
derived  by  them  from  a  splendid  paper  of  Mr.  Townsend's  in  the  '  Quarterly  Journal,' 
vol.  viii.  p.  10.  For  this  purpose  the  following  proposition  is  necessary :— If  three 
tangent  planes  to  a  quadric  be  mutually  perpendicular  the  locus  of  their  point  of  inter- 
section is  a  sphere,  called  the  director  sphere  of  the  quadric.  Hence,  by  substitution,  we 
get  the  following  theorem  :—i/7//»r(3  lines  mutually  lierpendiculnr  be  drawn  through  a 
centre  of  inversion  of  a  cyclide,  and  ifV,  V,  Q,  Q',  K,  R  be  three  pairs  of  inverse  points 
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in  which  these  lines  intersect  the  cyclide,  the  envelo])e  of  the  sphere  through  P,  P',  Q,  Q', 
E,  E'  is  a  Cartesian  cyclide,  which  by  analogy  I  shall  call  the  director  cyclide  of  the  given 
cyclide. 

1°.  "  If  a  system  of  quadrics  touch  a  common  system  of  eight  planes,  their  director 
spheres  have  a  common  radical  plane."  Hence,  if  a  system  of  cyclides  pass  through  a 
common  system  of  eight  inverse  pairs  of  ■points,  their  director  Cartesian  cycUdes  are 
inscribed  in  a  common  hinodal  Cartesian  cyclide. 

2°.  "  If  a  system  of  quadrics  touch  a  common  system  of  seven  planes,  their  director 
spheres  have  a  common  radical  axis."  Hence,  if  a  system  of  cycUdes  pass  through  a 
common  system  of  seven  inverse  pairs  of  points,  their  director  Cartesians  have  two  geiierating 
spheres  common  to  all. 

3°.  "  If  a  system  of  quadrics  touch  a  common  system  of  six  planes,  their  director 
spheres  have  a  common  radical  centre."  Hence,  if  a  system  of  cycUdes  pass  through  a 
common  system  of  six  inverse  pairs  of  points,  their  director  Cartesian  cy elides  are  such 
that  any  of  them  can  be  expressed  as  a  linear  function  of  four  others,  because  their 
director  spheres  in  the  property  of  the  quadrics  having  a  common  radical  centre  are 
coorthogonal,  and  any  of  them  can  be  expressed  as  a  linear  function  of  four  others. 

Cor.  The  property  in  1°  may  be  expressed  thus : — any  director  Cartesian  can  be 
expressed  linearly  in  terms  of  two  others ;  and  the  property  in  2°,  any  director  Cartesian 
can  be  expressed  linearly  in  terms  of  three  others. 

267.  When  a  quadric  becomes  a  paraboloid,  the  director  sphere  becomes  a  director 
plane.  Hence  if  three  lines  mutually  perpendicular  be  drawn  through  a  centre  of 
inversion  of  a  cubic  cyclide  intersecting  it  in  three  pahs  of  inverse  points  P,  P',  Q,  Q', 
E,  E',  the  sphere  determined  by  these  three  pairs  of  inverse  points  passes  through  a  fixed 
pair  of  points.     I  shall  call  these  points  tlie  director  points  of  the  cubic  cyclide. 

V.  "If  a  system  of  quadrics  touch  the  same  eight  planes,  the  common  radical  plane 
of  their  director  spheres  is  the  director  plane  of  the  paraboloid  which  touches  the  planes." 
Hence,  if  a  system  of  cycUdes  pass  through  a  common  system  of  eight  inverse  pairs  of 
points,  the  nodes  of  the  binodal  Cartesian  cyclide  which  is  circumscribed  to  their  director 
Cartesian  cycUdes  are  the  director  ])oints  of  the  cubic  cyclide  which  passes  through  the 
system  of  eight  pairs  of  inverse  j^oints. 

2°.  "  If  a  system  of  paraboloids  touch  the  same  seven  planes,  their  director  planes  have 
a  common  line  of  intersection."  Hence,  if  a  system  of  cubic  cycUdes  pass  through  a  common 
system  of  seven  pairs  of  inverse  pioints,  their  director  poitits  are  coney  die. 

3°.  "  If  a  system  of  quadrics  having  a  common  rectilinear  generator  touch  five  planes, 
their  director  spheres  have  a  common  radical  plane."  Hence,  if  cc  system  of  cycUdes 
having  a  common  circular  generator  piass  through  five  inverse  pairs  of  points,  their  director 
cycUdes  are  inscribed  in  the  same  binodal  Cartesian  cyclide. 

4°.  "  If  a  system  of  ruled  quadrics  have  two  common  rectilinear  generators  and  touch 
two  common  planes,  their  director  spheres  have  a  common  circle  of  intersection  with 
that  of  the  ruled  quadric  passing  through  the  two  lines  and  through  the  intersection  of 
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the  two  planes."  Hence,  if  a  system  of  cydidcs  having  ttoo  common  drcular  generators 
pass  throngh  two  inverse  pairs  of  ])oints,their  director  cyclides  are  inscribed  in  a  hinodal 
Cartesian  cyclide,  in  tvhich  is  also  inscribed  the  cyclide  determined  by  the  two  circular 
generators  and  the  circle  through  the  two  inverse  pairs  of  points. 

5°.  "  The  director  sphere  of  every  ruled  quadric  passing  through  the  four  sides  L,  M, 
N,  P  of  any  skew  quadrilateral  passes  through  the  circle  of  intersection  of  the  two 
spheres  of  which  the  two  diagonals  arc  diameters."  Hence,  if'L,  M,  N,  P  be  four  circles 
in  space,  such  that  each  of  the  four  pairs  (LM),  (MN),  (NP),  (PL)  is  homospheric,  and 
if  L,  M,  N,  P  be  circles  on  a  cyclide  W,  the  director  cyclide  of  W  can  be  expressed  as  a 
linear  function  of  two  Cartesian  cyclides,  viz.  the  cyclide  which  has  the  sp)hcres(LM}  and 
(NP)  as  generating  spheres,  and  the  middle  point  between  their  centres  as  a  triple  focus, 
and  the  cyclide  similarly  determined  by  the  spheres  (MN)  and  (PL). 

6°.  "When  eight  planes  pass  in  pairs  through  any  generators  of  the  same  ruled 
quadric,  the  director  spheres  of  all  quadrics  touching  them  all  have  a  common  circle  of 
intersection  with  that  of  the  original  quadric."  Hence,  ivhcn  eight  pairs  of  inverse  points 
lie  ttoo  by  tioo  on  four  circular  generators  of  a  given  cyclide,  the  director  cyclides  of 
all  cyclides  passing  through  the  eight  pairs  are  such  that  the  director  cyclide  of  the  given 
cyclide  can  be  expressed  as  a  linear  function  of  any  tivo  of  them;  in  other  words,  the 
director  cyclides  of  the  variable  cyclides  and  the  director  cyclides  of  the  given  cyclides  are 
all  inscribed  in  the  same  binodal  Cartesian  cyclide. 

1".  If  a  system  of  paraboloids  touch  the  same  six  planes,  their  director  planes  have  a 
common  p)oint  of  intersection.  Hence,  if  a  system  of  cubic  cyclides  jidss  through  the  same 
six  pairs  of  inverse  points,  all  their  director  pairs  of  points  are  homospheric. 

8°.  "  If  a  system  of  ruled  quadrics  passing  through  a  common  line  touch  four  common 
planes,  their  director  spheres  have  a  common  radical  axis."  Hence,  if  a  system  of  cyclides 
having  a  common  circular  generator  pass  through  four  inverse  pairs  of  common  points,  their 
director  cyclides  have  two  common  generating  spheres. 

268.  I  shall  for  the  next  illustration  take  the  properties  of  quadrics  given  in  a  paper 
of  Dr.  Salmon's  in  the  same  volume  of  the  Quarterly  Journal,  "  On  the  Number  of 
Surfaces  of  the  Second  Degree  which  satisfy  nine  conditions." 

1".  Dr.  Salmon  proves  '•  that  two  quachics  can  be  described  through  eight  given 
points  to  touch  a  given  line."  Hence  two  cyclides  having  a  given  sphere  of  inversion 
can  be  described  having  eight  given  generating  spheres  to  have  double  contact  with  a  given 
circle. 

2°.  "Three  quadrics  can  be  described  through  eight  given  points  to  touch  a  given 
plane."  Hence  three  cyclides  can  be  described  having  eight  given  generating  sjyheres  to 
pass  through  a  given  pair  of  inverse  p)oints. 

3°.  "  Twenty-one  quadrics  can  be  described  through  five  given  points  to  touch  four 
planes."  Hence  twenty-one  cyclides  can  be  described  having  five  given  generating  spheres 
to  pass  through  four  given  inverse  pairs  of  points. 

4°.  In  general  ?/  N(r,  s,  t)  denote  the  number  of  quadrics  ivhich  can  be  described  to  pass 
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through  r  jjoints,  to  touch  s  lines,  and  to  touch  t  planes,  ^vhere  r+s  +  t=9,  then  pre- 
cisely the  same  number  N  of  cyclides  can  he  described,  being  given  r  generating  spheres  to 
have  double  contact  loith  s  circles  and  to  pass  through  t  inverse  pairs  of  points. 

2G9.  If  V  be  the  reciprocal  of  the  focal  quadric  F  with  respect  to  U,  or,  in  other 
words  if  V  be  a  quadric  of  the  system  passing  through  the  sphero-quartic  WU,  then 
the  planes,  lines,  and  points  of  V  will  correspond  to  the  points,  lines,  and  planes  of  F ; 
and  hence  by  substitutions  reciprocal  to  those  of  art.  265,  being  given  any  graphic  pro- 
perty of  V,  we  can  get  a  corresponding  graphic  property  of  W. 

Cor.  Hence,  being  given  any  graphic  of  a  quadric,  we  can  get  two  correlative  graphic 
properties  of  a  cy elide. 

Section  II. — Substitutions.     Sphcro-guartics. 

270.  We  have  seen,  if  in  the  equation  of  a  cyclide  Wssip(a,  j3,  7,  S),  where  <p  represents 
a  homogeneous  function  of  the  second  degree,  we  regard  a,  (3,  y,  S  as  the  small  circles 
in  which  the  spheres  «,  /3,  y,  I  intersect  U,  that  we  get  the  equation  of  the  sphero- 
qnartic  (WU) ;  also  that  the  sphero-quartic  is  generated  as  the  envelope  of  a  variable 
circle,  whose  centre  moves  along  a  sphero-conic,  and  which  cuts  a  given  cuxle  ortho- 
gonally ;  and  we  might  investigate,  as  in  the  last  section,  a  system  of  substitutions  by 
which,  from  known  properties  of  sphero-conics,  we  could  infer  properties  of  sphero- 
quartics ;  but  there  is  a  simpler  system  of  substitutions  by  which  we  may  arrive  at  the 
latter,  namely,  by  means  of  substitutions  from  known  properties  of  plane  conies.  This 
method  I  shall  explain  briefly  in  the  following  articles. 

271.  Let  W^^aar -{-bl^"-  +  cy-  +  dh'=0  be  a  cyclide,  then  the  Jacobiau  of  a,  /3,  y,  h  is 

given  by  the  equation 

W-^a'  +  (3"-+y-+l'=0. 

Hence  the  sphero-quartic  (AYU)  will  be  the  curve  of  intersection  of  U,  and  either  of  the 

binodal  cyclides 

W-«U%     W-Z.U=,     W-eU^     W-d\J\ 

Now  let  us  consider  W  —  aU",  or  (b—a)(3--\-(c—a)y^-'r{d  —  a)l';  this  cyclide  has  four 
focal  quadrics,  of  which  one  reduces  to  a  plane  conic,  and  this  conic  is  a  focal  conic  of 
each  of  three  remaining  focal  quadrics  (see  art.  113).  The  conic  is  one  of  the  nodal 
lines  of  the  developable  S  (see  Chapter  VIII.),  and  is  the  reciprocal  of  one  of  the  four 
cones  through  (WU).  Now  any  tangent  plane  to  the  cone  will  intersect  U  in  a  circle, 
which  will  be  a  generating  circle  of  WU,  and  this  tangent  plane  will  intersect  the  plane 
of  the  nodal  conic  of  S,  that  is,  the  plane  of  the  conic  whose  equation  in  tangential 

coordinates  is 

(b-  a,)iA,'  +  {c—ayi>-\-{d-a)f, 

in  a  line,  which  will  be  a  tangent  line  to  the  reciprocal  conic,  that  is,  to  the  conic  whose 
trilinear  equation  is  {b  —  a)f-\-[c — a)z--\-{d — fl)w^=0.  Hence  a  tangent  line  to  this 
conic  corresponds  to  a  generating  circle  of  WU.  Again,  any  edge  of  the  cone  intersects 
the  conic  {h  —  a)f-\-{c—a)'J-\-{d  —  a)w^  in  a  point,  and  passes  through  a  pair  of  points 
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of  WU ;  this  pair  of  points  will  be  inverse  to  each  other  with  respect  to  the  vertex  of 
the  cone.  Hence  a  point  on  the  conic  corresponds  to  a  pair  of  inverse  points  on  the 
sphero-quartic.  Again,  a  point  and  its  polar  with  respect  to  the  conic  correspond  to 
a  pair  of  mverse  points  and  a  circle,  w'hich  are  related  to  each  other  with  respect  to  the 
sphero-quartic,  as  poles  and  polars  are  in  ordinary  geometry.  For  example,  the  point 
and  polar  w^ith  respect  to  the  conic  are  such  that  any  line  through  the  point  meets  the 
conic  in  two  points  such  tliat  tangents  to  the  conic  drawn  througli  them  meet  on  the 
polar ;  and  the  pair  of  inverse  points  and  their  polar  circle  are  sucli  that  any  circle 
through  the  inverse  points  meets  the  sphero-quartic  in  two  pairs  of  points,  sucli  that 
the  generating  circles  which  touch  the  sphero-quartic  at  these  points  intersect  on  the  polar 
cu'cle  of  the  pair  of  inverse  points. 

If  we  have  any  system  of  collinear  points  on  the  plane  of  {h  —  a)if-\-{c  —  a)z'--\-[d  —  a)w-, 
it  is  evident  we  shall  have  to  correspond  with  them  a  system  of  inverse  pairs  of  points 
which  are  concyclic.  Lastly,  to  a  system  of  concurrent  lines  we  shall  have  a  corresponding 
system  of  coaxal  circles  on  tlie  sphere  U. 

272.  From  the  last  article  we  see  that,  being  given  any  graphic  property  of  the  conic 
{b  —  a)i/-  -\-(c— a)z- + (fZ — a)w^ = 0 , 
we  shall  get  a  corresponding  graphic  property  of  the  cyclide  WU  by  the  following 
system  of  substitutions : — 

{b  -  a)f +{c-  a)z'  +  (d  -  a)iir.  ( WU). 

'  a.    For  a  point  on,  A.  A  pair  of  inverse  points. 

I  b.    A  point  having  any  permanent     B.    A  pair  of  points  having  a  corresponding 
I.-l  relation  to,  relation. 

I  c.    A  system  of  collinear  points,         C.    A  system  of  concyclic  inverse  pairs  of 

^  points. 


II.  i 


a'.  A  tangent  to.  A'.  A  generating  circle  of 

b'.   A  line  having  any  permanent     B'.  A  circle  having  a   corresponding  rela- 

relation  to,  tion  to 

(/.   A  system  of  concurrent  lines.        C".  A  system  of  coaxal  circles. 
273.  If  we  take  the  reciprocal  of  the  conic  {b—a)f--\-(c—a)z-  +  (d—a)w-  =  0,  that  is, 
the  conic  in  tangential  coovd'mates  (b  —  a)[jj--\-(c—ay'+{d—a)f-,  we  get  jiroperties  of 
WU,  by  substitutions,  reciprocal  to  the  foregoing ;  hence  we  are  to  substitute  from  the 
last  article,  for 

a,     h,     c;     A',     B',     C. 

«',     b\     c';     A,     B,     C. 

Cor.  1.  Hence,  being  given  any  graphic  property  of  a  plane  conic,  we  can  get  two 
correlative  properties  of  a  sphero-quartic. 

Cor.  2.  The  properties  of  bicircular  quartics  which  are  derived  by  substitutions  from 
those  of  conies  have  their  analogues  in  sphero-quartics. 

Cor.  3.  If  two  sphero-quartics  have  one  centre  of  inversion  common  to  both,  tliey 
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have  four  common  generating  circles ;  for  the  two  conies  which  lie  on  the  polar  plane 
of  the  common  centre  of  inversion  have  four  common  tangents. 

Cor.  4.  li^N=aoe-\-hp'-\-cy•  +  (lt-=Q,  W'^«'«'^+Z»'f3'^  +  6-y+fZ'S'=0  be  two  cyclides, 
the  sj)hero-quartics  (WU)  unci  (WU)  have  sixteen  common  generating  circles ;  for  they 
have  four  centres  of  inversion  common,  namely,  the  centres  of  the  spheres  a,  |3,  y,  5. 

CHAPTEE  XIV. 
Section  I. — Poles  and  Polars. 
Ohservation.  All  the  spheres  which  we  shall  have  occasion  to  use  in  this  and  the 
following  chapter  will  be  of  the  form  xa-\-y^-\-zy  -\-iv^,  where  x,  y,  z,  to  are  numerical 
coefficients. 

274.  If  (a,  h,  c,  d,  I,  m,  n,p,  q,  r^a,  jS,  y,  S)-=0  be  a  cyclide,  and 

be  two  spheres,  then  the  condition  that  aSi +10.82=0  may  be  a  generating  sphere  of  the 
cyclide  is  given  by  the  determinant 


a. 

n, 

m 

p^ 

XX,  -\-[J^X.„ 

n, 

i, 

I  = 

!?> 

^x  +^y-i. 

m, 

h 

c  , 

r, 

XZi  +/^Z2, 

=0. 

(167) 

1^, 

(h 

r  , 

d. 

XlOj+lMW^, 

Xa\+iM',, 

>^yi+/*^2= 

Xz 

+  [^Z.„ 

xw 

i  +  [^lO,, 

0, 

This  determinant  may  be  written  X°S'  +  2X[jjip  -\-  (/j"'S"  =  0,  and  we  have  a  quadratic  for  deter- 
mining the  ratio  Xrjot,.  Now  if  <p=0  we  shall  have  the  two  values  K:fo  equal,  but  with 
contrary  signs.  Hence  ip=:0  is  the  condition  that  the  spheres  S,,  S^  and  the  two  gene- 
rating spheres  of  the  cyclide  whose  centres  are  coUinear  with  their  centres,  or,  in  other 
words,  the  two  generating  spheres  which  are  coaxal  with  them,  should  form  an  harmonic 
system  of  spheres. 

Def,  An  harmonic  system  of  spheres  is  a  system  passing  through  a  common  circle  and 
whose  centres  form  an  harmonic  row  of  points ;  this  system  possesses  the  property  that 
four  tangent  planes  through  any  common  tangent  line  form  an  harmonic  system ;  or 
again,  that  the  segments  which  these  spheres  intercept  on  the  line  of  collinearity  of 
their  centres  may  be  an  harmonic  system  of  segments  on  that  axis.  See  Chasles, 
'Sections  Coniques,'  art.  136. 

275.  The  equation  ^=0  is  the  determinant 


a ,  n ,  m,  p  ,  ^r, , 

01,  h  ,  I  ,  q  ,  y„ 

m,  I  ,  c  ,  r  ,  z„ 

p,  q ,  r ,  d ,  w„ 

■^'2»  ^25  "'a?  '2f25  '-'5 


=0. 


(168) 
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And  if  we  suppose  a.\,  y„  2,,  iv^  constant  while  w„,  y.,,  z^,  Wj  vary,  removing  the  suffixes 
from  the  lower  row  in  the  determinant,  we  see  that  if  the  centre  of  a  variable  sphere 
S=0  moves  along  the  plane 


a. 

n, 

m, 

P' 

.r„ 

n. 

b, 

I, 

?. 

I/n 

m. 

I, 

c  , 

'>'  5 

""15 

P' 

?> 

r  , 

d, 

w„ 

X, 

y' 

^    5 

W, 

0, 

=  0 


(109) 


then  the  sphere  S,  the  sphere  S,  =  .ria  +  ?/i)3+5,y+i(Ji5=0,  and  the  coaxal  generating 
spheres  form  an  harmonic  pencil  of  spheres.  Nowthe  sphere  S=a-cc  +  i/(D+zy  +  ivh,y\-\iose 
centre  moves  in  the  plane  (169),  evidently  passes  through  two  fixed  points,  namely,  the 
two  limiting  points  of  the  Jacobian  sphere  U  of  a,  /3,  y,  5,  and  of  the  plane  (169) ;  I 
shall  call  these  points  the  pole  points  of  the  sphere  a\a.-\-f/,^-\-Zi'y-\-Wil. 

Cor.  The  plane  (169)  is  the  polar  plane  of  the  centre  of  Si  with  respect  to  the  focal 
quadric' of  the  cyclide. 

276.  If  two  spheres  be  such  that  one  of  them.  A,  passes  through  the  pole  points  of  the 
other,  B,  then,  conversely,  B  passes  through  the  pole  points  of  A.  This  is  evident  from  the 
determinants  of  the  last  article,  from  which  it  appears  that  the  relation  between  the 
spheres  is  reciprocal.  I  shall  extend  the  known  terms  of  conies  and  quadrics,  and  call 
two  such  spheres  conjugate  spheres,  and  their  two  pairs  of  pole  points  conjugate  pairs 
of  pole  points. 

277.  If  two  circles  in  space  be  such  that  the  pole  points  of  any  sphere  passing  through 
one  lie  on  the  other,  then,  conversely,  the  pole  points  of  any  sphere  passing  through  the 
latter  lie  on  the  former.  This  is  analogous  to  the  theorem  in  quadrics,  that  if  two 
lines  A  and  B  be  such  that  the  polar  plane  of  any  point  of  A  passes  through  B,  then, 
conversely,  the  polar  plane  of  any  point  of  B  passes  through  A,  and  may  be  derived  from 
it  by  the  substitution  explained  in  the  last  chapter. 

278.  If  W=(  *  Xa,  j3,  7,  S)"  =  0  be  a  cyclide,  and  «',  ^',  7',  5'  the  sphero-coordinates 
of  a  pair  of  inverse  points  of  W,  that  is,  the  pair  of  points  given  as  common  to  the 
matrix 

a,     j3,     J,    ^, 

«',     /3',     7',    S', 

and  a,",  (i",  7",  S"  the  sphero-coordinates  of  another  pair  of  inverse  points,  then  Xa'+^cta" 
&c.  will  be  the  sphero-coordinates  of  a  pair  of  points  concyclic  with  «',  /3',  7',  0'  and 
a",  3",  7",  I" ;  and  if  these  satisfy  the  equation  of  W,  we  shall  have 

?.nY'  +  2xc^P+|i*nV"=0 (171) 

Now  if  P=0,  the  circle  through  a',  /3',  7',  S' ;  a",  ^",  7",  ci"  meets  the  cyclide  in  two  pairs  of 
inverse  points,  which  are  harmonic  conjugates  to  the  two  pairs  a', /3',  7',  I' ;  a".  jS",  7".  I"  (sec 

5  B  2 


(170) 
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Chasles,  '  Sections  Coiiiques,'  art.  136,  also  '  Bicircular  Quartics,'  arts.  153-155) ;  but  P  is 

Hence,  omitting  the  double  accents,  we  sec  that  the  equation  of  the  sphere  of  which 
a',  ^',  7',  y  are  the  iDole  jioints  is 

(«'^+^'|+yi^,  +  S'/,)w=0 (172) 

And  we  have  evidently  the  following  theorem: — If  fhrougJi  a  'pair  of  inverse  iwints 
(«',  0',  7',  S')  toe  describe  any  circle  X  cuttinfj  the  polar  spliere  of  {a,  ^',  7',  I')  in  a imir  of 
inverse  points  (a",  3",  7",  S"),  X  tvill  cut  the  cyclide  in  tivo  other  iniirs  of  inverse  points,  such 
that  the  four  sevpnents  made  on  X  hy  the  pairs  of  points  (a',  3',  7',  S'),  (a",  /3",  7",  I")  and 
hy  the  cyclide  are  harmonic  (see  '  Bicircular  Quartics,'  art.  153). 

279.  From  the  last  article  we  see  that,  if  (a',  3',  7 ,  S')  be  a  pair-  of  inverse  points  on  the 
cyclide,  the  equation  of  the  generating  sphere  which  touches  the  cyclide  at  (a',  3',  7',  l')  is 

(«'l<+/^'^  +  y4+^'|)w=0 (173) 

This  equation  establishes  a  relation  between  the  coordinates  (a',  3'?  t'j  ^')  of  ^  V^^^  of 
inverse  points  of  the  cyclide,  and  (a,  3;  y?  ^)  the  sphero-coordinates  of  any  other  pair  of 
inverse  points  on  the  generating  sphere  which  touches  the  cyclide  at  («',  3',  7')  ^');  and  since 
the  relation  is  symmetrical  with  respect  to  (a',  3',  7',  S')  and  (a,  3,  7,  ^),  we  infer  the 
following  theorem : — If  through  any  -pair  of  inverse  points  we  describe  a  generating 
sphere  of  the  cyclide,  the  locus  of  all  their  points  of  contact  is  the  sphero-quartic  lohich 
is  given  as  the  curve  of  intersection  ofW  with  the  sphere  (173),  or  the  polar  sphere  of 

280.  The  discriminant  of  the  equation  (171)  is 

and  by  omitting  the  double  accents  we  see  that  the  equation  of  the  binodal  cyclide 
which  circumscribes  W,  and  which  has  the  pair  of  points  (a',  3',  7',  S')  as  nodes,  is 

^^^^■'={(«'s+P'|+r'j,+*'l)^v}' (1-4) 

281.  Since  a  cyclide  has  five  spheres  of  inversion,  taking  any  point  A,  we  get  fi^'e 
points,  namely,  the  inverses  of  A  with  respect  to  the  five  spheres  of  inversion  of  the 
cyclide.  Let  the  inverse  points  be  A,,  A2,  A3,  A^,  A5 ;  and,  with  the  five  pairs  of  inverse 
points  (AA,),  (AAj),  (AA3),  (AAJ,  (AA5),  we  get  by  the  last  article  five  binodal  cyclides 
circumscribed  to  W,  and  these  binodals  will  have  one  common  node,  namely,  the  point  A  ; 
the  other  nodes  of  these  circumscribed  cyclides  will  be  the  five  points  A,,  Aj,  A3,  A4,  A5. 

282.  If  we  invert  the  cyclide  W  from  the  point  A,  the  five  binodal  cyclides  of  the 
last  article  invert  into  five  cones  of  the  second  degree,  each  having  double  contact  with 
the  inverse  cyclide  (see  art.  187).  Now  all  the  points  of  contact  of  the  five  double 
tancrcnt  cones  lie  on  five  concentric  spheres.     Hence  we  have  the  following  theorem : — 
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If  Jive  hinodal  cydidcs  circumscribed  to  a  cyclidc  W  have  one  common  node,  tlieir 
curves  of  contact  with  W  are  Jive  sphero-quartics  hjincj  on  Jive  sjiheres  having  a  common 
radical  plane. 

283.  If  a!,  0',  y',  V  ;  a",  3",  y,  o"  be  two  inverse  pairs  of  points  with  respect  to  the  sphere 
of  inversion  U  of  the  cyclide  W,  the  binodal  cyclides  which  have  these  pairs  of  points 
respectively  as  nodes,  and  which  circumscribe  AV,  touch  W  along  the  sphero-quartics 
in  which  it  is  intersected  by  the  polar  spheres  of  (a',  3',  7',  S'),  (a",  0",  7",  I'') ;  hence  the 
points  of  contact  of  generating  spheres  through  both  pairs  lie  on  the  circle  of  inter- 
section of  the  polar  spheres :  but  the  plane  of  this  circle  intersects  W  in  a  bicircular 
quartic,  and  the  bicircular  quartic  and  the  circle  intersect  in  four  points ;  hence  there 
will  be  four  points  of  contact,  and  consequently  only  two  generating  spheres  can  be 
described  through  two  pairs  of  inverse  points. 

This  theorem  may  be  otherwise  stated.  Thus,  it  is  plain  that  the  circle  through  two 
pairs  of  inverse  points  is  reciprocal  to  the  circle  in  which  their  polar  spheres  intersect, 
and  then  we  have  the  theorem,  fhcct  through  amj  circle  can  he  described  two  generating 
spheres;  their  points  of  contact  are  concyclic^  and  lie  on  the  reciprocal  circle. 

284.  Since  when  a  sphere  of  inversion  U  and  a  focal  quadric  F  are  given  the  cyclide 
is  determined,  and  if  nine  points  are  given  the  quadric  is  determined,  it  hence  follows 
that,  being  given  a  sphere  U  and  nine  spheres  ivhich  are  orthogonal  to  it,  a  cyclide  can  be 
described  having  V  for  a  spliere  of  inversion,  and  the  nine  spheres  as  generating  sp>]ieres. 

285.  Since,  being  given  any  eight  points,  three  quadrics  can  be  described  to  touch  a 
given  plane,  we  have  the  theorem,  that,  being  given  any  eight  generating  spheres  of  a 
cyclide,  three  cyclides  can  be  described  through  the  same  pair  of  inverse  points  tvith  respect 
to  U  (see  art.  268,  2°),  and  the  cyclides  are  mutually  ortliogonal  (see  art.  119). 

286.  If  two  quadrics  intersect  in  the  same  eight  points,  all  quadrics  passing  through 
these  eight  points  have  a  common  curve  of  intersection.  Hence,  if  two  cyclides  W,  "NV 
have  eiqlit  (/enerafing  spheres  common,  every  cyclide  having  these  eight  spheres  as  gene- 
rators will  have  also  as  generators  all  the  generators  conmion  to  AV,  AV.  AVe  shall  in 
the  next  chapter  find  the  equation  of  the  surface  formed  by  all  the  generators  common 
to  two  cyclides,  and  also  give  some  of  its  properties. 

287.  Given  seven  points  or  tangent  planes  common  to  a  series  of  quadrics,  then  an 
eighth  point  or  tangent  plane  common  to  the  system  is  determined.  Hence,  being  given 
seven  generating  spheres  or  pairs  of  inverse  points  common  to  a  system  of  cyclides,  then 
an  eigJith  generating  sphere  or  pair  of  inverse  points  common  to  the  whole  system  is  deter- 
mined. 

288.  If  a  system  of  cyclides  piass  through  tlie  same  eight  pairs  of  inverse  points,  their 
polar  spheres  ivith  respect  to  a  given  pair  of  inverse  points  have  a  common  radical  p)lane. 

For  if  P  and  Q  be  the  polar  spheres  of  a  given  pair  of  inverse  points  with  respect  to 
AV  and  AA'',  then  P+XQ  is  the  polar  sphere  of  the  same  pair  of  inverse  points  with  respect 
to  AV+aAV. 

289.  By  reciprocating  the  theorem  of  the  last  article  we  get  the  theorem : — //'  a  system 
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of  eycUdes  have  eight  common  generating  spheres,  the  locus  of  the  pole  imnts  of  a  fixed 
sphere  is  a  circle. 

290.  If  a  system  of  cyclides  pass  through  the  same  eight  pairs  of  inverse  points,  that 
is,  if  they  have  a  common  curve  of  intersection,  the  polar  circles  of  a  fixed  circle  generate 
a  cyclide. 

Let  the  polar  spheres  of  two  fixed  pairs  of  inverse  points  be  P  +  XQ  and  P'+>tQ'; 
eliminating  X,  we  get  the  cyclide  PQ'  — P'Q=0. 

291.  Reciprocally,  if  a  system  have  eight  common  generating  spheres,  the  polar  circles 
of  a  fixed  circle  generate  a  cyclide. 

292.  If  a  system  of  cyclides  pass  through  a  common  curve,  the  locus  of  the  pole  points 
of  a  fixed  sphere  is  a  torse  curve  of  the  sixth  degree. 

Demonstration.  Let  the  polar  spheres  of  three  pairs  of  inverse  points  lying  in  the  fixed 
sphere  be  P+XQ,  P'+XQ',  P"4-7iQ";  then,  eliminating  X,  we  get  the  system  of  deter- 
minants 

P,     F,     P", 
Q,    Q',    Q", 


(175) 


which  represents  a  twisted  curve  of  the  sixth  degree.  For  the  intersection  of  the 
cyclides  PQ'— P'Q,  PQ"— P"Q,  each  of  which  has  the  imaginary  circle  at  infinity  as  a 
■double  line,  is  a  twisted  curve  of  the  eighth  degree ;  but  this  includes  the  circle  (PQ), 
which  is  not  part  of  the  intersection  of  the  cyclides  PQ"  — P"Q,  P'Q"— P"Q';  there  is, 
therefore,  only  a  curve  of  the  sixth  degree  common  to  the  three  determinants  of  the 
matrix  (175). 

Cor.  The  cone  whose  vertex  is  the  centre  of  U,  the  common  sphere  of  inversion  of 
the  cyclides,  and  which  stands  on  the  curve  of  the  sixth  degree,  is  only  of  the  third 
degree.  For  any  plane  through  the  vertex  of  the  cone  meets  the  curve  in  six  points ;  but 
these  are  inverse  two  by  two,  since  the  curve  is  evidently  an  anallagmatic,  and  therefore 
only  three  edges  of  the  cone  lie  in  the  plane. 

293.  Given  seven  pairs  of  inverse  points  of  a  cyclide,  the  polar  splieres  of  a  given  inverse 
pair  of  points  pass  through  a  given  ])air  of  inverse  points. 

For  evidently  the  polar  sphere  of  a  given  fixed  pair  of  inverse  points  with  respect  to 
W  +  \W+|«,W"  will  be  of  the  form  P+XP'+jU,P",  and  will  therefore  pass  through  a 
given  fixed  pair  of  inverse  points,  namely,  the  two  points  common  to  the  spheres  P,  P',  P". 

Reciprocally,  given  seven  generating  spheres  of  a  cyclide,  the  locus  of  the  pole  points 
of  a  fixed  sphere  is  a  fixed  sphere. 

291.  If  W=(#)[k,  /3,  7,  S)-=0  be  a  given  cyclide,  Ave  have  seen  that  {*yx,  [Jj,  p,  §)"=0 
is  the  tangential  equation  of  the  focal  quadric ;  but  if  the  discriminant  vanish  of  the 
equation  of  a  quadric  in  tangential  coordinates,  it  represents  a  conic  in  space,  and  the 
corresponding  cyclide  will  be  binodal.  Hence  we  have  the  theorem,  if  the  discriminant 
vanish  of  the  equation  of  a  cyclide,  the  cyclide  will  be  a  binodal  cyclide. 

295.  Since  the  discriminant  contains  the  coefficients  in  the  fourth  degree,  it  follows 
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that  we  have  a  biquadratic  to  solve  to  determine  X,  in  order  that  W+XW  may  represent 
a  binodal  cyclide.  Hence,  through  the  curve  of  intersection  of  two  cychdes,  four  binodal 
cycHdes  may  be  described.  The  binodes  of  these  binodals  are  thus  determined.  If  we 
denote  by  W„  W^,  W3,  W^  the  differentials  of  W  with  respect  to  u,  /3,  y,  S  respectively, 
and  by  X„  X.,  X3,  A4  the  four  roots  of  the  biquadratic  in  X,  then  any  three  of  the  four 
spheres 

w,+x,w„    w,+x,w'„    w^+x.w;,    W,+X,W', 

will  determine  by  their  mutual  intersections  the  binodes  of  one  of  the  binodals ;  and  the 
binodes  of  the  remaining  binodals  are  got  from  these  by  using  the  remaining  roots  of 
the  biquadratic  in  place  of  X,,  namely,  X.^,  X3,  X^  respectively. 

296.  There  are  four  spheres  whose  ^ole  points  are  the  same  uu'fh  respect  to  all  the 
cyclides passing  through  a  common  curve  of  intersection  of  two  cyclides^vamehj,  tlie polar 
spheres  of  the  four  pairs  of  nodes  of  the  four  hi  nodal s  of  the  last  article.  For  to  express 
the  condition  tliat 

«x;  +/3x;  H-yx;  +sxi 

should  represent  the  same  spheres,  we  find  the  following  set  of  determinants : 

w;,   w;,   w'3,   wi, 

Xi,     X2,     X3,     x^ , 

and  these  satisfy  by  the  last  article  the  binodes  of  the  binodal  cyclides. 

297.  The  four  spheres  are  such  that  the  two  points  common  to  any  three  are  the  pole 
points  of  the  fourth  ;  and,  conversely,  the  four  pairs  of  binodal  points  are  mch  that  the 
sphere  determined  by  any  three  is  the  polar  sphere  of  the  fourth  pair.  Thus,  if  the  two 
cyclides  be  W  and  W,  their  equations  in  terms  of  the  four  spheres  will  be  of  the  form 

aX:\-\-bY-+cX'-\-d\", 
«'X=+^'Y=+c'Z^+frV^ 
and  the  nodes  of  the  binodal  cyclides  are  the  four  pairs  of  points 
(XYZ),     (XYV),     (XZV),     (YZV). 

It  is  to  be  remembered  that  the  spheres  X,  Y,  Z,  V  are  not  mutually  orthogonal. 

298.  If  the  cyclide  W  break  up  into  two  spheres,  the  form  W  +  XW  becomes 
AV+XLM.  In  general  the  intersection  of  two  cyclides  is  a  twisted  curve  of  the  eighth 
degree ;  but  if  one  of  the  two  cyclides  reduce  to  two  spheres,  the  intersection  becomes 
two  sphero-quartics.  Any  pair  of  inverse  points  on  the  circle  LM  has  the  same  polar 
sphere  with  respect  to  all  the  cyclides  of  the  system  W-f  XLM  ;  and  in  particular  all  the 
cyclides  of  the  system  have  the  same  generating  spheres  at  the  four  points  where  W  is 
met  by  the  circle  LM. 

Lastly,  all  the  cyclides  of  the  system  are  enveloped  by  four  binodal  cyclides.     For  if 
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the  four  common  generating  spheres  be  a,  /3,  7,  S,  then  the  nodes  of  the  four  enveloping 
binodals  are  the  four  pairs  of  inverse  points  («,  /3,  7),  (a,  7,  I),  (a,  /3,  0),  (/3,  7,  0). 

299.  If  a  sphero-quartic  be  common  to  three  cyclides,  each  pair  must  have  another 
sphero-quartic,  and  the  spheres  through  these  sphero-quartics  are  coaxal. 

300.  W,  W  are  two  cyclides  having  a  common  sphere  of  inversion  U  ;  it  is  required 
to  find  the  locus  of  the  pole  points  of  the  generating  spheres  of  W  with  respect  to  "NY. 

Let  W,  W  be  reduced  to  their  canonical  forms, 

W=«a=  +  hi^ + ey-+(Jl\     W^  a' or  +  V^'  +  c'f + (TV'. 
Now  let  («',  /3',  7',  S')  be  a  pair  of  inverse  points  with  respect  to  U,  then  the  polar  sphere 
of  («',  jS',  7',  S')  with  respect  to  AY  is 

aa'a+ii3'/3+r7'7  +  (/S'S=0 ; 
and  the  condition  that  this  should  be  a  generating  sphere  of  W  is 

c2a'-2      Z,2^'2       cy^       (PI"-  _  . 

and  omitting  the  accents,  we  have  the  locus  required, 

(?)«'+(p)'^-+(?)r'+(?)*'=o ("6) 

301.  If  we  denote  the  cyclide  (17G)  by  W'=0,  we  see  that  the  equations  of  the  focal 
quadrics  of  W,  W,  W",  in  tangential  coordinates,  are 

«X='+*;!i-+C^^+f7§^=:0, 

a'>.^+jy+c'i'=+J'§^=0, 

and  the  thu-d  is  the  reciprocal  of  the  second  with  respect  to  the  first.  Hence  we  have 
the  following  theorem : — If  W,  W,  W"  he  three  cyclides  having  a  common  sphere  of 
inversion  U,  and  F,  F,  F"  he  the  focal  quadrics  0/ W,  W,  W"  correspondinrj  to  U,  then 
if  F"  he  the  reciprocal  of  Y  loifh  resjject  to  F,  W"  ivill  he  the  reciprocal  of  W  with 
respect  to  W. 

302.  Since  the  reciprocal  of  a  circle  in  space  with  respect  to  a  cyclide  is  another  circle 
in  space,  hence,  if  a  variable  circle  move  along  three  circles,  its  reciprocal  will  move 
along  three  circles  reciprocal  to  the  former;  so  tliat  the  reciprocal  of  a  cyclide  described 
hy  the  motion  of  a  variable  circle  is  another  cyclide  described  by  the  motion  of  another 
rariaile  circle.  This  corresponds  to  the  theorem  that  the  reciprocal  of  a  ruled  surface 
is  a  ruled  surface. 

303.  If  a  pair  of  inverse  points  move  colony  a  fixed  sphere,  the  locus  of  the  pair  of 
inverse  points  common  to  their  polar  spheres,  with  respect  to  three  cyclides  having  a 
common  .sjiho'e  of  inversion  U,  is  a  cyclide  of  the  sixth  degree,  having  V  for  a  sphere  of 
inversion. 


=  0, (177) 
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Demonstration.  If  the  polar  spheres  of  the  three  ey clitics  with  respect  to  the  three  pairs 
of  inverse  points  («',  /3',  y',  S'),  («",  /3",  y",  l"\  («'",  |3"',  y'",  S'")  be  X',  Y',  Z',  X",  Y",  Z", 
X'",  Y'",  Z'",  then  the  polar  spheres  of  the  cyclides  with  respect  to  the  pair  of  inverse 
points  whose  sphero-coordinates  are  Jca! -[-la!'-\-mc^",  Z-/3'+//3"+??i/3",  Jcy'  ■\-l'y"+my"', 
B'  +  /S"+mS"  will  plainly  be  A;X'+^X"+;hX"',  kY' +IY" +mY"' ,  JcZ'+lTJ' -{-ni/^". 
Hence,  eliminating  k.,  I,  m,  we  get  the  required  locus, 

X',  X",  X" 
Y',  Y",  Y"' 
Z',     Z",     Z'" 

a  cyclide  of  the  sixth  degree  having  the  circle  at  infinity  as  a  triple  line. 

Cor.  If  the  imir  of  inverse  jjoints  move  along  a  circle,  the  locus  of  the  intersection  of 
their  polar  spheres  ivifh  respect  to  two  ci/clides  will  be  a  cyclide  of  the  fourth  degree. 

304.  From  article  301,  we  can  easily  infer  theorems  in  cyclide  reciprocation  from 
known  theorems  in  quadric  reciprocation.  Thus,  if  two  spheres  be  concentric,  the  reci- 
procal of  one  with  respect  to  the  other  is  a  concentric  sphere.  Hence,  if  two  Cartesian 
cyclides  having  a  common  spihere  of  inversion  have  a  common  triple  focus,  the  reciprocal 
of  one  with  respect  to  the  other  is  a  Cartesian  cyclide  having  the  same  triple  focus;  or, 
since  the  theorem  concerning  the  spheres  may  be  enunciated  thus,  if  tangent  planes 
to  a  sphere  intersect  at  given  angles,  the  locus  of  their  point  of  intersection  is  a  concentric 
sphere,  and  the  envelope  of  the  plane  through  their  points  of  contact  is  another  con- 
centric sphere.  Hence  we  infer  that  if  three  generating  spheres  of  a  Cartesian  cyclide 
intersect  at  given  angles,  the  locus  of  their  points  of  intersection  is  a  Cartesian  cyclide 
having  the  same  triple  focus,  and  the  envelope  of  the  sphere  through  their  six  points  of 
contact  is  another  Cartesian  cyclide  having  also  the  same  triple  focus.  These  theorems 
may  evidently  be  inferred  by  the  methods  of  substitution  given  in  the  last  Chapter. 

305.  If  we  reciprocate  one  sphere  with  respect  to  another  not  concentric,  w^e  get  a 
quadric  of  revolution.  Hence  the  reciprocal  of  a  Cartesian  cyclide  xvith  respect  to 
another  Cartesian  cyclide  having  a  different  triple  focus  is  a  symmetrical  cyclide,  that  is, 
a  cyclide  having  one  of  its  spheres  of  inversion  opened  out  into  a  plane,  the  corresponding 
focal  quadric  being  one  of  revolution. 

306.  If  we  reciprocate  a  surface  of  revolution  with  respect  to  a  sphere,  we  get  a 
general  quadric.  Hence,  if  ive  reciprocate  a  cyclide  having  a  plane  of  symmetry  with 
respect  to  a  Cartesian  cyclide,  toe  get  a  general  cyclide. 

307.  The  principles  explained  in  recent  articles  will  obviously  give  some  of  the 
systems  of  substitutions  explained  in  the  last  Chapter ;  and,  conversely,  the  results  of  this 
Chapter  may  be  derived  from  the  substitutions  of  the  last.  It  is  unnecessary  to  pursue 
the  subject  further,  and  I  shall  conclude  the  section  with  tlie  two  following  theorems:— 

1°.  The  locus  of  the  intersection  of  three  rectangular  tangent  planes  to  a  quadric  is  a 
sphere.  Hence  the  locus  of  the  pairs  of  points  common  to  three  generating  spheres  of  a 
cyclide  winch  are  mutually  orthogonal  is  a  Cartesian  cyclide. 

MDCCCLXXI.  5  c 


700 


DR.  J.  CASEY  ON  CTCLIDES  AND   SPHEEO-QUARTICS. 


2°.  Every  central  quadric  has  two  systems  of  circular  sections.  Hence  every  quartic 
cyelide  has  two  systems  circumscribed  to  it  of  hinodal  Cartesian  cycUdes,  and  the  locus  of 
their  nodes  is  two  right  lines  respectively  perpendicular  to  the  directions  of  the  planes  of 
circular  sections  of  the  focal  quadric. 

Section  II. — Poles  and  Polar s.     Sphero-quartics. 

308.  The  investigation  of  the  polar  properties  of  sphero-quartics  is  analogous  to  that 
employed  in  the  last  section  for  cy elides. 

Thus  if  («,  h,  c,f  (/,  h^a,  3,  7)^=0,  where  a,  3,  7  are  circles  on  a  sphere  U,  be  the 
equation  of  a  sphero-quartic,  and  if  Xia+j"'i3  +  ''iy=^C,  and  Xoa+jM-jS+i'ay^^Cj  be  two 
circles,  then  the  condition  that  /C,+HiC2=0  should  be  a  generating  circle  is  given  by 
the  determinant 

a,  h,  g,  Zx, +'«^2) 

h,  h,  f,  ![/.,  + mi^.,, 

g,  f,  c,  h,  -\-mv2 , 

Z,X+mX2,     l^,-\-m^.i,     hi-\-mv^,  0. 

This  determinant  may  be  written  in  the  form 

Z^S'+2//H?5  +  m^S"=0 (179) 

Hence  ^=0  is  the  condition  that  the  circles  C,,  Q,  and  the  two  generating  circles  whose 
centres  lie  on  the  same  great  circle  with  their  centres,  should  form  an  harmonic  pencil  of 
circles,  or  it  is  the  condition  that  their  centres  should  form  an  harmonic  row  of  points ; 
or,  again,  it  is  the  condition  that  their  diameters  should  form  an  harmonic  system  of 
segments  on  the  same  great  circle  of  U. 

309.  The  equation  Q=0  is  the  determinant 
a,     h,     g,     \, 


(178) 


=0. 


(180) 


/',     ^,    /,     f*i, 

■K,      (Jj.,      v.„      0, 

This  is  the  condition  that  the  circles  C,  and  Cj  may  be  conjugate  circles  with  respect  to 
the  quartic ;  if  the  suffixes  be  removed  from  the  lower  row,  we  see  that,  if  the  centre  of 
a  variable  circle  C=XaH-|a3  +  ^y=:0  mqve  along  the  great  circle 

a,     h,    g,     \, 


h 

b. 

/ 

9^ 

/> 

(^, 

^, 

H^> 

f, 

f*-' 


0, 


=0, 


(181) 


then  C=0,  Ci=X,a+(i(-i3+*'i75  fin<i  the  two  generating  circles  whose  centres  are  on  the 
same  great  circle  with  their  centres  form  an  harmonic  pencil ;  but  if  a  variable  circle 
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whose  centre  moves  along  a  great  circle  cuts  a  given  circle  J  orthogonally,  it  will  pass 
through  two  fixed  points ;  these  fixed  points  are  the  limiting  points  of  J  and  the  great 
circle ;  or  if  we  denote,  as  Dr.  Salmok  does,  the  equation  of  a  great  circle  by  an  equation 
of  the  first  degree  in  x  y  z,  say  L^O,  and  the  circle  J  by  the  equation  S'  — M=0,  then 
the  two  limiting  points  will  be  given  as  those  for  which  the  discriminant  of  (S>  — M+A"L) 
vanishes.  These  points  will  be  the  pole  points  of  the  circle  X|a  +  ^^i3  +  ^'i7=^  with  respect 
to  the  quartic  (a,  b,  c,f,  g,  li\ct,  0,  7)"=0. 

Cor.  1.  The  great  circle  (181)  is  the  polar  of  the  centre  of  C,  — x,a-f ////i+Ciy  with 
respect  to  the  sphero-conic  whose  tangential  equation  is 

where,  as  usual,  A=bc—f'\  'B=ca—g-,  &c. 

Cor.  2.  If  two  circles  be  such  that  one  of  them,  A,  passes  through  the  pole  points  of  B, 
then,  conversely,  B  passes  through  the  pole  points  of  A. 

310.  If  (a,  3',  y')  be  the  cyclic  coordinates  of  a  pair  of  inverse  points,  that  is,  the  pair 
of  points  given  by  the  system  of  circles 

«',    3',    /, 

and  a",  3",  y"  the  cyclic  coordinates  of  another  pair  of  points,  then  la!  -\-ma!',  I^'-\-m^", 
lyi^my"  will  be  the  coordinates  of  a  pair  of  points  concyclic  with  tliem ;  and  if  these 
satisfy  the  equation  of  the  sphero-quartic,  Avhich  we  may  denote  by  Q,  we  shall  have 

f^Q'+2^«iP+»m"  =  0 (182) 

Now,  if  P=0  the  circle  through  (a',  0',  y'),  (a",  0",  y")  meets  the  quartic  in  two  pairs  of 
points  which  are  harmonic  conjugates  with  respect  to  the  two  pairs  («',  &,  y'),  («",  3",  /) ; 
but  P  is 

Hence  the  equation  of  the  polar  circle  of  the  points  (a',  0',  y')  is 

(4+^'.^  +  V,^)Q=0 (182  a) 

Cor.  1.  From  this  article  we  have  evidently  the  following  theorem  : — If  through  a  pair 
of  inverse  points  a',  3',  y'  we  describe  any  circle  Z  cutting  the  polar  circle  of  («',  3',  y')  in 
a  pair  of  inverse  points  (a",  3",  y"),  Z  will  cut  the  quartic  in  two  other  pairs  of  points, 
such  that  the  four  segments  made  on  Z  by  («',  0,  y),  (a",  /3",  y'')  and  by  the  quartic  are 
harmonic. 

Cor.  2.  If  (a,  0,  y')  be  a  pair  of  points,  the  generating  circle  which  touches  Q  at 

(«'i+4  +  ^'^>=^ ^'''^ 

Cor,  3.  If  through  a  pair  of  inverse  points  we  describe  two  generating  circles  of  the 

5c2 
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quartic,  their  points  of  contact  with  the  quartic  lie  on  the  polar  circle  of  the  given  pair 
of  inverse  points. 

311.  The  discriminant  of  the  equation  (182)  is 

Hence  the  equation  of  the  pair  of  generating  circles  of  the  sphcro-quartic  which  pass 
through  (a,  ^',  7')  is 

QQ'={(-'.4+^'|  +  V^>F (184) 

This  equation  can  also,  as  is  evident,  be  written  in  the  form 

a,  h,  g,  3'7-/3y, 

h,  b,  f,  7'a— ya', 

ff,  f,  C,  a'3-«'^, 

(3'y_|3y,      7'a-ya',      a'3-a0'  0, 

In  like  manner  the  equation  of  the  four  points  in  which  the  circle  X,a+j(A,/3+)',y  cuts  the 
quartic  is 

2'2"-<p^=0(seeart.  308), (18G) 

which  may  also  be  written  in  the  form 

A,  H,  G,  iJ.,v  — fiv„ 

H,  B,  F,  CiX  -vK,, 

G,  F,  C,  \iL—-k(/j^, 


=  0. 


(185) 


^^ti  —  jU/V;,      v{K  —  vX^,     \iJj  —  Xjoo, 


0. 


(187) 


CHA.PTEK  XV. 

Invariants  and  Covariants  of  Cy elides. 

312.  It  is  always  possible  in  an  infinity  of  Avays  to  choose  four  spheres  a,  /3,  7,  I  so 

that  the  equations  of  two  cyclides  having  a  common  sphere  of  inversion  can  be  thrown 

into  the  forms 

W  --(«,  h,  c,  d,  I,  m,  n,2),  q,  rja,  (3,  7,  hf=0, 

W'=(ff',  h\  c',  d',  r,  m',  n',2j',  q',  r'X«,  jS,  7,  ^T^O. 

For  each  of  these  equations  contains  explicitly  nine  constants,  and  each  of  the  spheres 
a,  /3,  7,  S  contains  implicitly  four  constants,  so  that  we  have  thirty-four  constants  at  our 
disposal,  and  we  require  but  twenty-two.  For  the  two  cyclides  are  determined  when  the 
common  sphere  of  inversion  and  the  two  focal  quadrics  are  given ;  hence  the  number  of 
constants  required  is  4-f  9x2=22. 
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313.  Denoting  the  discriminants  of  AY,  W  by  A,  A',  we  have  A,  A'  given  by  the 
determinants 


(188) 


Then  the  discriminant  of  /iW+W  will  be  got  from  A  by  writing  in  place  of  a,  b,  &c. 
ka+a',  Jch+h\  &c. ;  the  result  will  be  a  quartic  in  h,  which  I  shall  call  the  invariant 
equation  of  the  two  cyclides,  and  write  in  the  form 

A-^A+^-'0+>?,-^cI)  +  A-0'+A'=O (189) 

Since  there  are  four  values  of  k  which  satisfy  this  equation,  we  see  that  through  the 
curve  (WW)  can  be  drawn  four  binodal  cyclides,  that  is,  four  cyclides  each  having  two 
conic  nodes.  If  Ave  eliminate  k  between  X"W+W'  and  (189),  we  shall  get  the  equation 
of  these  four  binodal  cyclides,  namely, 

A'W^-0'WnV'  +  <i>WnV'^-0WW"+AW'*=O.       .     .     .     (190) 

314.  Since  the  equations  of  W,  W  are  the  same  in  form  as  the  tangential  equation 
of  their  focal  quadrics  F,  P,  and  if  F,  F'  touch,  W,  W  will  have  double  contact,  hence 
it  follows  that  the  condition  of  W,  AV  having  double  contact  is  the  vanishing  of  the 
discriminant  of  the  invariant  equation  (189);  .*.  the  tact-invariant  of  AV,  AV  is 

4(12AA'-300'  +  <I>-)'-(72AA'<l>+900'(I>-27A0'^-27A'0-'-2(I)7.    .    (191) 

315.  The  tact-invariants  of  two  conies  and  two  quadrics  are  the  analytical  expression 
of  remarkable  geometrical  properties  which  have  not  been  hitherto  noticed  by  any  writer 
so  far  as  I  am  aware ;  on  this  account,  and  because  extensions  of  them  hold  for  the  tact- 
invariants  of  two  bicircular  quartics  and  two  cyclides,  1  shall  give  their  investigations  here, 
and  we  shall  incidentally  find  results  that  are  important  independently  of  the  properties 
that  we  have  alluded  to,  and  which  we  now  proceed  to  demonstrate. 

316.  If  A,  B,  C,  D  be  four  points  ranged  in  alternate  order  on  a  right  line,  the  six 
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anharmonic  ratios  of  A,  B,  C,  D  can  be  expressed 
in  a  way  that  bears  a  remarkable  analogy  to  the 
six  trigonometrical  functions  of  an  angle. 

On  A  B  and  C  D  describe  circles ;  let  O,  0'  be 
their  centres,  P  one  of  their  points  of  intersection, 
then  the  angle  O  P  O'  equal  angle  of  intersection 
of  the  circles ;  and  taking  the  six  anharmonic 
ratios  of  A,  B,  C,  D,  as  given  in  Towxsend's 
'  Modern  Geometry,'  or  Chasles's  '  Geometric 
Superieure,'  it  is  easy  to  see,  if  we  denote  the  angle  O  P  O'  by  5,  that  we  shall  have  the 
equations : 
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(1)  CA.BD  :BA.CD  =  siii^iS, 

(2)  CB.AD:AB.CD=cos=i5, 

(3)  AC  .  BD  :  BC  .  AD  =  -  tan=  i  Q, 

(4)  B A .  CD  :  CA  .  BD  =  cosec^  1 5, 

(5)  AB.CD:CB.AD  =  sec^Afi, 

(6)  BC.AD:AC.BD  =  -cofi9. 

317.  Let  there  be  given  two  conies  referred  to  their  common  self-conjugate  triangle 
S^x^-{-f+z\  S'=ax^+by^  +  cz\  and  let  us  denote  by  d',  &',  &"  the  angles  (see  last  article) 
of  the  anharmonic  ratios  of  the  three  quartets  of  points  in  which  the  sides  of  the  self- 
conjugate  triangle  is  intersected  by  the  two  conies.  Then  for  determining  (i  we  must 
find  the  anharmonic  ratio  in  which  the  side  a.'=0  is  intersected  by  the  two  conies;  for 
that  purpose  we  have  the  pencil  formed  by  the  two  pairs  of  lines  ?/'^-J-c^=0  and  ^^°-j-cz^=0, 
and  we  easily  get 

sinHS'  =  -^^^ 


Hence 

Now  if  we  form  the  invariant  equation  in  k  for  the  two  conies  S,  S',  that  is,  if  we 
form  the  discriminant  of  ^"S+S',  and  denote  its  roots  by  k',  k",  k"',  these  roots  are 
known  to  be  —a,  —h,  —c.     Hence  we  have  the  following  system  of  equations: — 

sin^^'  =-{K'  -k"'f-AK'k"',^. 

^iii^S"z=-{k"'-Kf:4:K"k' A (192) 

sin^  0'"=  -  {k'  -  /I"  f  :  AK  k"  .  J 

Hence    the    discriminant   for    the    invariant    equation    of    the   two   conies    S,   S'   is 

— ^2 — (sin^O'.sin'' S".  sin^^'"),  or  omitting  the  multiplier — ^^—,  which  is  numerical,  the 

discriminant  is  sin^  fl'.  sin^  $".  sin^  f ;  and  as  each  sine  squared  is  the  product  of  two 
anharmoiric  ratios  (see  art.  310),  we  have  the  following  theorem,  which  is  the  one 
referred  to  in  art.  3]  5 : — 

The  tact-invariant  of  two  conies  is  the  product  of  six  anharmonic  ratios,  and  the 
vanishing  of  any  one  of  these  six  ratios  is  a  condition  of  contact  of  the  two  conies. 

Cor.  From  the  values  given  for  the  invariant  angles  6',  S",  9'"  in  this  article,  we  get 

e^-K'  'J^=k" :  k'",    e^-o"  v~' =/.•'"  :  k',   e"-^'"  V~i =7^;' :  k". 

Hence  fl'-f  ()"-f^"'  =  0,  that  is,  the  sum  of  the  three  invariant  angles  of  tivo  conies  is  equal 
to  zero. 
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318.  If  we  take  the  original  conies  S,  S',  and  form  the  reciprocal  of  S  with  respect  to 
S',  we  get  «''.r^+^^j/°+cV ;  if  we  denote  this  by  S",  and  form  the  invariant  angles  of  S,  S", 
we  find  them  to  be  'M,  26",  26'" ;  similarly,  if  S"'  be  the  reciprocal  of  S'  with  respect  to 
S",  the  invariant  angles  of  S,  S"'  are  35',  39",  39'",  and  so  on.  Again,  if  we  denote  by  8; 
the  conic  which  reciprocates  S  into  S',  the  invariant  angles  of  S,  S.  are  -|9',  ^9",  |9"',  &c. 

Cor.  If  two  conies  S,  S'  be  so  related  that  a  triangle  circumscribed  to  S  ioill  be  inscribed 
in  S',  and  if  we  reci])rocate  S  with  respect  to  S',  the  recijjrocal  conic  S"  idll  be  related  to 
S  by  the  condition  that  ant/ triangle  inscribed  in  S"  ivill  be  self-conjugate  with  respect  to  S, 

b-{-  c  . 

319.  From  the  values  given  fart.  317),  we  set  cos^'= — 71=;  and  since  —a=^/v,  we 

have  cos  & -^  ^Z k' =  (b -{- c) :  2  ^/—abc,  with  similar  values  for  cos  9" -^\//l-",  cos9"'-f-\/F'. 
Hence  we  may  write  the  equation  of  the  conic  <p,  which  is  the  envelope  of  a  line  cut 
harmonically  by  S,  S'  (see  Salmon's  '  Conies,'  p.  334),  in  the  following  manner : — 

This  equation  is  altogetlier  metrical,  having  no  reference  to  any  particular  system  of 
axes,  being  in  fact  true  for  any  system  whatever  of  trilinear  axes. 

Cor.  1.  In  like  manner  the  equation  of  Saljion's  conic  F,  which  is  the  locus  of  points 
whence  tangents  to  S,  S'  form  an  harmonic  pencil,  may  be  written  in  the  form 

yFcos^V+x/Fcos^'y+x/Fcos9"'2- (194) 

Cor.  2.  The  discriminants  of  the  covariant  conies  (J3,  F  are  the  quotient  and  product 
of  the  expressions  cos  9'.  cos  9".  cos  6'"  and  \/k' .  k" .  k'". 

Cor.  3.  The  reciprocal  of  S'  with  respect  to  F,  that  is,  with  respect  to  the  conic  (194), 
is 

cos=9V  +  cos-9y+cos=9"'2"=0 (195) 

320.  It  is  easy  now  to  extend  the  results  we  have  arrived  at  to  the  case  of  two 
quadrics.     Let  them  be 

'U  =  ax-  +  bf+cz-+dw'=0, 
V=.r=  +f  +z'  +w=  =0; 

and  if  the  angles  be  determined  thus, 

g2«"  V-.  ^k'"  :  k'  ,         e=«-)  ^-'  =k"  :  ¥"\ 
e-9-  V~  =,k'  :  ¥  ,         «?=«(")  v^ -/i'"  :  k^^^\ 

the  following  Table  gives  the  angles  for  the  pairs  of  conies  in  which  the  faces  of  the 
self-conjugate  tetrahedron  intersect  the  quadrics: — 
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Faces.  Angles. 

x,  &  ,    &'  ,     a<-), 

y,  6'",     ^<-\     S^^'\ 

w,  &  ,     &'  ,     S'"  ; 

and  then  the  discriminant  of  the  invariant  equation  of  the  two  quadrics  is 

sin=  &.  sin'  5" .  sin"  &" .  sin-  S<'^> .  sin-  S^^>.  sin=  S^'"\ 
which,  as  in  art.  317,  is  the  product  of  twelve  anharmonic  ratios.     Hence  the  fact- 
invariant  of  two  quadrics  is  the  product  of  twelve  anharmonic  ratios,  and  the  vanishing 
of  any  one  of  these  ratios  is  the  condition  of  contact  of  the  two  quadrics. 

Cor.  It  follows  from  art.  317  that  the  condition  of  doiihle  contact  of  two  Mcircular  or 
two  sphero-quartics  is  expressible  as  the  product  of  siwjmharinonic  ratios,  and,  from  the 
present  article,  of  twelve  anharmo7iic  ratios,  for  the  double  contact  of  two  cyclides. 

321.  We  now  return  from  this  digression  (articles  315-320).  If  the  cyclide  W  (see 
art.  313)  be  a  binodal  cyclide,  Ave  have  A'=0 ;  and  we  proceed  to  examine  the  meaning 
in  tliis  case  of  0,  <I>,  0'.  Let  us  take  the  nodes  of  W  as  the  points  common  to  three 
of  the  spheres  of  reference  a,  |3,  y,  then  in  the  equation  of  W  (see  art.  313)  y,  5',  /,  d' 
all  vanish,  and  we  get  &=d{a.'b'c'-\-2l'm'n' — a.' l'- —  b'm'" — c'n'^),  or  0'  vanishes  if  W  break 
up  into  two  spheres,  or  if  the  nodes  of  W  be  on  the  surface  of  W.  Let  the  binodal 
cyclide  which  circumscribes  W,  and  whose  nodes  coincide  with  those  of  W,  viz. 

d{au'+bl3-  +  cf  +  2lfty  +  2mycc  +  2naj3)-{pa+ql3  +  ryy^0, 
be  written 

a"a'+b"i3-  +  c"f+2ri3y+2m"yK  +  2n"u(i  =  0, 

then  O  may  be  written 

a"(b'c'  -  r) + V\c'a'  -  m'') + c"{a'U  - ;/')  +  2  r{m!n'  -  a! I')  +  2m!' {iW  -  I'm')  +  2n"(l'm'  -  c'n'). 
Hence,  by  the  theory  of  bicircular  quartics  (art.  17-i),  O  vanishes  when  the  intersections 
of  three  harmonic  spheres  ofW  are  three  circles  havinq  doable  contact  with  W.    In  like 
manner 

dQ=a'{b"c"-r-)  +  b'(c"a"-m"')+c'(a"b"-n""-)+2l'{m"n"-a"l")\  ,jg^, 

+  2m'(u"l"-b"m")  +  2n'(l"m"-cV},  j' 

or  0  vanishes  when  the  generators  of  W  are  harmonic  spheres  of  W  (see  '  Bicircular 
Quartics,'  art.  218). 

When  W  breaks  up  into  two  spheres,  both  A'  and  0'  vanish.  Let  the  two  spheres 
be  a,  /3,  then  W  reduces  to  nu(3,  and  $  reduces  to  n'-(r-—cd),  or  O  will  vanish  when 
the  intersection  of  the  tM'o  spheres  is  a  circle  having  double  contact  with  W.  In  like 
manner  0  vanishes  when  the  two  spheres  are  conjugate  spheres  with  respect  to  W. 
The  condition  w'ill  be  satisfied,  0'-=-4A<I',  if  either  of  the  two  spheres  be  a  generating 
sphere  of  W. 

322.  Given  nine  cyclides,  Wj,  Wo  ....  Wg,  it  is  possible  in  an  infinity  of  ways  to  deter- 
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mine  nine  constants  Zi,  Ir,, . .  .  .Ig  so  that  /[Wi+^Wj . .  .  .  +  ZgWg  may  be  a  perfect  square 
L",  or  the  product  of  two  spheres,  M  and  N;  it  is  required  to  prove  that  the  en\clope 
of  the  sphere  L  is  a  cyclide,  and  that  M  and  N  are  conjugate  spheres  with  respect  to  it. 
Demonstration.  We  can  determine  a  cyclide  W=(a,  b . .  .\a^  3,  y,  5)^  so  that  the 
invariant  0  shall  vanish  for  W  and  each  of  the  nine  cyclides,  since  v?e  have  nine  equa- 
tions of  the  form 

Af/.  +  BJ,  +  Cc,+Drf,+2U  +  2Mm,  +  2N«,;  +  2P2J.  +  2Q(7,  +  2Rr,  =  0,  .  .  (198) 
A,  B,  C,  &c.  being  the  minors  of  the  determinant  A  (see  art.  313),  and  «,,  h^,  f',,  &c.  the 
coefficients  of  Wi ;  hence  the  mutual  ratios  of  A,  B,  C  are  determined.  Now  if  we 
have  separately  nine  equations  of  the  form  (198),  we  have  plainly  also 

A(/,a,+/2«2  •  •  •  4^9)+  &c.  =0, 
that  is,  0  vanishes  for  W  and  every  cyclide  of  the  system  /jW,  +  /.,W., . . .  J^\.     Hence 
the  theorem  is  proved. 

Cor.  If  the  sphere  M  be  given,  N  passes  through  a  given  pair  of  inverse  points,  namely, 
the  pole  points  of  M  with  respect  to  AY. 

323.  If  we  are  given  only  eight  cyclides,W],  W2 . . .  Wg,  and  seek  to  determine  the 
cyclide  W  as  in  art.  322,  so  that  the  invariant  0  shall  vanish  for  W  and  each  of  the 
eight  cyclides,  then,  since  we  have  only  eight  conditions,  one  of  the  tangential  coefficients 
A,  «fcc.  remain  undetermined ;  but  we  can  determine  all  the  rest  in  terms  of  that  one,  so 
that  the  tangential  equation  of  W  is  O  +  KO'  =  0.  Hence  the  focal  quadric  of  W 
contains  an  indeterminate  constant  in  the  first  degree,  and  therefore  it  passes  through  a 
given  curve. 

324.  If  ten  spheres,  «„  a, .  . .  a,,.,  ^^  all  generators  of  the  same  cyclide  AV,  tlicir  equa- 
tions are  connected  by  a  linear  relation, 

l^-\-lA---1.A=^ (19^0 

Bemonstmtion.  Let  a,=Xja  +  ,«-,3  +  ^7+§,o  =  0,  &c. ;  and  writing  down  tlie  conditions 
that  a„  «„  &c.  are  generating  spheres  of  W,  and  eliminating  linearly  the  ten  quantities 
a',  3",  -y-,  l\  a3,  ay,  «S,  3y,  3^,  yS, 

we  get  the  following  determinant : — 

^l?l  F-l^  "l?!  fl."-! 

^2°2        f-'-'/i        '■'i^i       ^-^l^'^ 


7^1 

IJjl        c 

'    ?? 

\!J'. 

A,^ 

A 

(A    " 

>    ^l 

^2|<*2 

X,J'2 

3 

4 

5 

6 

7 

8 

5 

9 
0 

=0. 


(200) 


the  numbers  3, 4,  5,  6,  7,  8, 9, 10  in  the  determinant  (200)  should  be  small  suffix  numbers. 
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but  this  is  also  the  condition  that  the  squares  should  be  connected  by  the  linear 
relation. 

325.  Propositions  similar  to  those  of  the  three  last  articles  hold  for  sphero-quartics 
and  also  for  bicirculars.  Thus  the  analogue  of  art.  322  is,  being  given  five  sphero-quartics 
S,,  Sj,  S3,  S4,  S5,  and  if  multiples  /,,  l^.  .1-,  be  determined  so  that  /jSi  +  ^Sa+^Sa+^A+^sSj 
may  be  the  square  of  a  circle  v,  then  the  envelope  of  v  is  a  sphero-quartic.  The  analogue 
of  art.  324  is,  if  six  circles  be  generators  of  the  same  sphero-quartic,  their  equations  are 
connected  by  a  linear  relation. 

326.  To  find  the  equation  of  the  binodal  cyclide  formed  by  the  generating  spheres 
which  touch  W  along  the  sphero-quartic  in  which  W  is  intersected  by  the  sphere 
KoL-\-iJj^-\-vy-\-^}>,  where  X,  fjj,  v,  ^  are  miiltiples. 

The  equation  of  any  cyclide  touching  W  along  this  curve  will  be  of  the  form 
^"  W  -f  (X« + f/./3  +  ^y  +  f  S)^ 

and  it  is  required  to  determine  Jc  so  that  this  cyclide  will  be  binodal.  We  find  in  this 
case  O,  0',  A'  all  =0 ;  the  invariant  equation  has  therefore  three  roots  =0  ;  and  if  we 
denote  by  s  the  tangential  expression  (A,  B,  C,  D,  L,  M,  N,  P,  Q,  E.^^'  l""'  ^  §)^'  ^^^ 
equation  of  the  required  binodal  will  be 

(7W=A(Xa^-fA^ +('7 +§§)=' (201) 

Cor.  1.  When  Xa-}-|L^|3+^y-^-gS  is  a  generating  sphere  of  W,  the  binodal  (201)  reduces 
to  <r=0. 

Cor.  2.  If  «',  3',  y,  })  be  the  sphero-coordinates  of  the  points  polar  to  Aa+f^^  +  cy  +  gS 
with  respect  to  W,  and  if  W  be  the  result  of  substituting  a',  3',  y',  S'  in  W,  then  we  have 

a=rAW' (202) 

For  the  binodal  circumscribed  to  W  ,whose  nodes  are  a',  /3',  -y',  }>,  is 
W  W'  =  (Xa + fi3  +  yy  +  §S)' 

(see  art.  280),  and  eliminating  Aa+jU-^  +  fy  +  gS  betAveen  this  and  (201),  we  get  (202). 

327.  To  find  the  condition  that  the  circle  of  intersection  of  two  spheres  shall  have 
double  contact  with  W.  Let  W  be  given  by  the  general  equation,  and  let  the  spheres 
be  Xa+^z-^-l-cy  +  gS,  >/a+|a'^4-i''y  +  §'S,  then  the  required  condition  is  the  determinant 


=  0 (203) 


328.  The  condition  ff=0  (see  art.  326),  that  the  sphere  \a-\-iJj^-\-vy-\-^l  should  be  a 
generator  of  W,  is  a  contravariant  of  the  third  order  in  the  coefficients  of  W.     Hence,  if 


a , 

n , 

VI, 

i^ 

X, 

A' 

n , 

i. 

I, 

2. 

P'> 

!^' 

m. 

I, 

c  , 

r, 

"  , 

v' 

T^ 

?' 

r  , 

d. 

?' 

i 

^, 

/^' 

"  , 

§' 

-^', 

/^A 

v'  , 

§'. 
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we  substitute  for  each  coefficient  a,  a-\-ka',  we  get  the  condition  that  Xa+z^^  +  i'y  +  gS 
shall  be  a  generator  of  the  cyclide  W+/?:W'.     The  condition  will  be  of  the  form 

ff  +  k-7  +  k'r'  +  k'a'=0 (204) 

In  terms  of  the  fimctions  ff,  r,  7',  a'  can  be  expressed  the  condition  that  the  sphere 
Xa+joc^  +  fy+^B  shall  have  any  permanent  relation  with  the  cyclides  W,  W ;  as,  for 
instance,  that  it  should  intersect  them  in  sphero-quartics  w,  w'  connected  by  such  perma- 
nent relations  as  can  be  expressed  by  relations  between  the  coefficients  of  the  discriminant 
of  io-]-kw'.  Thus  if  we  form  the  discriminant  with  respect  to  k  of  equation  (204),  we 
get  the  condition  that  the  sphero-quartics  in  which  Xa+iU/jS+cy+gS  intersects  W  and  W 
shall  have  double  contact ;  in  other  words,  the  discriminant  is  the  condition  that  the 
sphero-quartics  shall  have  a  common  generating  circle  which  touches  both  quartics  at 
the  same  points.  Again,  t=0  is  the  condition  that  the  sphero-quartics  w  and  iv'  are  so 
related  that  tlie  harmonic  circles  (see  '  Bicircular  Quartics,'  art.  184)  of  one  are  generators 
of  the  other. 

329.  The  coefficients  a,  t,  r,  </  of  equation  (204),  and  the  discriminant  of  the  same 
equation,  have  another  geometrical  interpretation.  Thus  cr  and  o-'  are  the  equations  in 
tetrahedral  coordinates  of  the  focal  quadric  of  W  and  W,  x',  (jJ,  v,  §  being  the  current 
coordinates  (see  art.  27),  and  r,  r'  are  quadrics  covariant  with  tr,  a'.  Thus  r  "  is  the 
locus  of  a  point  whence  cones  circumscribing  c  and  a'  are  so  related  that  three  edges 
of  one  can  be  found  forming  a  self-conjugate  system  with  regard  to  the  second,  and 
three  tangent  planes  of  the  second  which  form  a  self-conjugate  system  with  regard  to 
the  first"  (see  Salmon's  '  Geometry  of  Three  Dimensions,'  page  159).  The  discriminant 
of  (204)  is  the  developable  circumscribed  to  ff  and  </ ;  in  other  words,  the  locus  of  the 
centre  of  Xa+/A0  +  i'y+§S  is  the  developable.  Hence  we  infer : — The  locus  of  the  centre 
of  a  variable  sphere  which  cuts  two  cyclides  in  sphero-ciiiartics  having  double  contact  is 
the  developable  circumscribed  about  the  focal  quadrics  of  the  cyclides  which  correspond 
to  their  common  inversion  sphere. 

330.  If  we  suppose  the  cyclide  W  of  the  last  article  to  become  U',  we  have  the 
following  theorem : — The  locus  of  the  centre  of  a  sphere  S  intersecting  the  cyclide  W  in 
a  sphero-quartic  WS  which  has  double  contact  with  the  sphero-quartic  WU  is  the  deve- 
lopable %  formed  by  tangent  planes  to  U  along  WU  (see  Chapter  VIII.,  art.  142). 

331.  If  W=aoL''-{-b^'-\-cy'  +  dl'=0,  then  v^AX^  +  BiJu'+OZ+Bf,  where  A=bcd, 
B^cda,  Sec. ;  and  changing  a  into  a+ka',  &c.,  we  get 

- (I'+';4)a>'+  (^'+^^^)Br+  (^^+1)^+  ^+U?)^r^  ■   P»^) 

and  the  cyclide  which  has  (205)  for  a  focal  quadric  will  be  got  by  reciprocating  (205) 
and  substituting  a,  ^,  7,  I  for  the  variables.     Hence  the  required  cyclide  will  be 

«-  _|_  jS' I  7^  I  ^^  ,     .     (206) 

b'cd  +  he'd  +  bed'  '^c'db  +  cd'b  +  cdb'  '^d'ab  +  da'b  +  dab'  ^  a' be  +  ab'e  +  abc' 

This  will  be  the  locus  of  the  nodes  of  binodals  circumscribed  to  W  W,  the  same  points 

5d2 
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leing  nodes  for  hotli,  if  three  harmonic  sjjheres  of  one  binodal  he  three  f/eneratinf/  spheres 

of  the  other. 

332.  We  can  reciprocate  the  process  of  recent  articles.  Thus,  let  V,  V  be  the  focal 
quadrics  of  two  cyclides  W,  W  having  a  common  inversion  sphere,  then  V+ W  will 
be  the  focal  quadric  of  a  cyclide  whose  equation  we  can  find  as  follows,  viz.  form  the 
tano-ential  equation  of  V  +  A'V,  and  substitute  a,  ^,  -y,  I  for  the  variables,  the  required 
equation  will  be 


7^.+ 


i  +  /fca'-'"r6-'  +  A6' 


-I  "r„-i_L  z-/J-i~r 


-\-kd-'^d-'+kd'- 


:t=0: 


(207) 


«~'  5~',  &c.  are  evidently  the  coefficients  of  V,  since  a,  I,  &c.  are  the  coefficients  of  W. 
The  discriminant  of  (207)  with  respect  to  k  will  be  the  envelope  of  all  the  cyclides 
which  it  can  represent  by  varying  k,  that  is,  it  will  be  the  tore  with  which  they  all  have 
double  contact.  The  curve  of  taction  of  any  of  them  with  it  will  be  of  the  eighth 
degree,  being  the  intersection  of  two  cyclides  of  the  fourth  degree. 

The  geometrical  interpretation  of  the  discriminant  is,  that  it  is  the  envelope  of  a  variable 
sphere  cutting  U  orthogonall//,  and  whose  centre  moves  along  the  twisted  qtiartic  (V  V). 

333.  We  can  get  the  equation  of  the  cuspidal  edge  as  follows :  differentiate  (207)  twice 
with  respect  to  k,  and  we  get  a  system  reducible  to  the  following  equations : — 


6-2/3^ 


d-'^ 


(a-'  +  Aa'-')^  +  (6-'  +  A6'-')3+(c-'  +  A:t'-')=^  +  ((^-'  +  /:rf'-')3 


=  0. 


{aa')- 


(a-i  +  A«'-'f"^(i-'+/:i' 


+  , 


m- 


_(cc')-'r 


+  77i± 


{dd')-'i^ 


[c-'  +  kd-'f^id-'  +  kd'-') 


.=0. 


{a')-^a 


(U)-^ 


(c')- 


[a-'  +  ka'-f^  {b-'  +  kb'-'f^  (c-'  +  kc'-')^^  [d-'  +  kd>-'f 


[d')-^'' 


>=0. 


(208) 
(209) 
(210) 


The  result  of  eliminating  k  between  these  equations  will  be  a  pair  of  equations  repre- 
senting two  surfaces  whose  curve  of  intersection  will  be  the  cuspidal  edge. 
Now  solving  the  equations  (208),  (209),  (210),  we  get 


=A-  suppose. 


Hence  («"'+/<'«''')  =  (  Y-)^'  ^^^^^^  similar  values  for  (^  ^-\-kL'  '),  &c. ;   and  substituting 

in  the  equation  (207),  we  get 

(AV)^+(E^"3')^  +  (CV)^+(D=S')^=0 (211) 

as  another  surface  on  which  the  cuspidal  edge  lies.     But  if  we  eliminate  k  between  any 
three  of  the  equations  for  a~'-\-ka'~\  b-^-\-kh''\  &c.,  we  get  four  equations  of  binodal 


1 

1 

1 

62' 

C-' 

I' 

a2 

1 

1 

1 

(a-'  +  /ra'-')3  — 

66" 

ec" 

dd' 

1 

1 

1 

]li. 

J2, 

^'■^ 
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cyclides,  each  of  the  twelfth  degree,  on  which  the  cuspidal  edge  also  lies.  These  equa- 
tions will  be  similar  in  form  to  the  sextic  cones  containing  the  cuspidal  edge  of  the 
developable  circumscribed  about  two  quadrics  (see  art.  182). 

Cor.  If  any  of  these  hinodals  he  inverted  from  one  of  its  nodes,  it  becomes  one  of  f lie 
sextic  cones  of  art.  182. 

334.  The  equation  (207),  cleared  of  fractions,  becomes 

A'W+/?-T+/.-=T'+rAW (212) 

A' 
If  in  this  equation  we  put  k=  ^K,  we  get 

AnV+?^AT+x=AT+x^A'nV'=0 (213) 

Compare  Salmon's  '  Geometry  of  Three  Dimensions,'  art.  206.     The  value  of  T  is 

and  T'  is  got  from  T  by  interchanging  accented  and  unaccented  letters. 

In  terms  of  the  cyclides  T,  T'  can  be  expressed  all  the  cyclides  having  permanent 
relations  to  W,  AY'.     Thus  if 

S  be  the  reciprocal  of  W  with  respect  to  W, 

S'  be  the  reciprocal  of  W  with  respect  to  W, 
then 

T=0'W-S', (215) 

T'=0W'-S (21G) 

Hence  W,  S',  T  have  a  common  curve  of  intersection. 

335.  The  discriminant  of  (212)  is 

27A^An\"Ay'-+4(A'WT'^  +  A'\y'P)-TT'(TT'  +  18AA'WW'),     .     .     (217) 

an  equation  of  the  sixteenth  degree,  since  it  contains  u,  3,  y,  h  in  the  eighth  degree. 
The  imaginary  circle  at  infinity  is  on  this  surface  a  multiple  curve  of  the  eighth  degree, 
so  that  it  is  an  octavic  eyelid e. 

By  making  W=0,  we  see  that  the  surface  touches  W  along  the  curve  WT,  and  that 
it  meets  AV  again  in  tlie  curve  of  intersection  of  W  with  T"  — 4AWT;  this  represents  a 
system  of  eight  circles  which  are  generators  of  AY.  The  sections  of  (217)  by  the  spheres 
of  reference  are  easily  obtained  ;  for,  by  a  known  process,  the  section  of  the  discriminant 
of  (207)  by  the  sphere  h  will  be  the  sphero-quartic  squared, 

/    ««'«-  bb'H-  cc'y-   y  .r,io\ 

multiplied  by  the  discriminant  of 
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or  the  system  of  four  circles, 

a^ad{bc'  -b'c)±lis/bb\cc^  -c'a)±ys/cc'{ab'  -a'b)=^.      .     .     .     (219) 

T/ie  section  is  therefore  a  sj)hero-qnartic  counted  twice  and  four  circles. 
Cor.  The  four  circles  are  generators  of  the  sphero-quartic. 

336.  We  can  show  geometrically  that  a  generating  circle  of  the  cy elide  AV  on  each  of 
the  eight  generating  spheres  common  to  W,  W,  S',  or  to  W,  AV,  T',  is  also  a  generating 
circle  of  the  cyclicte  (212),  and  therefore  that  these  eight  circles  form  the  locus  which  is  the 
intersection  of  W  with  T'-  — 4ATW  (see  art.  335).  Since  S'  and  W  are  reciprocals  with 
respect  to  W,  it  is  evident  that,  on  the  eight  spheres  which  are  common  generators  of 
W,  W,  S',  at  the  points  of  contact  of  W,  W  with  S'  these  spheres  are  coincident.  Hence 
one  of  the  generating  circles  of  W  on  each  of  these  generating  spheres  is  also  a  generating 
sphere  of  the  cyclide  (212);  hence  W  and  (212)  have  eight  common  generating  circles. 

337.  The  cyclide  (212)  is  the  same  generalization  of  the  developable  circumscribed 
to  two  quadrics  Avhich  a  cyclide  of  the  second  degree  in  a,  0,  y,  I  is  of  a  quadric, — thus 
to  the  generating  lines  of  one  corresponding  generating  circles  of  the  other,  and  to  the 
nodal  conies  corresponding  nodal  sphero-quartics,  and  so  on.  Hence,  by  the  system  of 
substitutions  established  in  Chapter  XIII.,  we  can  get  from  the  properties  proved  in 
Chapter  VIII.  of  the  developable  S,  theorems  which  hold  for  the  cyclide  (212).  The 
following  are  a  few  illustrations : — 

1°.  Eight  lines  of  2  meet  any  arbitrary  line.  Hence  eight  generating  circles  of  (212) 
meet  any  arbitrary  circle  orthogonal  to  the  sphere  U. 

2°.  The  curves  of  taction  of  %  divide  homographically  the  lines  of  the  system.  Hence 
the  curves  of  taction  o/(212)  divide  homographically  the  circles  of  the  system. 

3°.  The  nodal  lines  of  2  divide  equianharmonically  the  lines  of  the  system.  Hence 
the  nodal  sphero-guartics  0/(212)  divide  equianharmonically  the  circles  of  the  system. 

A°.  Any  line  of  S  meet  its  curves  of  taction  in  points  the  tangents  at  which  to  the  curves 
of  taction  envelope  a  plane  conic. 

Hence  any  generating  circle  of  (212)  meet  its  curves  of  taction  in  points,  the  generating 
circles  of  the  curves  of  taction  through  which  are  generators  of  a  sphero-quartic. 

338.  Since  the  surface  (212)  is  the  envelope  of  a  variable  sphere  cutting  U  ortho- 
gonally, and  whose  centre  moves  along  the  twisted  quartic  (VV),  then  (VV)  is  the 
deferente.  From  this  generation  we  can  also  infer  the  properties  of  (212).  Thus  the 
cuspidal  edge  o/(212)  is  the  locus  of  the  limiting  points  composed  of  the  sphere  U  and 
the  osculating  planes  of  (VV). 

2°.  There  are  sixteen  pairs  of  stationary  points  on  the  cuspidal  edge ;  these  correspond 
to  the  stationar'y  planes  of  (VV). 

3°.  Any  sphere  cutting  U  orthogonally  meets  the  cuspidal  edge  in  twelve  pairs  of  inverse 
points.     This  follows  from  n  =  Vl  (see  art.  224). 

4°.  The  cuspidal  edge  is  an  anallagmatic,  U  being  the  sphere  of  inversion. 

339.  To  find  the  locus  of  a  pair  of  inverse  points  whose  polar  spheres  with  respect 
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a-\-ka\ 

0, 

0, 

h^kb' 

0, 

0, 

0, 

0, 

au. 

h&. 

0, 

au, 

0, 

Ipj, 

0, 

cy. 

d+kd!. 

d\ 

dl. 

0, 

to  W  will  be  a  generating  sphere  of  W  +  ^-W.  We  have  then  in  a-\-kr-\-k^-^ -\-¥r^ 
to  substitute  -^,  -— -,  — — ,  --—  for  X,  ijj,  »,  §  ;  the  result  is  expressible  in  terms  of  the 
covariants ;  it  is 

AW+/?(0W-AW)+A=(*W-r)+A:X©'W-T)=:O (220) 

In  like  manner  the  locus  of  inverse  pairs  of  points  whose  polar  spheres  with  respect  to 
W  are  generating  spheres  of  W+^W  is 

e^V-T'+k(^^W'-T)+k"■{QW-A'W)+k'A'W'=0 (221) 

340.  To  find  the  locus  of  a  pair  of  inverse  points  whose  polar  spheres  Mith  respect  to 
W,  W  form  a  conjugate  system  with  respect  to  W+A-'W.     Let 

'W^aa''  +  b^'+cf-\-dh\     W^a'a'-\-b'^'-\-c'f  +  d'h\ 
and  the  locus  will  be 

0, 
0, 
c  +  k(J,  0,  cy,     '  =  0.     .     .     (222) 

0, 

This  can  be  expressed  in  terms  of  the  covariants,  and  is  the  cyclide 

AW'+kT+k'V  +  k'A^Y=0  (compare  212) (223) 

(341).  To  find  the  condition  that  a  given  circle  should  have  a  given  pair  of  inverse 
points  common  to  the  curve  of  intersection  of  two  given  cyclides  W,  W.  Suppose  w^e 
have  formed  the  condition  (see  art.  327)  E=:0,  that  the  given  circle  should  have  double 
contact  with  W,  and  that  we  substitute  in  it  for  each  coefficient  a,  a  +  ka',  &c.,  the  con- 
dition becomes 

E+/,x  +  /rR'  =  0  ; (224) 

and  if  the  given  circle  has  any  arbitrary  position,  we  can,  by  solving  this  quadratic  for 
k,  determine  two  cyclides  through  the  intersection  of  W  and  W,  each  having  double 
contact  with  the  given  circle ;  but  if  the  given  circle  has  a  pair  of  inverse  points  in 
common  with  the  curve  (WW),  the  cyclides  having  double  contact  which  can  be  drawn 
through  (WW)  become  coincident,  and  the  equation  (224)  becomes  a  perfect  square. 
Hence  the  required  condition  is  the  discriminant 

4IlR'-^==0 (225) 

Cor.  7r  =  0  is  the  condition  that  the  pair  of  segments  which  AV  intercepts  on  the  given 
cii-cle  should  be  harmonic  conjugates  to  those  which  W"'  intercepts  on  it. 

342.  lfW=aK■'-{-bl3'  +  c'y"-+d^'=0,^Y'-^a'u'+b'(3'  +  c'f  +  d'h'=0,  and  if  the  circle 
be  the  intersection  of  the  spheres 

X«+^./3  +  ^7+§§  =  0,     X'«  +  /oo'i3  +  v'7  +  f'S  =  0, 


.      .     .     .     (226) 
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then 

K=sum  of  the  six  terms  ^ah{vo' — v^)", 

5r=the  sum  '2{aV  -\-  a'b){v^  —  v  ^)"- . 
Therefore 

^"-  _  4Rrt'^  2(«  J'  -  a'lyiv^  -  'J^y 

+  2^{{ad'  ~a'd){ch'  -('h)  +  {ad  -a'c){cW  -iTh)} 

x{}M'-A'iJ.y{vo'-,'^y=o. 

343.  T/ie  surface  generated  hy  the  circles  which  have  douhle  contact  ivith  the  curve  of 
intersection  of  W  and  AV  viay  be  generated  as  the  envelope  of  a  variable  sphere  which 
cuts  U  orthogonally  and  tohose  centre  moves  along  the  cuspidal  edge  of  the  developable 
circumscribed  about  the  focal  quadrics  o/'W,  W  ichich  corresjwnd  to  their  common  sphere 
of  inversion  U.  For  let  us  consider  any  circle  having  double  contact  with  the  curve 
(WW).  Then,  since  a  circle  having  double  contact  vpith  WW  is  orthogonal  to  the 
sphere  U,  it  is  plain  that  a  line  tlirough  its  centre  perpendicular  to  its  plane  is  a  line  of 
the  developable  cuxumscribed  to  the  two  focal  quadrics,  and  therefore  the  sphere  con- 
taining two  consecutive  circles  will  have  its  centre  at  the  point  of  intersection  of  two 
consecutive  lines  of  the  developable  that  is  on  the  cuspidal  edge.  Hence  the  theorem 
is  proved. 

344.  The  curve  (W  W)  is  a  cuspidal  edge  on  the  surface  generated  hj  the  circles 
having  double  contact  with  (yV  W).  This  is  evident ;  for  any  circle  having  double  contact 
is  the  characteristic  of  the  surface  (see  Monge,  'Application  de  1' Analyse  a  la  Geometrie,' 
p.  53),  and  the  points  of  intersection  of  each  characteristic  with  the  consecutive  one 
form  the  cuspidal  edge.     Hence  the  proposition  is  proved. 

Cor.  The  cuspidal  edge  is  an  anallagmatic. 

345.  To  find  the  equation  of  the  surface  generated  by  tit  e  circles  which  have  double 
contact  with  the  curve  (W  AV). 

Let  us  consider  any  pair  of  inverse  points  on  any  circle  which  has  double  contact  with 
(W  W).  The  polar  sphere  of  this  pair,  with  respect  either  to  W  or  W,  passes  evidently 
through  the  two  points  of  contact  of  the  circle  under  consideration  with  the  curve 
(W  W).  The  circle  of  intersection,  therefore,  of  the  two  polar  spheres  intersects  the 
curve  (W  W)  in  two  points ;  therefore  the  equation  of  the  required  surface  is  found  by 

substituting  in  the  equation  (226)  for  X,  ^,  v,  g,  '^,  ^|',  ^',  ^,  and  for  K',  ^',  v',  ^', 

dW    dW    dW    dW 

dot'     dfi'     dy'      dS' 

This  surface  is  of  the  sixteenth  degree,  being  of  the  eighth  degree  in  a,  (3,  y,  I ;  when 
we  use  the  canonical  forms  ffa'+Z*/3=  +  cy=-|-(/S-,  a'a-+i'/3-+c'y"  +  (/'o-  for  W,  AY',  the 
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equation  of  the  surface  becomes 

%{aV  -a!h)\ccl'  -(■'(l)yV 

+  22(a^y  -  a'b){ac'  -  a'c){cd'  -  c'(jy{M'-b'>jyi3yl' 

+  2u-j3y6^(al'-a'b){rd'-c'(l)-{rnl'-a\l}{hc' -//(■)}  ^      .     .     (227) 

X  {(ad'-a'd){y-Ij'c)~-{hfr-I/d){ca'-r'rf}}  I 

X  {(M'-b'd){ca'-c'a)-(ab'-a'6)(cd'-r'd)}.  J 

The  imaginary  circle  at  infinity  is  a  multiple  curve  of  the  order  eight  on  this  surface. 

Cor.  1.  When  we  make  S  =  0  in  equation  (227)  we  get  a  perfect  square.  Hence  each 
of  the  four  spheres  of  reference  meets  the  surfece  in  a  double  line  on  the  surface. 
These  double  lines  correspond  to  the  double  lines  of  the  developable  A  (see  Chapter 
VIII.),  and  each  of  them  has  six  double  points.  Thus  the  sphero-octavic  in  which  S 
intersects  the  surface  is  expressed  in  terms  of  a,  j3,  7,  and  is  of  the  form 

[lie'-  Vc)  -      {ca'—da)~{ab'— a'b)  -  _  .,,^„, 

Hence  the  three  pairs  of  points  (a/3),  ((3y),  (yu.)  are  double  points. 

Cor.  2.  The  equation  (227),  expressed  in  terms  of  the  covariaut  cyclides,  is  given  by 
the  determinant 

2(0WW'-T'W-AW'^),  $WW'-TW-T'W',     1 

^  ^  =0.    .     (229) 

OWAV'-TW -T'W,  2(0'WW'-TW-A'W^),  \  ^       ' 

Cor.  3.  The  surface  also  meets  AV  in  the  curve  of  intersection  of  W  witli  T'-  —  4ATAV', 
which  we  have  shown  represents  a  system  of  eight  circles  which  are  generators  of  AA'. 

Cor.  4.  Any  arbitrary  circle  orthogonal  to  U  meets  eight  generating  circles  of  the 
surface,  and  the  spheres  determined  by  the  arbitrary  circle  and  the  eiglit  meeting  circles 
are  generators  of  a  cyclide. 

346.  If  a  cyclide  AV  be  given  by  the  equation 

and  also  by  this  other  equation  referred  to  different  spheres, 

then  we  can  infer,  as  in  Salmox's  'Geometry  of  Three  Dimensions,'  art.  192,  the  fol- 
lowing theorems : — 

1°.  The  eight  spheres  a,  /3,  7,  S,  a',  /3',  7',  S'  are  generators  of  tlie  same  cyclide. 

2°.   The  two  quartets  of  pairs  of  inverse  points 

(«  /3  7),     (a  /3  5),     («  7  ^\     03  7  S)> 
(«'0'7'),     (a'/^'o')^     («'7'S'),     (/3'7'S'), 
lie  on  a  cyclide  ;  this  theorem  (2°)  may  be  inferred  by  reciprocation  from  1". 

MDCCCLXXI.  5  E 
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347.  If  W,  W  be  two  cyclides,  S=Aa+f/.i3+fy+g§  =  0  any  sphere,  and  it  be  required 
to  find  the  condition  that  the  binodal  cyclides  formed  by  the  generating  spheres  which 
touch  W  W  alone  their  curves  of  intersection  with  S  may  intersect  along  a  third 
cyclide  W",  the  three  cyclides  being  given  by  the  equations 

W  =aoe  +5/3=  -\-cf  -\-d}>'  =0, 
W  ^a!oe  +Z''/3=  +6V  +^/'S'  =0, 
W=d'(i'-{-V'^'  +  c"y'  +  d"l'  =  0, 
then  we  have 

c^hcdT?  -{-cdafju'   -{-dahf  -\-abcf,       A  -abed, 

(!>=b'c'd\'+c'da'ij:-  +  d'a'h'^'+a'b'cf,      A'-^a'b'c'd'. 

Hence  (see  art.  326)  the  equations  of  the  binodals  which  circumscribe  W  and  W  along 
the  sphero-quartics  (WS)  and  (W'S)  are 

Hence  we  must  have,  by  the  given  conditions, 

where  k  is  some  constant ;   and  equating  coefficients,  we  get 

,/a      a'\       ,  /c      c'\    ,     ,  /a     a'\  „ 

i^\b-v}  +"'  [d-d')+r[d-d>)=^''' ' 

multiplying  these  equations  by  — ,  ^„  — ,  ^„  and  adding,  the  left  side  vanishes  identi- 
cally.    Hence  the  required  condition  is 

>2„«         „2;,//         ^9JI         „2JH 

^+'w+,^+'^=« (2M) 

348.  The  envelope  of  the  sphere  S=/\a+p.,S4->'y+§S=0  is  the  cyclide 

aa'    .,     hU          cc'          dd'^      „  /'99^^ 

-// a +]/,-/3"+^y-+^o  =0, (231) 

the  tangential  equation  of  its  focal  quadric  being  (230) ;  I  shall  denote  the  cyclide  (231) 

by  w;. 
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349.  _5^  the  njdides  AV,  W,  AV"  j;«ss  through  a  common  curve,  the  ctjclidcs  AV,  A^■',  AA",' 
«>'e  inscribed  in  the  same  ajclic  develoiiahle  (sec  art.  335). 

DemO'nstratdon.  The  focal  quadrics  of  AA",  AA^',  AV','  are 

abed 

■'^ '—««'"+  6i'  +  ce'  +  rfrf'' 

Xowif  AA""i^AA'+/l-AA'',  Ave  must  have  «"=ffi+>i-«' &c.  Hence  F','=F+Z-F,  that  is, 
the  focal  quadrics  pass  through  a  common  curve.     Hence  the  proposition  is  proved. 

350.  If  the  cijclide  'W"  pass  throuijh  the  curve  (AA'AA''),  the  cijcUde  AA",'  is  inscnhed  in 
six  cyclides  passing  through  (AVAA''). 

Demonstration.  If  two  cyclides,  Q,  O',  be  such  that  one  is  inscribed  in  the  other,  then 
the  reciprocal  of  O  with  respect  to  O'  is  inscribed  in  O',  and  also  the  reciprocal  of  O' 
with  respect  to  Q. 

Let  Q=AaHB/3'  +  Cy  +  DS^  O'^A'a^+B'/S'  +  CV'  +  D'S-.  Hence  the  required  con- 
dition will  be  the  determinant 


=0, 


or^^-;^75^{AB'-A'B)(AC'-A'C)(AD'-A'D)(BC'-B'C)(CD'-C'D)(BD'-B'D)  =  0. 
Hence  (AB'-A'B)(AC'-A'C)(AD'-A'D)(BC'-B'CXCD'-C'DXBD'-B'D)  =  0    (232) 

is  the  condition  of  Q.  being  inscribed  in  O',  that  is,  the  product  of  the  six  determinants 
of  the  matrix 

A,     B,     C,     D, 

A,     B',     C,     D', 
as  is  otherwise  evident. 

To  apply  the  condition  (232),  we  have 

„         aa'       ,         bb'  cd      ,         W    ^, 

and  let  the  cyclide  through  the  curve  (AA"  AA'')  be 

{a+k'a'y  +  (b+/Jb')li;'  +  {c+k'c')f+{d-\-k'd)l'=0, 
then  we  get,  after  some  reduction,  the  condition  of  AA'','  being  inscribed  in  AA'-j-/t'AY' 


A, 

B, 

c, 

D, 

A', 

B', 

C, 

!»', 

A2 

B2 

C2 

D^- 

A" 

B" 

C" 

D" 

A'2 

B'^ 

a- 

D'2 

A' 

B' 

TT' 

D' 
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given  by  the  equation 

(»'-"!)  ('■'■■-^)  {^'^-'-i)  («'-£')  (^*-S') («'-  S')=o.  •  (23-5) 

a  sextic  in  X"'.     Hence  the  proi^osition  is  proved. 

351.  Given  four  cyclides  W,  W,  AV",  W",  required  to  find  the  locus  of  a  j)air  of 
inverse  j^oints  such  that  their  polar  spheres,  with  respect  to  the  four  cyclides,  may  pass 
through  the  same  pair  of  inverse  points. 

The  required  locus  is  the  Jacobian  of  the  four  cyclides 


d\N 

d^  ' 

d^\ 

dW 

dW 

fAV 

dW 

do.    ' 

d?.  ' 

f/7  ' 

dd 

</W" 

<fW" 

f/W" 

d\\" 

do.  ' 

rf/3' 

</7 

dS 

/iW" 

r/W" 

rfW" 

dW" 

da    ' 

rf/3    ' 

dy 

do 

=  0. 


(234) 


Cor.  The  envelope  of  a  splicre  wliose  pole  points  tvith  respect  to  four  cyclides  are  homo- 
spheric  is  the  Jacohian  of  the  four  cyclides. 

352.  The  Jacobian  is  tlie  locus  of  the  nodes  of  all  binodals  which  can  be  rej)resented 
by  A;W+^-'W'+A^'W"+A'"'W".  Thus,  there  being  given  six  pairs  of  inverse  points, 
the  locus  of  the  nodes  of  all  binodes  Avhich  can  pass  through  them  is  an  anallagmatic 
surface  of  the  eighth  degree.  For  if  W,  W,  W",  W"  be  any  cyclides  through  them, 
every  cyclide  through  them  can  be  represented  by  ^W+^"'W'+A-"AV"+^-"'W",  since 
this  last  form  contains  three  independent  constants,  which  are  necessary  to  complete 
the  solution. 

Cor.  1.  If  in  any  case  /.:W+^:'W'+/i"W"+/t"'W"'  can  represent  two  spheres,  the 
intersection  of  these  spheres  is  a  circle  on  the  Jacobian. 

Cor.  2.  If  one  of  the  cyclides  W  be  a  perfect  square  L",  the  Jacobian  consists  of  a 
sphere  and  an  anallagmatic  surface  of  the  third  order  in  a,  ^,  7,  S,  that  is,  a  surface  whose 
deferente  is  a  surface  of  the  third  class. 

Cor.  3.  If  the  cyclides  have  in  common  four  pairs  of  inverse  points  which  are  homo- 
spheric,  the  sphere  through  these  points  is  a  part  of  the  Jacobian. 

Cor.  4.  If  the  four  cyclides  have  a  sphero-quartic  curve  common  to  all,  the  sphere 
through  the  sphero-quartic  counts  doubly  in  the  Jacobian,  which  therefore  reduces  to 
a  cyclide  and  the  square  of  the  sphere. 

Cor.  5.  The  Jacobian  of  four  Cartesian  C3clides  is  a  Cartesian  cyclide. 

353.  If  F,  F,  F",  F'"  be  the  focal  quadrics  of  W,  W,  W",  AV"  m  tangential  coordinates, 
the  deferente  of  the  Jacobian  of  W  . .  .  W"  is  the  Jacobian  in  tangential  coordinates  of 


F...F" 
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that  is,  the  determinant 
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354.  If  a  cyclide  of  the  systems  y5W+/t'W'  +  /:"W'  have  double  contact  with  W", 
the  points  of  contact  are  evidently  points  on  the  Jacobian,  and  therefore  lie  somewhere  on 
the  curve  of  intersection  of  W"  with  the  Jacobian.  Again,  if  a  cyclide  of  the  system 
^;W  +  A'W'  have  double  contact  with  the  curve  (W"  W"),  that  is  to  say,  if  at  one  of  the 
pairs  of  inverse  points  where  ^-W  +  'AW  meets  "VV"  and  W"  the  generating  spheres  of 
(A:W+yl'W),  AV",  W"  intersect  in  the  same  circle,  the  pair  of  points  is  evidently  a  pair 
of  points  on  the  Jacobian.  It  follows  then  that  sixteen  surfaces  of  the  system  >l'\V  + A'W 
can  be  described  to  have  double  contact  with  the  curve  (W"  W"),  since  the  Jacobian  is 
of  the  fourth  degree  in  (k,  /3,  y,  0),  and  each  of  the  cyclides  W",  W"  of  the  second  degree, 
and  each  system  of  common  values  of  a,  /3,  7,  I  gives  a  pair  of  inverse  points. 

355.  Given  three  c>/cHdes'W,  W,  W",  t/ie  locus  of  a  pair  of  inverse  points  whose  polar 
spheres  loith  respect  to  W,  W,  W"  ham  a  common  circle  of  intersection  is  the  curve  of 
the  tivelfth  degree,  which  is  common  to  the  sijstem  of  determinants 
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(•236) 


356.  To  find  the  condition  in  the  invariants  that  two  cyclides  W,  W  shall  be  so 
related  that  four  generating  spheres  «,  /3,  7,  t  of  W  shall  have  the  cu'cles  (a/3),  {ay), 
(S/3),  {ly)  lying  on  W. 

The  equation  of  W  must  be  of  the  form  'Lfiy-\-'Pul=Q,  and  the  coefficients  a,  h,  c,  d 
must  be  wanting  in  the  general  equation  of  W.     Hence  we  have 

A=UF\         0=2LP(Lp  +  PO, 

^  =  {Lp+P/y-+2L'P(/p-mq-nr), 

&  =  2{Ip-mf2-nr)(Lp  +  Vl). 

Hence  the  reqi;ired  condition  is 

4A0(I>  =  0^  +  8A^0' (237) 
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Cor.  The  condition  that  W  shall  have  the  circles  (a3),  (ay),  (S^),  (Sy)  lying  on  its 
surface,  while  the  four  pairs  of  inverse  points  (a^y),  (a^S),  (ayS),  (|S-yS)  shall  lie  on  the 
surface  of  AV,  is  the  equation,  reciprocal  of  the  former, 

4A'0'$  =  0'^  +  8A'^0 (238) 

357.  We  have  seen  if  two  cyclides  W,  W  be  reciprocals  with  respect  to 

U^=«=+(3=  +  7'  +  S^ 

that  their  focal  quadrics  are  reciprocals  with  respect  to  the  sphere  U.  Hence  it  follows 
that  if  the  focal  quadric  of  W  be  a  plane  conic,  the  focal  quadric  of  W  will  be  a  cone. 
Hence  we  have  the  following  theorem : — The  recijyrocal  of  a  hiiwdal  cyclide  is  a  sphero- 
quartlc,  and  vice  versa. 

358.  If  a  cyclide  W  breaks  uj)  into  two  spheres,  its  reciprocal  W  breaks  up  into  two 
spheres.  For  if  W  breaks  up  into  two  spheres,  its  focal  quadric  is  a  quadric  of  revolu- 
tion circumscribed  to  U,  and  the  reciprocal  of  the  focal  quadric  with  respect  to  U  is 
another  quadric  of  revolution  circumscribed  to  U. 

This  and  the  last  article  belong  to  the  Chapter  on  reciprocation,  but  were  accidentally 
omitted. 

359.  If  we  form  the  discriminant  of  /l-W  +  A-'W'  +  A;"W",  the  coefficients  of  the 
several  powers  of  k,  k\  k"  will  be  invariants  of  the  system  of  cyclides.  There  are  two 
invariants,  however,  of  the  system  ^W  +  7i:'W'+A;"W"  which,  as  being  combinants, 
deserve  attention.     These  invariants  we  shall  call  I  and  J. 

The  comhinant  I  vanishes  whenever  ani/ four  of  the  eight generatinrj  spheres  common  to 
W,  W,  W"  are  connected  by  a  linear  relation,  that  is,  pass  through  the  same  two  points. 

It  is  easy  to  see  that  this  is  equivalent  to  the  statement  that  I  vanishes  for  the  values 
of  k,  K,  A:"  which  will  make  AW  +  ^'W'+yl-" W"  represent  two  spheres.  The  equations  of 
W,  W,  W",  as  having  a  common  sphere  of  inversion,  may  plainly  be  Avritten  in  the  forms 

W  ^aa'  -Yb^'  ^cr  +(/§=  +fs^ 
W  ^  a!o^  +  b'j3'  +  c'/  +  dV  +  e's\ 
Sr'^aJ'oe  +  b"^'  +  c"r  +  d"^'+e"i\ 

where  a-+j3-+y-+S-+s'=0  identically;  and  it  is  clear  that  I  is  the  product  of  the  ten 
determinants  {a,  V,  c"),  &c.  For  («,  b',  c")u"-\-{d,  b',  c")l-  +  {e,  V,  c"y  is  evidently  a  cyclide 
of  the  system  AW  +  ^'W'+A"W";  and  this  reduces  to  two  spheres  if  one  of  the  determi- 
nants {a  V  c")  vanishes.     Hence  I  is  the  jiroduct  of  the  ten  determinants. 

Cor.  The  combinant  I  vanishes  also  whenever  any  four  of  the  eight  pairs  of  inverse 
points  common  to  W,  W,  W"  are  homospheric. 

360.  The  combinant  J  vanishes  whenever  any  two  of  the  eight  generating  spheres  common 
to'W,Y^','W"  are  coincident ;  or  again,  lohen  any  tioo  lyairs  of  the  eight  pairs  of  common 
inverse  points  are  coincident,  so  that  J  ivill  be  the  tact-invariant  of  the  three  cyclides. 

If  the  generating  sphere  at  a  pair  of  inverse  points  common  to  the  three  surfaces  pass 


DE.  J.  CASEY   ON  CYCLIDES  AND   SPHERO-QUARTTCS.  721 

through  a  common  circle,  the  consecutive  pair  of  inverse  points  on  this  circle  will  be 
common  to  all  the  surfaces ;  such  a  pair  of  inverse  points  will  be  the  two  conic  nodes  of 
all  binodal  cyclides  of  the  system  A-W+A,'W'  +  ^-"W". 

For  let  the  generating  spheres  at  the  given  pair  of  inverse  points  be  a,  /3,  and  (aoc  +  bfi), 
and  the  equations  of  the  cyclides  may  be  WTitten  ul-\-W2,  (Si  +  iv'o,  and  (au-^fjj3)i-\-iv", 
where  Wo,  w'-,,  wl  denote  homogeneous  functions  of  the  second  degree  in  a,  /3,  y ;  and  it  is 
evident  that  aW  + JW  — W"  is  a  binodal  cyclide  having  the  given  pair  of  points  as  conic 
nodes. 

Cor.  J  will  be  of  the  sixteenth  degree  in  the  coefficients  of  V>\  W,  W".  For  if  in 
J  we  substitute  for  each  coefficient  a  of  W,  «  +  A-ai,  where  a^  is  the  corresponding  coeffi- 
cient of  a  fourth  cyclide  W„  it  is  evident  that  the  degree  of  the  result  in  Ic  is  the  same 
as  the  number  of  cyclides  of  the  system  W  +  /i;Wi  which  can  be  drawn  to  have  double 
contact  with  the  curve  of  intersections  of  the  cyclides  W  and  V^",  and  the  degree  is 
therefore  sixteen  (see  art.  354). 
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